BOCVailT iBSilB 



n 160 «16 

&OfH0B 



\ SB OaS* 63» 



IHSHiOTIOH 
SPOVS &8EHCI 
BOTE ^' 



IDIS PHICB 
DBSCBIPTOHS 



ID^STIFIEHS 



/ 



Introduetion to Algebra^ Ttach€r»s cc«i€cta£j^ Part 
^Ip Onit U6, ifte?is€d laitlcc. 

Stanford onl7«^ calif* School Mathsiatica Study 

Hatlonal SaLmnc^ Foundatioa, Watiilcgt€li# E.C* 

65 ^ 

aaep, I For r€lat«a dcanmmztB, Mt SI 025 036-038} 
Contains oceasioaal light and Itroken type 

HP-$0/a3 HC-|18*0^ Plus Postage. ^ 

♦ ilgebrai Curriculuii ♦Grade 9; *ln«ructioni 

Matheiatlcal pornulas; Math»atlcs Iducaticn; Muiber 

Concepts; S econdary idecatien; 4Sec€ndaiy School 

Matheaaticsi ^feaching Quidas 

Polynoiials; ^dhool ^thiiatics Study Grcuf 



IBSTBAQ^ 

This is part two oi^a tic-p 
uslnq SH% text ftaterials for grade 9 stude 
talents are underdaveroped* The oyarall F^r 
ehapters Lm described and the latheBatlcal 
Bickgroijnd inforiaticn for key conceptfe, ai 
each chapter^ -^nd suggested test iteii ate 
Includei' (1) factors and exponents; (2) rafl 
(ft) rational expressions; (5) truth sets cf 
sets and graphs of sentences in twc vaiiabl 
sentences;' (8) quadratic polynomials; and ( 



art Mnual for teachers 
nts whose Batheiatical 
lose for each of the 
deielopBent detailed. 
Slier i fo£ all eiercises in" 
provide^* Chapter topics 
Icalsi (3) pclyflciialsi 

opec sentences; (6) truth 
es; (7) iyiteni of open 
9) f unc^lcns, (BIT) 



7 



********* 

* Heproductioris supplied by EDRS are, the beit that can be made J * 

* froffl the original dccumect* i / ♦ 
******** *******♦**«*♦* 



RJC 



School Mathematics Study Group 

Intfoductidn to Algebra 

Teacher' Commentary, Part II 

Unit 46 

REVISED BDITION 

i- 

J Prepared under the supervision ot 
a Panel consisting of: 

V. H, Haag 
N^vJiJdrcd Keifter 
Oscar Schaaf 

M. A, Sobel ' 

Marie Wilcox 

AIB. Willcox 

' ^ ... 

Scanfofd, California 
Distributed for the School Mathematics Study Group 
by A= C. Vroman, Inc., 367 pTOdena Avenue^ Pasadena^ California 



Franklin and-Marahall College 
Cincinnati Board oi Eab<^tion 
South Eugene High School/S^^ 
Eugene, Oregon 
Montclair State College, 
Upper Montclair, New Jersey 
Tnomas Carr Howe High School, 
Indianapolis, Indiana 
Amherst College 



Financial suppor^or Scl\ooJ MathemadcS 
Study Group hai betn pfQvided by the j 
NacionsI Science Foundacion. / ' 

Permi^ion to make vefbatini use .of macerial in this 
book mult be secufed ffom the Direcco^iOf SMSG, 
Such permisiion will be gfanted except in unusual 
circumstance, PutHcationi incorporacifig SMSG ^ 
materials must include both an acknowledgment of 
the SMSG copyright (Yale University of Stanford 
Uniwsity, || the caje may be) and a discfaimer of 
SMSG endorsement Exelusjve license will not be 
granted save in exceptional circumstances, and then 
only by spd^ific action of the Advisory Board 
of SMSG. 

© 1965 by The Board of Trustees 

of the Leland Stanford Junior University. 

All rights reserved, * 

Printed in the United States of America. 



CHAPTER 




PAGE 



11, FACTORS MD KCPOOTNTS 3^1 

11-1. Factors and ^visibility , , ^ 3^2 

11-2. Prlraa Numbers md Prime'Factorlzatlon. . . 348 * 

, 11-3, Factors and Sums * , . < * , . . . • * * • 356 

11-4, Laws of -Exponents . 358 

11- 5* Adding and SubtraGtlng Fractions . , , * , 363 

Answers to 'Review Problem Set, , , ,^ , . . 371 

Suggested Test Itims 374 

Answers to Suggested Test Items, 376 

IS,^^ RADICALS 379 

12- 1, S^are Roots , 379 

'12-2, Radicals 381 

12-3. Irrational Numbers , , , 382 

12-4., Slmpllf loatlon of Radicals , , 386 

12-5 p Simplification of Radicals 

Involving Practlons 39U 

12*-6. Sums and Pifferenoes of Radleala , , . , , 3^3 

12-7, Approximate Square Roots in Decimals , , , 395 

12- 8, Cube Roots and n*^ Roots , * , , * , , , 402 

Summary of the Fundamental Properties 

of Real Numbers 404 

Answers to Review Problem Set. , 405 

Suggested Test Items 406 

Answers to Siiggested Test Items. 4o8 

13, POLYNOMIALS, , , , , 4ll 

Polynomi-els 412 

13- 2, Factoring, 4l4 

13 -"3 ► OQjwion. Monomial Factoring • 415 

13-4, iiadratic Pelynomials/ , , , 4l6 

13-5, piflferences of Squares 422 

13-^6, B^rfect Squares, 425 

13-7. Polynomials over the Real 

Numbers, , . , , , , , 428 - 429 

13-8, Polynomials over the Ratlonals . , , 428 ^ 430 

13-9, Truth Sets of Polynomial E(^atlons , , , , 430 

Answers to Review Problem Set. 433 

* 



r = . - ^ ■ 

CHAP^a PAGE 

Suggestad ^Test Items.' .436 

Answars to Suggested Test Itams 1 , . . 437 

14, RATIONAL EXPRESSIONS. , , , . . 4^39' 

14-1, Poljnomlals mnd Integers^ , . . , \ , . , 442 

' 14-2, Quotienta of Polj^omialB , ' , , .... . / 44^1 / 

14*3. mitlplylng Quotients of Polynomials, , , 446 

14-4. Adding Quotients of Pol^mials . , , , . 448 

14- 5, . Rational E^cpreisions and Rational 

. Numbera ....... ^ , , 45g 

' 14-6, Dividing Pol^omlals. 456 

Answers to Review Problem Set , . , ^. , . 46l* 

^ggested Test Items, . . 465 

Answers to Suggested Test Items 467 

15, .*TRUTH SETS OF OPEN SENTENCES, 471 

15- 1 • Equivalent Open Sentenoes 471 

15^2. Equations Involving Factored 

Ejcpresslons , , . * * * , , 483 

15-3* Squaring, 488 

15- 4, l^lvalent Inequalities 490 . 

Answers to Review Problem Set 493 ^^^^ 

Suggested Test Items, 496 

Answers to Suggested Test Items 499 

CHALLENQE PROBLEMS (Answers) 5OI 

16, TRUTH SETS AND GRAPHS OP SENTENCES IN TWO 

VARIABLES , 5II 

16- 1* Open Sentenees In Two Variables , . * , , 51I 

16-2, Graphs of Ordered Pairs of Real Numbers . 5I6 

16-3 The Graph of a Sentenee In Variables, 518 

16-4, Intercepts and Slopes , , . , 530 

16-5* Graphs of Sentenees Involving an Order 

^ Relation. 538 

Answers to Review Problem Set ' , 541 

Suggested Test Items, 546 

Answers to Suggested Test Items 548 



u 

o 

ERIC 



CHAPTER ■ • , PAOE 

17. OTSTEMS OF OPEN SEN'miCES, ^ 553 ^ 

17-1. Systems of Equations 556 

17-2, ^Graphs of Syetems of E^ationa 556 

17-3. Solving Systems of Equatlpns 559^ 

17-4* Systems of Equations with Pfeny Solutions 565 

17-5, Systems with No Solution . / . , . , . . 568 

17-6, Another^ Method for Scltlng Systems ... 572* 

17- 8. Systems of Inequalities, , , 57^ 

Answers. to Heview Problem Set. . . . . 579 

Suggested Test Items * 583 

Answers to Suggested Test Items* * * * . 595 

18. QUADRATIC POLYNOfCCALS. \ , 593 

18- 1. .Graphs of Quadratio Pol3mQmials, , 59^ 
^18-S, Standard Forms . . . * . , v . * * . . 1 ^ 6O6 ^ 

(^adratlo Equa^ons: 6l2 

Answers to Review Problem Set 617 . 

Suggested Test Items . * * 623^— 

Answers to Suggested Tpst Items. , . . * 624 ^ 

19. TONCTIONS. . 627 

19- 1^ The Punction Idea. , . . . , 627 

19-2. The Function Notation.^. 63^ 
19-3* Graphs of Functions. ..... * * * ^ 

Answers to Review Problem Set. , y^^- . , 6^4 

^ Sugges"Bed Test Items . , . , 666 

Answers to Suggested Teat Items 669 

ANSWERS TO CHALLENGE PROBLEMS , . 672 



A 



Chapter 11 ^ . ' 

* * ' ■ 

FACTORS AND EXPONENTS ' , * 

r * 

One of the moat Important Ideas in the ' structUFe of numbers 

and alg^brale expressions is that of "faptor"/ It Is necessaiy 

for the student to realize that "factor" has little mpanlng 

unltis restrictions are placed upon our discussion^ Basic to 

our development Is the definition of' a proper factor. An 

intager is said to be factorable if 'it has a proper factor. It 

ly prime If it does not have a proper factor.- ^ 

^^"^"^ It Is very Important to keep in mind that these ideas of 

factors and factoring depend on the set over which we do the 

factoring. Over the set of positive integers, 4 is a factol^ 

of^ 12. Iff we permitted all integers, -4 and 4 would both' 

be factors of 12. If we factor over the rational numbers, then 

w is a factor of IS, bq well. If we factor over the real 
3 • 

numbers, any number exeept 0 is a factor of 12 ji and the 
* Idea has become meaningless. When we speak of factoring a 
positive Integer, we shall plways mean , over the set of positive 
Integers, unless a different set is specified. 

It is of more than passing interest that the positive 
integers can be generated by using the element 1 'Snd the 
operation of addition, and that they can also be generated by 
the set of prime rrumbers and the operation of multiplication. 
These Ideas will be helpful when vii study polynomials, whose 
structura closely resembles that of the integers. 

Divisibility as a subject is not^^ significant part of this 
course, We use it to develop some of the Ideas, we need about 
fac'tors and prime numbers. It Is/ a subject relatively easy to 
understand and usually interesting ^ to students. It is doubtful 
that a great amount of time %hould be^devotfed to the extensive 
lists of exercises provided, or to the divisibility by 4^ 7, 
8, or 11. Though divisibility is used^ to ^Introduce t^e topic 
c^f factoring, we soon move to the definition of a proper factor 
in tenns of multiplication. 
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pagts 455-4581 11-1 
^11^1. Factors and Divisibility . = ^ * , 

The point of the story of the farmer with eleven cows Is 
that the number IS has a p/fbperty which 11 ^oes r^ot havtj 
namely- 12 has factors other than one and Itself. SpeclTlc.ally , 
IS ean be divided by 2, 4, and 6 with remainder zero. 
Eleven cannot be divided b^ these numbers with remainder zero. 
The reason the stranger got his cow back was that j + ^ + ^ 
equals i^. Instead of 1 f ^ 

The fact that any positive integer has itself and 1 as 
factors foirows from the property of 1: a ^ 1 * a. ^Bit some 
positive integers have factors other^ than ^ 1 and itself. We 
call'' this kind of a factor ^a proper facto^ . Observe the simi- 
larity o^^he factor-proper factor relation to the subset-proper 
subset Ration. ♦"Propej^^- is V^rord peopl&^use to Indicate the 
really interesting cases of a particular concept. - 

After the definition of proper factor/ the quesMon could, 
be asked, "Does It follow frpm this daflnltlon that m a3?iO 
can equal neither 1 nor n?'* If m Is a proper factor of n 
we mean that there is a positive integer q (q ^ 1, q ^ n) such 
that mq ^ n. Then another name for q Is If m ^ 1, ' 

then q ^ ^ ^ D. ^ n. This is a contradiction. If - m - n, then 

q ^ 1^ ^ § ^ 1. This Is a corftrad Ic tion . 

Answers to Oral ExerciBes ; page 458 : 

r. (aj Yes, since 8 x 3 - 24 

(b) No, There Is no Integer q such that 5q = 24, 

(c) No. There Is no Integer q .such that gq = 24, 

(d) Yes, since 24 x 24 
No j , 

(fj Yes, since 1x5=5' 

2. (oVlE. 18, S*^ . .} 

3. *' [12, 24. 36, 48,\ '. 

4. (1, S, 3, 4, 6. 12] 

5. {2, 3; h^b] ' 
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pagei ^58*4591 11-1 . ' ^ 

6/ Yee Yes ^' . ^ 

7. Y%#^ ^ ^ ' 

8. X®** There le a^posltive Integer, q such |hat - mq; . 
He^nee ^ ^ q* which means tHat § Is an Integer and 

m(£) ^ p:^ If m IS a proper factor of p, then so la ^ , 

9. Find the quotient of the number and t>ie known factor* 

Answers to Problem Se't 11-la ; pages 458-459^ 

Problems 5 through 12 are meant to relnTorce the Idea 
that If^ m is a factor of n, then la a factor of n. 



1, 

2. 
3, 


YeB, 
Yes, 
Yes> 


i3' 
3b 

12 


X 7 = 91 
X 17 s 510 
X 17^=^204 


'9. 
10. 


161 
7 

% 




4, 


Yes, 
No, 


.10 X 10,000 = 100,000 
^51,821 Is not a * 
mult'lple of 6. ) 


11 - 

*12. 
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13. 


Cl>2 


,3,6,9.18) 








14. 


[2,3,6,9) . 


8. 






# 


15. 


(18, 36, 54,-0 


16/ 


■ (a) 


85 = 


5 X 17 


(K) 


23i 


nD proper 






51 = 


3 X 17 




123 


- 3 X 41 




( = ) 


52 = 


2 X 26 
4 ^ 13 




57 


^ 3 X ^19 






or 


(n) 


65 


^ 5 X 13 






or 


2 X 2 X 13 


.(0) 


122 


- 2 X 61 . 


/ 


(d) 


29 • 


no proper factors 


(P) 


68 


^ 34 




(e) 


93 = 


,3 X 31 




or 


X 17 




(f) 


92 = 


2 X 46 




or 


2 X 2 X 17 






or 


4 X 23 


(q) 


95 


- 5 X 19 






or 


2 X 2 X 23 


(r) 


129 


^ 3 43 




(1) 


37^ 


no proper factdrs 


(s) 


l4l 


- 3 X 47 




(h) 


94 = 


2 X 47 


(t) 


101 


no proper 




(i) 


55 = 


5 X 11 









(J) 6I1 no proper factors 
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page U6o: " 11*1 ^ ^ _^ 

■'? - ■ ■ • 

We' would expect that stud-ants know the rules of divisibility 

for 2, 5j and 10, but the^ teacher should make certain that 

' ev&iy student does. Th^ following discussion Is for the \ 

|E» tea^oher-'s info i^nat ion . We hope that the teacher will not just 

lay out the rul^Ss but wyil aid the student to discover as much , 

as possible for himselF. S 

Any integer nan be represented in the fo™ lOt h u, where ^ 
f 

t is a non-negative integer and u rs an Integer such that 



0 < u < 9^ For example, 

' - ^ 36.^ 3(10) + 6, ^ 

17^ - 17(-10) + 8, ' ^ 
156237 - 15623(10) + 7, \ * ^ >v 

The advantage of ttiis form is /that we can learn what rules oF- 
divisibility can be baaed on the last digit of the numeral. 
For example, 176 ^ 17(10) + 8, Two is a factor of ,17(10) 
because^ 2 is a factor ^f 10, In other words, the 17 doesn'^ 
matter since 2 is a factor of 10. Thus, -whether or not 17S 
is divisible by ' 2 depends only on the last digit, 8. Since 
2 is .a factor of 8, 2 is a 'factor of 178. 

Stating the previous argument more generally, since 2 1 Is 
a facter of 10, 2 is a factor of lOt. Thus 2 Is a factor 
o,f .lot + u, if and only if 2 is a factor of u, the last 
d.lglt. 

In an analogous manner, since 5 and 10 are factors of 
lot; each Is a fa^ctor of lot +^ u if and only if each is a 
^factor of^ u. On the ^other hand, 3, p, 7, 11, and 13 are 
not factors of 'lOt for every t. Thus rules for divisibility 
by these numbers cannot be based on only the last digit ^of the 
numeral. 

Let us examine t>^e last two digits of any numeral, In 
general we could write any number* (lOO)h + d where h is a., 
non-negative integer and d Is an integer guch that 0 < d <_ 99. 
Any number which Is a factor of 100 will be a Tact or of 100 h. 
Therefore, apy number which is a factor of 100 < wljl be a 
factor of (lOO)h d if and only if it is a factor of d, the 
last two digits. Sirice the prime factorization of 100 is 
2^ ' 5^ i any numberj mad^^p of at most tviq 2's *and two 5's 



^^^?ages 460-461 1 11-1 ^ ^ ' 

,villl divide 100. Such numbers are 2| 4| 10* 20, 25# 50i 
and aoo. But 2, Id 20, and. are more easily checked 
by a single or doublM application dt the lag t digit rules, so 
this leaves 4 * and 25* Thus, a numkr Is divisible by 4 
or 25 If and only If the numbei^ der>dted by the last two . 
digits m Its decimal n«tatlon/ls dlvlilb^e by 4^ or 25.^ 1 
Another Interesting test li based an the sum of the digits 
of a numeral. If the digits of a four digit decimal numeral 
. a, b, c, d, the number is ^/ . . ^ ^ 

. 1000a + 100b + IQc + d - 999a + a .+ 99b + b + 9c + c + d 

= (999a + 99b +^c) + (a b + c + d) 
\ ' ^ (llla + lib + c)9 + (a + b + c + d) 

A decimal numeral with any number of digits may be treated 
similarly. 

Since 3 Is a factor of 9, 3 is a factor of 
(llla -H lib +^c)9,.. Hence, If^ 3 Is a factor of (a + b -»-*c +^d 
Ut Is a factor oC^^the original number. ^'Furthermore , If 3 is 
not a *factor of / (a + b + 0 + d), then 3 Is not a factor of 
^the original number. 

W9#^onclude, then^ that divisibility by 3 can be tested 
by determining whether 3 is a factor of the sum of the digits 
of the decimal numeral. ' ^ * 

Wa- notice, InciQentally, that 9 has a similar test for 
' divisibility. A^number is divisible by 9 If and only If the 
sum of the digits of its decimal humeral Is dlvlsrtile by 9. 

When finding the frime factorization of numbers in later 
sections, oAe finds *the prima factors in the order ^ 2, '3, 5f 
7, ^ , . ^ The student ^Ihould, therefore, know divisibility 
ruWs for ^ 3, and 5^ at.loast. The, rules for 5, 9* 



and ^5 ar| also helpful in other situations. The tests for 
divisibility by ? an^^ 11 are left as starred exercises In 
^ the student's text. They are not very important except that 
students might find them interesting. 
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One last bit of "am/nunUton'L for^the teachei:, Tel<l^ the 
studentf^ wrlte^ any threo = (i L^i ^ namber, say ^56.^T)e^l htm - 
to make 1^ a sLx^diclt numb^!^ by appending the same three digits. 
The six^digit numb^^r In our example is than 4^)6,^56/ Then tell 
him divide^ succeBnLvel:/. by 7, 11/ and 13. Lo and behold, 
he will^end up with ';56. ' ^ . 



T^e reason Ls ^hat app^^Jln,: 4^6 to 456 is, the same as mintl 
' plying, 456^ by lOOU^^^'ThaX {456)(lOOl) - 456^456. The 

^_^numbey^* ICOl ^ 7 x U x 1^3.* Thus, ICM is divisible^^y 7, 
11, and 13.. This "^icHc-a^numbcr" problem serves also to 
emphasize th| meaning nf variable. If n is the number chosen 
at the start of the proclem, is c v Ident ^tha t , In accordance 
with the dGflnitinn ^"^f variable, U represents an unspecified 
number from a set of numlers (in this case the phrasing of the 
problem indicates the domain: 'ino < n < 999.) Following out 
t^e directions of this prrhlom, we have in terms of n 

m 

ir.f'i n 

irc. 1 n 

■ ' lOCl n 

.^J ICOl n 

- • . 7 K 11 X 13' . 



Answers to Problem Set 11 = 1:; ;, pages 46l^464i 
1 . (a ) d Iv is Ible- by ^ ^ 



(b) divisible by 



' ri 



(c) divisible by P 

(d) divisible by p 

(e) divisible W' ^1 n:\ \ v 
( r) divisible by 



ar. 
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pages 461 -463- 11-1 

(g) divisible by 3 and b 

(h) divisible by 2, b, and IC 
(1) divisible by 2 ^ 
(J') divisible by 2 

(k) divisible by 2 and 3 

(1) divisible by 2, ^ 3, 5, and 10 

2.^. Yes^ by the associntive property 2 > : 

6 Is a factor or 2 ^ 3 - n. 



^ 6 n , Thus , 



3. The numbers in (a), (c), (e), (f), (sh (i). ancL_ (j! 
have 6 as a f acton; the others do not, 

4. If a number is divisible by 3 and by 5, it is divisible 
by 15. ; 

5. The numbers In parts (a), (d), (g), and (h) are 
divisible by 15: the others are not. 

*6. A pumber is divisible by 9 if the sum of the digits is 
divisible ^ 9- 

*7. All the numbers are divisible by ^ except those in the > 
first two columns. A number is divisibla by 4 if the/ 
number named by the last two digits is divisible by 



*8. A number is divisible by 12 if^^it is divisible by 4 

and by' 3. The number In part (k) of problem 1 is 

divisible by 4 and by 3. The numbers In parts (bj, 

(c), and (e) are not divisible by 12. 

^ * 

*9: A number is divisible by 8 if the number named by the 
last 3 digits is divisible by 8, = 

10. If the dirference of the sums of sets of alternate digits 
in the common name of a number a muT^tlple of 11, then 
the number itself is a multiple of 11, 
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pagea 463-464: ii^i and 11-2 

If the Jlffcronce botwoen tiwico the number represented 
by the last digit and the number represented by the remaining 
^dinltg Is a, multiple of seven, then the number Itself Is .a 
multiple of seven. ' ' ■ ' 

The pronf of this rule for divisibility by 7 may^ be 
of Interest to soma students, M can be established as 
follows: Let N be the number to be tested. If is = 

the^ rlcht h^nd digit, oiir process i^ivos us ^ ^ ^ 2c. 

^e assume this Is. divisible by // , tfion 

) ^ • 

M ^ c ^ ' ^ 

\ ■ ic) - - ?k for gome Integer ^ ^ 

^- 

.N ^ c ^ PCc ^ yric 

. ^ V(3c f 10k) I.e., 7 djvldes N. 

-an answer to the last question a reply of '"no" Is 
acceptable on th- r^rounds that application of the rule ,1s 
more n Ime^ cnnsumin.- than actual division. The proof,' 
how-vpr. If shar-d with InteresteH students nay serve a 
p'^rpQse of Its own. 

11-?. Prime Numbers and Prlmo Faetori^^a tlon . ' 

We have a lo^nc ranee object. Ivrs In the cuss ^. on of this 
section. r^tudents ofL-n -et the Impression that x" = 2 cannot 
b^ factored when in fact a pair of its factors are 
(x ^ v^)(x_^^ v^), "n we wish to emphasize the set of numbers 
over which nu.nber^s ar^ factored. ir- wo want the factors of ' 
^ - 2 to b^ polynomials over the Integers, then x.^ = 2 
cannot hp factored. Rut if we allow the factors to be 
polynomials rjfror tho r^.nl numbers then x"' ^ 2 can be factored. 
For this reason ^e wlnh to spell out what lUnd of factors we 
want, not only in this chapter but also in Chapter 13. 

In this chapter we want the factors of positive integers * 
to be positive lntep;ers. We do not i-ain anything If we admit 
ney:ative Inte^^ers as factors of posbHve integers. If, negative 
factors were admitt^^d then IP could be factored in each of 
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pages 11-2 

the following ways: 2^ ■ 3, ( =2)^ ;^J,^( -2 ) ( -3 ) 

The Idea of what la needed to /generate" a set of numbers 
Is interesting and very basic. It also prepares the student to 
understand the famed 'gieve of E-ra tos theftea which,, v^hope, will' 
be constructed by every atudent as Problem 4 o,f *W'o)blem 
* Set ll-2a. As an optional exerclae the atudent might be asked 
to use the" prime numbers 2, 3, 5, and 7 and generate by 
multiplication as many integers from i to 100 as possible. 
For example: 

4.2x2 10 = 2x5' l6 = .2 x 2 x 2 x 2 

6=2x3 ' 12 = 2 X 2 X 3 l8 = 2 x 3 x 3 ' 

8.2x2x2 14-2x7^ . 20 = 2 x 2/ x 5 

9.3x3 15=3x5 21 = 3 x 7 

The aet of numbers generated Includes all the integers from 2 

to 100 that are not prime. 

Answers to Problem Set ll-2a \ page ^^651 ^ ^ 

1, 3 and addltl-on generate the set '{2 ,b S,\2 , . . A ^ the set of 
^ all multiples of 3 greater than .0. Each element of the 

set except the first has 3 as a proppr factor. 

2, The set of all positive Integers with, proper factor 5 
could^be generated by the number 5 and addition. The set 
would be (10, 15, 20,\ , J. ^ ' 

3, 7 and addition will generate the set of all positive 
Integers with factor 7, The set is (7,^ 1^. 21. 28;;. J 

4- Every 'Student should complete this slev^and have it for 

/ ■ ■ 

reference In^^^^i^ notebook, ■.>. 
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1 










7 




^3 


^2 


11 




' 13 


■ ^2 


^3 ^2 


17 












?3 






</r 3 








0 J. 










37 




^3 


)i A 


41 




43 






^7 ^. 


"A 


^7 


'A. 




^2 


53 






^3- 




59 


02 


61 . 








05 ^2 




02 






n 




73 

83 


7/3, 




^3 


' 7^2 = 


/ 79 










?4 


¥5 '?^2 


97 




9^3 





The student may be interested to notice that we were only 
at)le to carry out the procedure for 2^ 3j 5j ? Blnce Tn 
this proGess^f-^^jens ) all the multltDles of the next- p^ime 11 
which are less than 100 have already becjn crossed out. We 
a^^so ^)tice that the^ first number we actually cross cut when 
pros Sing oyt a, 11 numbers jhaving n as- a common factor is n^ . 
"^a.ke 5 for example. The multiples of 5 are 2-5^ 3 - 5j 
4 '5> ^5 ' 5, . . . . 

f^ow P ' b and ^ ^ 5 , are already crrDSsed -out because each 
has ^ l^-^ ^3 proper factor, The multiple 3 ^ 5 ^ Is already 
crossed^ ou^^ because^jLt has 3 as a proper factor. Thus the 
first multlpfe crossed out when crossing out multiples of 5 % 
is 5 . 5 or D . - . ' 

T 0 f \ X r t h e r' x p 1 a I n v; h y t h o r r? a r e n o n u m b e r s less t h an or 
equal to ICO to cross dul v/hen crossing out 11 's* list the 
multiples of 11 as: 

ft 

2-11, 3-11, 4-11, 5^11, ^^11, 7 '11, 8^11, 9^11, 

10 ' 11, 11 ' 11 



\ 



pales 466.467! 11^2 

Then go ttrrough the crosslnc^ouc procesB tga Ctk. tc show that the 
first number crossed out would have to be 11-11. ^/ ^ » 

We are getting 'at the prime factorization of integers in 
this seotion. It is essential that the student learn to find 

,the prime factors of integers tecause we use this idea for 
reduc Ing ,rrac tlons ^ ,^nd Lng the'lowest common denominator of 
fractions, and simplifying radicals. The Sieve of Eratosthenes 
provides a very natural way to obtain prime factors. 

Problem Set ll-2b provi'des practice in finding the prime ^ 
decompositions of IrVtegers, If the student can write these 
without u^ing the rnethod developed here_j so much the better. 
There Is no particular reason why' he must ^egln with the smallest 

.prime and then use luccessively larger primes ^ but this procedure 
is systematic and most students nee4i encouragement along these 
lines. The advantages of the method should be amphasized^ but 
the teacher should not Insist on its use. If titudents use 
exponents' to express their answers, so much the better; ^ut If 
the students do not demand exponents the teacher should .^void 

% them at this point. The long expressions obtained become 
motivation for exponents in a later section. ^ * 

Assuming that practically all students will use the syste= 
matlc approach to prime factorization, be sure of the following: 

1, The student should use rules of dlvlsitaility for at 
least 2, 3, and 5 (11 if taught). 
The student should Know where he nan stop. 

Example: g ) 202 1 + 0 -f^ 1 ^Is no-^ divisible by 3 

101 101 is not divisible by 5 



'^fter trying to divide by 7, you are through, since 101 Is 
less than 121 A which Is the first number crossed out by 11., 

One other w^^^ determine the "stoppLnPS point" is to 
observe that if in factoring 'n we~4-iave tried all the prime 
numbers up^to ^/n then any further attempted dlvisLons will 
result in quotients that are numbers we^ have already tried so 
that we have "tried all possibilities". This is especially 
valuable when we are trying to decide if a number is prime. 

351" 

^ 10 



pages 467=^69: 11-2 

The students may be Lnterestej in this but dcn*t expect many of 
t h e m to lea r n 1 1 , n o r s h o u 1 a m li c h time, if any, be spent in 
class on the subject. 

The proof of this "^anique f rc toriza tlon" theorem Is far 
beyGnd anything which the jtudcnta can understand at the present 
time. An aid in convincln/: the student^ perhaps, would be to 
be^in with a number like ?P, and factor it in various ways: 



2^x3, 9x3, 



X ? X 3 c< 



u X 12, and then to 



reduce 24 x 3 and [) x 8 and x 1? further until only 
prime factors rem|in. You will get three and two 3^s no 

matter how you do' it (not always in the same order, of course, 
but o^e a i^s o c I a tive .a nd c ommu t a t i v e laws 1 e.t you put them In 
crder). The fact Is^hat 72 Is "made u0" of three 2»s and 
two V3 and this r^^sult is contained no matter hoW you begin 
and carr^y out yo;.r fnctnrM.n^r o*' IP. If you are interested, a 
formal prf>:)f of the urUo'i-^ ^^ac to r Iza tion property of the 
positive Irntefters may be found in Courant and Robblns, What Is 
Mathema t i^s , Cxford, IQ^l.^paoe 93. 
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(p) 
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(n) 






2 
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3 X 


11 








(h) 


59 








3 11 
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2 X 


3 


X 3 
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3 


(0 
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2 


X 
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17 


(0 


P2 3 
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page 469' 11-2 ^ 

answers to Problem Set 11 -gb ; page 469; 

1. (a)' 49 - 7 X 7 not prime ^ 

(b) 53 prime? 

(c) 37 prime 

(d) 105 = 3 X 5 X 7 not prime 

(e) 111 ^ 3 X 37 not prime 

(f) 121 - 11 X 11 not prime 

(g) 97 prime 

(h) 10101 - 3 X 3367 nc3t prime 

(1) 9999 ^ 3 X 3 X 1111 not prime ' 

2 is the only even prime. ^ ^ 

3. There is no largest odd prime number: that is^^there are 
infinitely many odd primes/ The proof c red L ted to Euclid 
is a simple one and the teacher should look it up if he 1 



not 


familiar 


with it. 






(a) 


5 K 


13 


^ 65 






(b) 


3 X 


17 


^ 51 






(c) 


7 X 


13 


^ 91 






('i) 


2 X 


3 X 


13 - 78 






(e) 


2 X 


3 X 


17 ^ 1C2 






(f) 


132 


= c 


K'2 X 3 


X 11 




(g) 


5 X 


29 


- 145 






(h) 


2 X 


2 K 


2 X 2 X 


2 X 2 X 


2 X 2 


(i) 


3 X 


3 X 


3 X 3 X 


3 - 243 




(j) 


5 X 


5 X 


5 X 5 ^ 


625 




(K) 


2 X 


2 X 


2 X 2 X 


3 X 23 


s 1104 


(1) 


2 X 


2 X 


3 X ol ^ 


732 




(m) 


3 X 


7 X 


13 X 37 


= 10101 




(n) 


999 


= 3 


X 3 X 3 


X 37 




(a) 


121 








231 


(b) 


1^3 








741 


{=)■ 
(d) 
(e) 


2C9 
133 
161 






(h) 

. (0 


81 
2945 



/ 



256 



pages 469-^7 3: 11-2 



Motei Rathe^ than make these ^ routine multiplication 

problems J discuss and encourage the uste of properties 
of addition ar^d mul tlpllcatloh by which so^e of these 
can be done mentally. 



( 



For example, (l) can be done /as 



5 K 31(20 ^ 1) ^ 5 X (620 - 31) - 5(6o0 - ll)' 
^ 3000 - 55 - ey^5 

The I'elatlonship betw^gh prime factorization and dlvlslbil-N 
ity is off particular Importance In "relation to the'process of 
finding the least common multiple, There often a bit of 
difficul^V fn verbalising jthe raqulrement that all prime factors 
of the divisor "must be cSR.tained in the dividend at least -&s 
many times as each appears In the divisor" . It Is hoped that 
exponents can oCfer a partial assist here. 

Answet*3 to 0 ra 1 Exercises 11 -2c ; page 473: 



1. 


(a) 


25 




■ (e) 






dX .16 




(b) 


36 




(f) 


1000 




(j| S43 




(c) 


8 




(g) 




i 


( k'^ 32 






27 




, (h) 


125 




(1) 6S5^ 




(a) 


5 • : 




(e) 


7 




(1) 7 




(b) 


3 




(f.) 


11 ? 




(J) 2 




(c) 


3 




(g) 


3 'i 


I 


(k) 7 




(d) 


S 




(P) 


' 5 




(1)^3 ■ 


3. 


(a) 


20 = 




■ 5 ■ 




18 - 


n 

2 ■ 3^ 




(b) 


16 = 








144 = 


4 _2 
2 • 3 




(c) 


49 = 


7^ 






68 = 


2^ ■ 17 * 


I 


(d) 


100 = 






(i n 


=0 = 


n 

a ■ 5" 




(e) 


75 = 


3 ■ 






S7 = 






(a) 


True 






(d) 


True 






(b) 


False 






J"- (e) 


False 






(c) 


False 






(f) 


False 
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pages ^73-475: 11-2 

Answers to' Problem Set 11^2g ; pages 473-^75: 
1^ (a) 
(b) 




^3 

t— 




3^ 




I i ^ 








(f): 






(J) 


13^ 




n 

T 




'33 




(K) 


5^ 








3^ 






I 


2 ^ 7 


(e) 






(1) 




3" 


0^ ^3 
2 . 3 


(f ) 


2 ■- 3'^ . 


7 ' 


(J) 


2 ^ ; 


3" ■ 61 


2 ' 3 ^ 


^3 ^ (g) 


3^ 




(k) 


2 ' 




■ p 0 
2- - 3" 


• 5 (h) 


n 


11 


(1) 






True 




(d) 


False 








False 




(e) 


False 








T>rue 




(f) 


True 








2 2 
2^^ ^3^ 


d 1 V 1 d 'e s 


2^ ^ 32 


' 11 








2 ' 3 ' 


5 does not divld 




7 • 






2 divides 2' 


' 3 










3 a b 


does not 


divide 


4 0 

3 ab" 


unte 


ss 


a - b 



4=b) 
(c) 

(a) 
(b) 
(c) 

(d) j"aD aoesno^diviae jac" unless a-b or a 

poo 00 Mo 

(f), 9 -3 ■ 5a-b divides S^3 5 • 7a b' . 
' J \ \ ' 

( r) 5^ ■ 7 does not divide 2^ ■ 3 • 7^^9330 

\, ■ _ . > , 

(a) \32 . {l?i 

(b) "16 (J) 225 / (r) \ 25 

(c) 343 (k) 12 

(d) 27 (1) 9 

(e) 128 (m) 48 

(f) 243, (n) 1296 \ 

(g) 125 (j) 3375 » , ^ - 

(h) 32- (p) 3375 



^ (q)\ 


135 


(r) 


\25 


(a) 


13 


(t) 


25 


(u) 


^5 


<|(v) 


= 5 


Uw) 


1 


(x) . 


1 



4 



' / 

pageV^f^S- 11-2 and 11-B 

6, 3^ square inches 

7, 135 cubic Inches 

8, ' auggests the area of a square - hence "5 squared 
5" suggests the volume of a cube = h^nce "5 cubed", 

11-3. Factors and 3ums , , 

Another application of. prime factorization of integers is 
presented in this section. Plrnd^two factors of 72' with the 
property J that, their sum is 22. This might seem like a game to 
the student, but we have a serious purpose. This is the kind _ 
^ of thinking which is-done in factoring the quadratic ^poiynomial 

X + 22x 4^ 72. < ; ' A ' ^ 

Perhaps ciassw0rk''with this material should begin with 
very simple oxampj.es for which the students might give the 
. answers orally. 'Here are' some easy examples: ' 

Product ' Sum Factors 

3 4 3 and 1 

8' 6 ** ^ and 2 

k f k ^ 2 and 2 

9 ^0 , 9 and 1 ■ 

' ^ The fir'st and fourth examples point up the need for the factor 
^ 1 in this particulRr context. 

Answers to Problem get 11-3 | pages 478^479: 

1,^. In addition to the pairs of factors listed in the example of 
' thl^ .section, the following are possibilities^ ^ 

(a) 2 . 2 . 3^ and 2 

(b) 2" and 3^ 
-g-' , ^ anJ 3. The sum of .these numbers is 27. 



356 



pages 478^479.' 11-3 



< 



7. 

8. 



(a) 


3 ■ 


32; 


(b) 


2 ■ 




(c) 


25: 


8 


(d) 


, 1 . 


7^; 


(e) 


.9 


and 


(f) 


? • 


7: 


(a) 


48 




(b) 






(c) 






(d) 






(e) 


1 :;0 










(b) 






(h) 






(1) 






(J) 


286 


- 2 


(k) 


330 


^ 2 



3 and 
9 and 

and 4 
49 and 1 
6 / 

14 and 1 



2 



and 

3 f 





20 and 10 ■ 


I n ; \ 




(1) 


Not* poss Lble 


(J) 


18 and IP ^ 


*('.<) 


?43 and 4 


r 

^ . 3 


15 and =12 



and 



[^ofc possible 
^4 




J 



If ^ an4^_..w represent the measures of the length and tho' 
wld^h, . w = 2PS and ^ f w t 34, 225'^- 
The length and the width are 25 feet and 9 

.3 



feet. 



w ^ 54 and ^ r w ^ gg, 54 ^ 2 ^ 3^ 

The length and the width are 2? feet and 2 



feet. 



represent the meas^ires of the base ^nd t 

2 -.2 



If V^-^and 

hoL|j;ht, h ' h ^ 3b and b f- h ^ 1 5\ ' 30 ^ 2" - 3 
The base and the height a rn 12 Inches and 3 Inches. 



b * a ^ oOO and 

(n) 24 and 2 
(b) iS and 4 



b f a = o2. 6cO = P" 

(c) There are none. 

(d) 28 andr 25 



' 3 ^^5 

' oO 
700 



2 . 



3 ' 5 

.2 , 



/ 



3b7 



' ' pages 479-'*85: ' * ^ 

^ , : ■■ ■ . . ;■ 

11 = 4, Laws of Exponents , '^-=-" 

( Tho flrot part of the B^^ctlo^ LnvolHn^^ multiplication 

^ 3hnuli not^ present an^ i ff Icul t Ins to the student^. 

In the .^^rinlticn 

- n- J 

. n factors 

^ bo caroful ^o.say^ u|od as a factor ^ n tlmeSj"'^ not 

* ^ multiplied by lt£:el!' n times'-. Consider the meaning of each 

of these plir^^s: ^'Two used is a factor 3 ^tlmes means 

whlch'ls el^htl Two multiplied by •^Itself 3 times 



mea ns 



^ o multtplled. by ^ once, 



« 

.4 



^ 8, multiplied by ? twice, 

8^ ? ^ iQ, multiplied by 2 three times, or 2 

Clenrly, sayinn "multiplied by itself" can lead to confusion. 

In the second part we want to show that rules for 
simp^fyinc fractions containing powers can be generalised, but 
you^need not emphasize these rules. The stbdent should be 
encourabiSd to chink on the basis of. the UefLnitlori". For 
example: 

The student shoudd reason, "There Is one x factor in the 
numeMtor and two In ^ the denomtnator: this is the same as Just 
one factor In th^-* denominntor because — ^ 1, There are 

^hre% y factors In *the numerator and two y factors in the 
denominatoru this Is the same as one y^ factor In the 

numoratorj since ^ - 1. Avoid the use of the word "cancel/' 

y " 

but don^t treat the words as a "dirty word" should It come from 
a student. Just renulre the stucient to e.xplaln hLs use^of the 

word In terms of the theorem, — - 1, (a / c). 

a ■f 



JOH 



4l , i 



page 481; 



In «pplyln-3 thn so-called lav/s of expormntSj studGntS 
frequpntly encauntor %io re it f 1 cul t ies Ln working with numerical 
express Ions ^ th3in in d*?a 1 in^;;^ w L th variables. For pxample, a 
Student rray^have ^no 



trpuule < riicughizin^^ the fact thit 
or that 0^ ' b'' 4 (ab)^. On the other hand he 



a 

a * a ^ 

might be strongly tempted to 

^It has 'also been observed that 
? 2 



4 (ab 
t 'Sf 



,3 



.5^ 



2" - 4^ or ?^^"3^ = 6" 
t Li d I,: n t w L 1 1 a c c e p t the f a c t 

that/ a'^ t^b^, permits of no u r the a s Lmpl i f L ca t Ion and at the 

_ '"^ 

same time will be inclined uo write 3'' f- 4^ - 7"" , (Consequently 
gr^at car'^ muse be taken to ensure a student * s \inderstand ing of 
the ~3 L^.nif icance of. the base in*all manlpyletions- with Exponents 



^knswers - ttf C ral' Exerc tses rt^^a ; 



(a) 
(b)- 
(c) 



3^ 



(U) IC 
(e) 4^ 

(a) 
(b) 
(c) 
(a) 



Pal se 
False 
True 
Falsf; ' 



(r) 

(h) 

(0 
(e) 



False 
False 
False 

r 

True 



(a) not true for all values 
( b )^ no t t r u e f o r all v a 1 u e s 
(c) true for all values 
(d.|i||true for all values 



page } 

(id 

(O 

(m) 
(n) 
(o) 

(1) 
(j) 
(K) 

(1) 

h 



X 



+ . n 



a^ 



2 



a 



y 

3a 
3 



True 
False 
False 
True 



C 



It would seem unwise to 

rr^n^rall^^e at.th-'.g staf^e 

6 ^ 
= a to 

^ Get the 



from (a'^)-^ 



- a 



Li tudent ■ tu a 



3 



thaJ: 

2. 
a d 



(ad 

From this he will easily get 



a 



On the djther hand 



a^ 



3 0^ U 



p*g«s «8S-4l^i 11-4 ■ ■ 
Anawera to Problem gbt 11 -4a ; page 48a- 

1. (a) 28 « 256 \ (f) x^^ " ^ 

■ ^b) m9 ■ • ;^ (g) 10® = 100,^00,000 . 

(e) - 3^ - 729 ■ (h) 9^ « 729 

;S (d> , , (1) 

'(e) ml\ ■ (J) ^ 

2. (a) 2^"* . (e) 3^ .or 729 . 

• ih) J^B^\ ' ' (f) 3M or 648 

jfl^^ S^a^ pr 2187 3'* ' j- (b) sVbS or 27 aV 

' (dJ. t-^ ' . .(h) (3kmt)2 or 3^*2 

3. (a). . ' ; (e) 2^.^35 - "'^"^ 



m n p 



(b) jSab^ , (f) g7. 32^6^3^ 

■(d) S . 17W , ■ " " (h) S^a^b^ 



(i) sVb^ 



'r 



Answers to Oral Bcerclsea 11- 4b ; Mge 486; 

i:; (a) j3 ^ in '^ ^ ' (.) || 

.^^^ ^V' • ^^^^^ ■ '^"'^ 



(a) 



a9 (J) 



■a. (a) False . (c) "True • (e>. True 

- (b)' False . (d) False .4 

3. Only (c) -Is true for all values of the vat^iables^ 

4, Dlvisiorv by zero has no meaning, since 0 has no reciprocal 



Answers to Problem Set ll-4b ; pages 407-40^: 
8 



. m 



x2 



10. 



11. 



.3c2 ■ 
IKBy 



19. 
20. 

21. 



-1 

32m* 
1 

32m'* 



4. 

5. 

6. 



a b c 



32b2 



2a~- 



2a 



2-3 6_ 
X y « X y 



8 



2m 
3t 



81 
1.63^x7 



i-a . lOcd' 
J.J. V - a 



1"- ^ 

15. 



16. 



18, 



3a 
2b 



8 



17, -b' 



64m 

"97n 



24, 
*26* 



22, 



23, mn- 

,2 



13^ 



32a^b 

2z 
25x 



*28 a + 2b 
' " "ab 



29. (a) True (|)^ - §' | 



by the definition of an 
exponent 



(J^J Not true^ since 



1 ' 1 



whili 



(c) Not true, ^15? is not a multiple of 27. (Notice that. 3^ 



is a factor of but not of ) 



^ ^3^(2^ + 3^) by the distributive 



property 



(e) Trw. "2x2 ^ j^^a ^ g^^^S ^ g^S^^ 



2 2 ^ . 

2(x +^2y~) is an avtn ,n^ber, since 

2 2" 
X + ^ la an integer 



Ansttfers to Problem Set ll^^g^ pagea ^QO^tfQl i 
1. 



2. 



,9 



3. 

5. 4a2m6 

.7. 25a^ . 

8. 27x10 ■ 

9. r a 

10. (a^)^ = 




fee sure to have students simplify fractions before subatltutln 
n\anerlcal values, In problems 21-28. 

21. -2(2)2(-2)^(3)^ = . 288 



22. ((.2)(2)(-2)(3))2 - 576 



ptMS 11-4 snd 11-5 ■ ^ -^-y- ^ 

T ■ i. i i 



" ■ 1 - 1 V _ 1 * 

Y '-^abF' ((s)(-ay)a " ■ ^ ' i: : 

•ofi fa + (-2 ))^ ' 

o3 / I\3 " since division by z|ro la not 

* + (-2; . • ,' , , permlttedj the expresilon does 

• . ' . not name a number when a Is 2 

•■' . and b iB -2. 



•87. 



-3a^ . 1 
be 



r 

11-5* Adding and; Subtracting Fraotldns ; - - V 

We wish to apply the prime faGtorlzatlon of Intagfrs %m 
the problem of finding the least common multiple of th« 
denominatori. We do not want, blind adherence to thr mathod 
developed, however^ but wfe do want to give the student a 
syitematle way of approaching the problem. For mxam^lm ^ If the 
atudtnt were asked to add the fraations ' + ^. the lowest 
common denominator can be quickly determined by Inapeetioii, »nd 
the student should do it this way, ^t If he is^ aik#d to 

^» may not be. easy to detemlne the lowest ccrturon 
denominator by inspection. But by prime factorization 

57 - 3 ^ 19, 

95 - 5 ■ 19, 

and the lowest common denominator Is 5 - 3 ^ 19, 

^ It. Is good technique, both here and in later work 
factoring, to leave expressions in factored form as long at 
possible, for these factors IndicaW structure of the expression, 
which may otherwise be obscurred In the above example after 



Oil 



4 



the fractions had a common denominator, the numerators were, of 
course, multiplied out and eomblned; 6ut, as you saw. It was to* 
our advantage to leave the denaml|i%tor in factored fom until 
the ^ver^ end. Then we know that the fraction cannot be reduced 
Unless the numerator ^as as a factor one of the factors of the 



^Answers to Oral Zeroises U-M* pager 493 1 
^ — ^ - ^ — \, ^"^^^^ - - / 

1.. Multiples of ki 4, 8, IS, l6, 20^ 

mutlplea of 5^ 5, 10, 15, 20, S5 

Learnt coTOnon multiple of 4 a^nd 5 is 20» 

2. Multiples of 2^ 2, 4, 6, 8, IQ- 

r of 10^ 10, 20, ao, 4o, 5b 

Least common multiple of 5 and 10 is 10, 

3. Mulblples of 9= 9, l8, 27, 36, 45 

of 12: IS, 24, 36, 48, 6o 
Leaat common multiple of 9/ and 12 la 36. _ 

4. Multiples of 3: 3, 6, 9, 12, 15 

of 5: 5, 10, 15, 20, 25 ^ 
of 6: 6, 12, l8, 24, 30 
Least •common multlpla of 3,5, and 6- la not named. 

2, 4, 6, a, 10 
7, 14, 21, 2S, 35 
12, 24, 36, 48, io 



7. 



Multiples of 2 

of 7 
of 12 



Is not named. 



Multiples of ' 2: 



Least common multiple of 2, 7, and 12 

i, 4, 6, 10 
of 6: 6, 12, 18, 24*, 30 
■ of 11: 11, 22, 33, 44, 55 
Least- common multiple of 2, 6, . and 11' la not named. 



Multlp^s of 5 



5, 10, 15, 20, 25 
\ of 10: JO, 20, 30, 40, 50 
of 15: 15, '*30, 45, 60, 75 
Least common multiple of 5, 10, and 15 is not named. 



8, Kfultiples of WL\ a, 2a, 3a^ 4a, 5a 

:^ of '3a^ 3a, 6a, ga, l^a, 15a 

Least corranon m\UtAple of a and 3a is 3a* 

9. Multiples of 2a' 2a^ 4a, 6a, 8a, 10a ' 

of 3a* 3a, 6a, 9a^ 12a, 15a 
Least coiwnon muitlple of 2a and ^3a is 6a. 

10, Multiples ©f^ x^, 2x-, 3x^, 4x^, 5x® 

. /r of 2K^i 2x^, 4x^^ &c^, 8x^, Ito^ 
Least conmon multiple of ^ x and 2x Is 2x , 



Answers to Problem Set ll=5a i page 493: 

% Positive multiples of "^3: J3, 6, 9* 12, 15^ ' * 0 

, - ' ' ^ ' of 5^ [5, 10, 15,''-] 

Least cottffnon multiple, of 3 and" 5 ^3 15- 



Positive multiple^ of 4* [4, 8, 12, l6, 20, 24,-**) 

\ ^6: [6, 112, 18, 24^ . . J 

_ ' . 8. -C8, 16^24/,. J, 

Least co^on multiple of 4, 6, and 8 is 24. 

Positive multiples of. 12: (12, 24, 36, 48, 6o, * • O 

of IS: [15, 30, 45, 60, -O:' 
Least common multiple of ^ 12 and 15 Is 60. 

Positive multiples, of 10: [10, 20,^30, 4c 6o,_, 

150,.. rj 

15: [15, 30, 45, 60, , 150,,,,) 
25r (25 , 50 , 75, 100, , 1M,..J 
Least common mull^ipla of 10, 15^ and 25 Is 150, but 
several more multlple^^ of each of the numbers must be 
written before we arrive at a common multiple by this method 
Experience with exercises of this type ^ould help make the 
student receptive to the suiggestton of a more efficient 
method for finding the leart common multiple of several 
numbers. > 

\ 



1 

J or 



pages '493- 496: 11-5 



5* Positive multiples of 2% [2, 4, 6, 8, 10, * * ' ,10d^v* *1 ' ^ 

of 10: (10, 20, 30, 40, 50, ' • • ,100, • • • 3 

, of 25i (25, 50, 75, lOO;. v - " 

- Least eoironon m^\iple of 2, 10, and 25 is 50^. 

Positive ^tlpiW^^ 4i (4, 8; 12, l6, 20, • • • i l8o, . v.^)^v 
. V' *- of l8i (18, '36, 54,* - , l8o,- ' ) 

- " of 20i (20, 40, 60, 80, * * * , 18C, - ' ] 

Least common multiple of 4^ l8, and 20 Is l80. 

The comment for question 4 applies here also* 

7, Positive multiples of 30: (30, 6o, 90, 120, 150, l80,'.O 

4 of 36: (30, 72. 108, l44, l80,**-) 
Least common multiple of 30 and 36 Is l8o. 

8, .Multiplei of 2ai (2a, 4a, ,6a, Sa,^*0 ^ ^ 

: of 8ai (8a, l6a, 24a," •] 
. Least coimnon multiple of 2a and 8a is 8a. 

ff* Multlplts of 2x: (2x, 4x, 6x, * • • , 3te, > * * ) ^ / 

' of 5x: (5^. Ite, 15x, 2Qk, 25x, 3te, • • 0 
of 6x1 (6x, I2x, l8x, 24x,^ 30k, • . * J 
Least cormnon multiple of 2x, 5x, and 6x is 30dc^ 

10. Multiples of 2ku (2x, 4x, 6x, * ^ O ' 
of 3y: (3y, 6y, 9y, - * - ] 
The least common multiple in this case depends on what numbers 
x and y represent* 



Answers 


to 


Oral 


5terolsea ll-3bj 


page 


; 496: 


1. .2 . ; 


3 ' 5 






7. 




2. 2^ • 


32. 


52 • 


7 


8. 


3 . §2 


2 

3. 2- • 




72 




9. 


2 2 
2 - ' 7 


4. 2^ . 


3a. 


5 • 


11 • 13 


10. 


2 P 
2*3*5*7 


5. 


3 






11. 


2^'^^ 5^ 


6. 22. 


3 




\ 







I. 



.pagts *96-500i 11-5 

/ 

^ ^ATTBwerr^^to-FippW^ffl-S page 4962 



1. 


2^ 


. 5^ > 


6. 


2' 2 
S • 3 ■ 5V 


a. 




•3 


7. 


2 • 3^ 


3. 


g . 


32.7. 


8. 


2^ . 3 -11 • 17 


»». 






9. 


• 5 13 


5. 


2^ 


'5 


10. 


2 • 3 • 



An 



swers to Oral ExerclBes ll-5c; pages '♦99-500 ^ 



1. (a) 36 (c) 52 *(e) 1 

^ (b) 50 (d) " 88 

S. (a) 30' , (c) 28 (e) 1 

(b),132' (d) 2H 

3. (a) g - y - i ; new r^umerator 2 • 3 • 5 

{b) * numerato'i' 11 

'141=1: .2- 2.:.3; 5-J^, , 



(e ; g 7 § ~ g ; 2 - 3 ' 3 ' 5 



Mnswers to Prpblem Set ll^^c ; page 



1. i ^ . 



2 =5. 4 II 



367 M'i 

V 



pagBS 5Q0-^1: 11-5' 



5. It Is better to reduce 
4, + J- - -1 + 5 
6 



r. 
•a. 

*9. 
•10. 



8 

39 



5T 



first. 



{ 



2 5 . gg ■ 119 

g-- 5 ■ 17 2 ■ 5 ' 17 ' 2 . 5 ■ 17, 



7g 

2 - 5 - It, 

36 

m 



^ Answers to Prolftlem Sot ll^Sd j gages 501-502^ 



(a) 



(b) 
(c) 



37x 



72 



55a 



g2m + 75 
100 



(d) 
(e) 



- 6 



(g) ' 3^ V g8d . gOd 



5 • 7 



35 * 78d 
"T^O — 



6x±121a 

~ni — " 

?67a 



8" • 5 • 7 



gU5x - 2 



'V. 



368 



pages 501-508! U-? . ' " - C 

^ r \ m - 8 64 13. 65 

2. fa) True , ff^p—^ 



S.- • 3 • 6 2'' • 3 • 5 



(b) False , • 
(g) False 

t«) True ^ 

V . -26 429 28 ' " 448: " ~N 

(e) True - 4 ^ — , W ^ — ^- 

S . 3 . 11 -^-^ 2 ■ 3 • 11 



3. (a) (| - |) > 7 since | - f » | 



\ 



4 36 



0 



3" • 5 



(e) ^ fact, I > ^ ^-^ for evfry positive 



a and b.*^ 

(d)' Both fractions name. the s^e number. 
^ ^(ej Neither is greater since ^) and ^) are both V 

names for ( ^ 5) ' ^ 
(f) Ifi > ( _ ^) ^ positive number la always greater than 

a negative number. 

isi' .499 > .49 ^ 

(hj,; . (-.0009) > (-.009) \ 

( 1 ) ' . 900 > , 09000 ' ^ 

(1) ^>.kg slnie IfV^ and .49-^ , ,1 • 

■'" J * ■ 



3^ 6\y 



page 502: 11-5 



thus ^ > ^ { transitlvl^^roperty of order) 
(b) I < |. , since I = ^ and f - ^ 

/H^ 1 + 1 - 130 « ■ 

% 

11 1 ^ 131 * 

T7 ^" ^ 12 ^ 13 

26c +, ^600) > |-(600) 
200 + ^(700) > Jg.(700) 

1 ' 

In each of the above cases $200 plus ^ of sales Is 
better. . 

200 + ^(lOOO) < j(lOOO) 

1 • , 

Here ^ of sales Is better. 

/ ■ 
Let s be the sales in dbllars for whlcb the offers 

are equal. Then s satisfies 200 ^ ^ ^ . . | 

This sentence Is equivalent to the sentence 

s - 800. 

The of^rs are equal if his sales amount to ^SOO- , 

There is no algebraic approach. What we want is a number 
which has the largest possible proper factor, 
Inspection we decide 2 x 47 ^ 9^ will do^ because the next 
lars^r prime is 53 j and 2 x 53 is tod Targe. 1^ Thus, John 
and Bbkb could ask for 94 + 4? ^ i4l ^cents. 



^ JtoBWers to Re^ew Problem Set; pages 50A-5O7i 

1, (a) 2, 3,' 4, Br 9, 18, 18, at, ©to. 

(b) 3, 3, 6, la 

V * ;(e) 3, 9 ^ / 

jd) 2, 5, 10, SO, 40, 3,\15, etc, 

* (e) 3, ^ 

(f) 5, 25, 3 . 

,3 



2. (a^ 2^ • 3^- 5 
(b) 2 • 3^* 7 
(e) 3 '5^ • 41 



(d) 



Ihtse ara soma 
the mora llkaly 
rasponseSj 



3-* 11 



3 * 7^ 19 



r 



3. (a) Yei, alnce 9 and 4 are faotori 

(b) Yes, B±nm 75 is divisible by 25 

(o) Yea, ainee 3 and 5 are faotara^ 

(d) Yea, since 27 la a faotor of 81000 and of 729 



(b) x^m^ 
(c) 

(e) sVb^jf 



(f) 



3a 



5. (a) ^ 



(b) I 



35ax + l4bx 4- 15ox 
210 



1 



(h) + 4 



5a 



(k) (-s)V or -aaa^l 
84m - 35n - 80 



(d) 



84c 



IT 

+ X 



lir 



371 O -1 



page! 505-506 



f 



6. (a) True (d) Falgt 

(b) Falser (e) True 

(e) True 



7. The sentence in part (b) Is the only one whloh^ls true 
for all values of the variables, * 

8, (a) (x + y)(x - y). If the numbers are x and y 

(b) 5- axy, or J+ 2xy, if the numbers are x and y 

(c) n + 7 = 3(2n)^ where n is the given number* 

(d) If the first speed Is n , miles per hour, then 
Sn m 3(n - 5). - , 

(e) If ^ is the number of Inches in length of the first 
piece, then ^ +' (2 ^ + 5) ^ 76. 

(f) If n is the number of pounds of solution and s la 
the number of pounds of salt, then. .lOn ^ 

(3) If the regular price was r dollars, then 
r - .lOr ^ 95. 

(h) If n is the number of lbs, of candy at $2 per lb,, 
then a(n) + l(n + 5) ^^^3. 

(i) If t is the number of hours walked, then 2t + 3t ^ Ik, 



Ifthe first even Integer is n, then the next two are 
{nr+ 2) and (n + 

^ n + (n + 2) +\(n + 4) - 5920 
/ ^ 3n ^ 6 m 5920 

f 3n ^ 591^ 

n - 197l| 

^ere are no three oonsecutlve even integers whose sum Is 
5920, I^e asswiptlon that there were such Integers led to 
a eontradlGtiqn. 



f 



372 



3D 



pages 506-507 



10. If n la the length In feet 

11 

n + n + 7^ + 7f 

an 



n 



The length Is l6^ feet. 



f7. 
47 , 



- 3Zi 



11 • If X Is the numbtr of inches In the first side, 

then Is the number of Inches In the second side and 

•j(2x) la the number of Inches In the third ilde. 
X + at+ |(2k) a 87 

. ■ / ' X + 2x + Jjt = 87 

6x = 87 

The lengths of the aides are 1^ Innhes, gg- Inches ; 
and Inches,. 



12. 



13. 



(a)' 
(b) 

(c) 
(d) 
(e) 



(a) 

(b) 
(c) 



{1} 

All nianbers greater 
-than 12 

(3) 

All numbers greater 
than 



32 
24 
60 



and 3 
and k 
and 10 



(f) ^ 
is) 0 

(h) X - a = 2 or X 

X ^ 4 or 

C^. 0) 

(i) [-5, 2) 

All real nimbers 

< 75 and 8 

(e) 600 and 1 

(f ) , Not possible 



2 

X 



0 



page 507 

14. If Is the nwnber of feet In the length and w is the 
number of feet in the width, then 

^/ w ^ 800 and 4- w ^ 60. 

length artd width must be 4o feet and 20 feet, 
respectively. 

15, .If b is the nwnber of units In the base and a Is the 
nianber of units In the altitude, then 

ba ^ 104 and b + a ^ 21. 

' . Ihe ba^e and altitude are 8 and 1 3 uni ts, 

_ J 

Su^sested Test Items 

1, V^lch of the fol lowing' are prime numbers: 2, 5^ 9j 13.j 39, 
2; Write the two smallest primes which are greater than 23. 

3. Find the prima f aGtorlzation of each of these numbers. Use 
exponents In the factored form. 

' (a) 120 (d) 630 

(b) 171 (©) 3375" 

(c) 64 

4, The prime factorizations of nuinbers A, B, C, and D are 
given below. 

A - 2^^ 3 ■ 5 ; B - 2 ' 3^ ^ 5^ ; C = 2^ ^ 3^ . 11 j D - 3 ■ 5 
Write In factored form the least common multiple of 

(a ) numbers A and B 

*^'(b) numbers A and C 

(c) numbers A^ B, and C 

(d) numbers B and D 



Find a coimnon name for each bf these ntombersi 

(a) 2^-5^ ' ■ (e) (m3)(m^) 

(b) 3^ ■ (f) (Sab^c^Ul^b^c) 

(c) £2. 33 (g) (2b2)- 

(d) 10^ M'iSrft^f 

For vAi&t valueB of a, b, and 0 are each of the following 

true ? ^ 

(a) (3c^)(2o) = 6c3 

.2,3 



(b) (c^) = 
(0) 4 



a 

Write a simpler expreasion for each of the follow^g. If the. 
domain of any variable must be restricted, indicate this* 

Restriction? 

(a) 4 = 



2a b 

2 



2^, 



2x^ 



(D 

, s Cgxy)3 
8 xy 



0 



8, Is It true that^ ^ , ' 

(a) 2^- 3^ - 6^? Explain why or why not? 

(b) 2 ^ 3^^ + 2^ -3^2' 3(3^ + 2^)? Explain, 

9. Find two -numbers which have the product p and the sum s 
for each of the fol lowing ^ 







_E_ 


s 




(a) 


36 

* 






(b) 




: 20 




(c) 


72 





10, Find a common name for each^of the following eKpFessions 
3 , ^c c 



(b) ^ . 



15 12 



(Is 2§_ ^ . 3d 

"25 10 20^ 



Answers t^ Suggested Test I terns 



1. 


2, 


5, 13/47 


2. 


29, 


31 




(a) 


3 

2 • 3 • 5 




(b) 


g 

,3 ■ 19 




(c) 


2^ 




(d) 


2 

2 5 




(e) 


3^^ 5^ 



376 



(a) 
(b) 
(c) 
(d) 

(a) 
(b) 
(c) 
(d) 



2^ 3 2 

2- ^ 3 - ^ 5 



3 2 



3 3 
2^^ 3^- 5 



2 ' 3^ 



5 ^ 11 

11 



200 

108 
1000 



6, (a) all values 
(bf Q'', 1 



7, (a) 



5b^ 



(b) ,i2ni; . n ^ 0 



(c) 
(ci) 
(e) 



4n 



1 

5ac ' 



(e) m"^^ 

(f ) aSab^c^ 

(g) Sb* 

(h) 125r^ 



a ^ 0 , ■ b ^ 0 



X ^ C ' 
y 0 



(f) 2~x'Y , no restriction 



(s) h 



X / 0, y ^ 0 



r 

'377. 



&. . fa) True. '2^'3^ = S- 3'2'3'2'3 



= 6.6.6 

^3 

(b) True J by the distributive property 

3 3 2 
2 * 3 + 2^ 3 ^ 2 ' 3 ^ 3 • 2 



3(3- + 2 



4^ 

9. (a) 9 and ^ 

(b) 12 and 8 

(c) 24 and 3 



10. (a) p 



Chapter 12 
RADICALS 



Having prepared the way by ' f acto^'ing In^gers and stladying 

exponents, we proceed to a study of radicals. Prime factoriza^on 

and its uniqueness will play an Important role in the development. 

Work Qn the simplification of radicals is based on two fundamental 

propertiea^ for which simple proofs are given in the text 

The major, thrust in the chapter is the evolvement of a 

theorem which enables us to recognize that there is a very large 

class of positive integers having square roots which are not 

rational numbers* We make an assumption that these are coordinatee 

of points on the number linfe and therefore deduce the existence of 

real numbers which are irrational. "Phe concept is extended in- 

% * th 

formally to include cube roots ^ and other n roots, Tl\e chap- 
ter closes with a reference to an even larger class of irrational 
real nuribers besides those which are "roots'' . Even though the 
Student may have encountered only one ot these, perhaps ^ , this 
may give him a sense of the "complete'' real number system . 

' The method of finding approximate square roots will be the 
iteration method, sometimeg called the '''divide and average" 
method. This consists of an initial estimate in the form of a 
positive* integer and its^ subsequent improvement. It is possible 
to prove , although we do not do it in the text, that this^ethod- 
*converges in the sense that each new approximation Is better than 
the previous . one , 



12-1 , Square Roots . 

We approach the notion of finding square roots as the inverse 
of the operation of squaring. This is accomplished initially fey 
recognition of known squares o^r ^y prime factorization. We note 
that if a non-zero number n has a square rootl a, then It also 
ha^ a square root -a. TO|See that 10 and- -10 'are the only 
roots we need onlt to recall the following^ If ^ 0 < a < b, then 
< b^\ and If a <^ b < 0 then b" < a^ . This same property 
may be reapplied in connection with cubes and n powers m ^ 
Section 12-8. 



ERIC 



■pages 509-51 i: 12,-1 

Answers to Oral ExerclseB IS-l j pages 511-512: 

1- (a) 9 (d) I (g) 4 ^ 

(b) 16 (e) I (h) 49 

(c) 25 (f) i (1) 144 

2- (a) ^> ' (d) |, - I (g) 8, -8 

12, -12 

M 10' -10 ~ (f) |, = 3 (1) _ii 



(b) 7. -7 (e) |, - i (h) 



Answers to Problem Set 12-1 j pages 512-513: 

1- (a) 81 (d) 196 

(b) 169 ^ (e) 625 

(0) I / (f) 4 , 

2. ^ «al_ I' - I (c3) 13. =13 , 

(b) 6, =6 (e) 15, .15 

' (°) I' - I (f) rr- - T7 

3. (a) {25. -25) ■ , (d) {|, - |] 
(b) {18, -18) (e) {11, -11) 

f 



^- (a) 2x3X5 ^ (d) 



2 X 3 X 



^X2x3x3x5x5^"^^ 2x2x3x5x3x3 

(b) 2x2x3 (e) 2 x^'ll 

2x2x2x2x3x3 2 X 2 X 11 x 11 

f'^ (c) 7 is prime (f) 3 x 13 

7x7 3 X 3 X 13 K 13 



4 i m 

380 f 



1 



pages 512-31^^ 12-1 and 12-2 e^., 

5. Ja) 5^3x.7x7 (d) 2x2x13x^13 

, 3X7 • 2 X 13 



(b) 2 K 2 X .11' X 11 
- 2 X 



(^) 2x2x^x2x7x7 
2x2x7 



(c) 2x2x3x3x7x7 (f) 2^ x 2 x 3 x 
2x3x7 -2 

If X repreBents the positive number, then 

^ j - 166 . 
{13} 

The 'positive number is 13 ^ 



3 X 3 X 3 x7 X 7 

X 3 X 3 X 7 ^ 



J. i—~ c 



RadlGal s 



Althou^ the radical ©.ymbol has appeared In prfevlous chapters, 
we give it a more formal Introciuctlon here. EmphaBls should be 
placed on the fact that the radical indicates apeciflcally the 
positive square root^ in every case except the square root of 
zero, and is therefore completely unambiguous. The student is 
asked to deduce the fact that an expression such as ^J^9 has no 
meaning. 



Answers to Oral Exercises 12-2 ; page, bl^^^ 



The symbols in (a)?' 
nu^mbers; the other^ do not, 

(a) 11 

(b) ^ 



-16 does not 
name a real number. 



and (f) name reaj 



(d) ^ 



16 



vCiTg does not name a 
real number , 



Answers to P roblem Sat 12-2 ; pages t>l ■ 
B 



(a) 



(d) does not name 
a real number 



0 



4 J 



pages 515-517 t 12-2 and 12-3 




(b) ^1089 «^/3^- ll^ 



= 3 •11 

« 53 



(0). ^/2304 =V2^ 
,4 



2 

48 



f^' (d) (17, -17} 
^ (e) Cf f) 

(f) C^J 



(d) v^l024 =v4 



(e) ^/iW =V2^. 3 




24 



(f) v^936 =%/2^- 11^ 



= 2 • 11 

= 44 



(a) 
(b) 
(c) 



and 
and 
and 
and 



2 
5 
5 



(d) 1 
1 

(e) 1 



12-3. Irrational Numbers . ■ 

Jhe development In this section is one of major Importance. 
We begin with the realization by the student that certain integers 
do not have square roots which are themselves Integers, This can 
be done^ effectively by an exploitation of the uniqueness of prime 
factorization. We exhibit a necessary as well as- a sufficient 
condition for a positive Integer to have an Integer as Its square 
root, "rfie condition Is merely that the proper prime factors come 
in pairs , 

This is followed by the principal theorem which states that 

if an integer is to have a square root which is to be a rational 

fa * 

number, then this rational number muat be an integer . We thereby 

5' 



pages 317-3201 12-3 

produce a devlde for the reGognitlon of a large class of numerals, 
suchF as .v^lO* representing num£.ers whicrf-are not rational . With 
Ihe ae sumption that such numbers are associated with points on the 
number linej we obtain a set of Ipr&tlonals, I.e. real number's 
which are not rational . 

The teacher may wish to use construction methods with the 
diagonal of a square and the Pythagorean Theorem to bolster the , 
assumption that such humbers as can be "located" on the 

number line, The extent to which this can be done will depend, of 
course^ on the background of th> students. 

A word about the proof . Should the student's difficulty in 
walking througji the steps be insurmountable, the tfacher may wish 
to skip the formal argument. However, in this case an effort^ 
should be made to insure that the student understands the full 
significance of the conclusion. 

We base the argument on prime f actor iznt ion . Starting with 
an assumption that |- is a square root of an integer n where 
a and b are ^integers with no factor in ofenmon except 1 , we 
ultimately showUhat the denominator b ' must be 1 . We do this 
first by showing that b must be a factor of (a x a) . It 
follows, then^^that either b is 1 or else it has at least on| 
prime factor in common wi.th (a x a). The next step will probably 
be'\asier for the studed't to understand if the teacher produdes 
some numerical examples, ^e say, in effect, that any prime factor 
in (a X a) wll^ also be a^' factor of a. Thus, if b has a 
prime factor in common with (a x a), then b will have a prime 
factor In common with a. Sirice this contradicts the assumption 
that the rational number ^ jls in lowest terms, we deduce that 
b - 1 . The initial hypothesis that ^ is in lowest terjns will 
also dispose of the special case where b = a, 

The section ends with a^ formal introduction to the word 
irrational. We also recognize the gymbol - as representing 
the negative square root . 



Answers to Oral ExerG iaas 1 2 - ^5 a ; pM'j^esf 51 9 = ^3^0: 

1. If the integer has a rational square root, it must be 

an integer. But 1 is too small since 1 ^1, and 2 it 



r 

u 



V 



page ^20; IP-i 

too large since 2"^ ^ There are no integers between 1 
and 2] hence, } has no rational square rdot . 

2.2 

J, b does not have a. rational square root. (The reason Is 
the same as in the first problem above , ) 

^. If 6 has a rational square root, it must be an integer. 

Since 2^ < b and 3" > 6 has no rational square root 

15 has no rational square root , If lt_did, the square root 
^ would have to be an integer and thus a factor. But 13 is 
prime and has no proper factors, 

8. 5 . . \ 

9. 17 has no rational square root, since dt is a prime. 
10. l8 - 2^' j Since the^prlme factors do pot come in pairs_, 



l8 dues not have any Integral square root and hence It does 
not have apy r a 1 1 on a 1 s qu a re ro o t . 



Answers to Proplem Set 12-la ; pages 520^^21: 

1 . ( a ) If 11 h a s /a 'rBt i on a 1 s qu a re root, it must be an ^ 
integer/ Since \l is a prime, Its prime -factors do 
not occur in paira . Therefore, it does not have an 
i^egr^al square root and so/ it does not ^have a rational 
square iroot . / 

^-^ ^ 

(c) 7 

( d ) no ra t i o na 1 s qu a re root (s ame r e a s on a s 1 n 1 ( a )^ 

(e) :5b ^ 5 '7 Prime f'actors do not occur in pairs , Henfie^ 
35 has no Integ^ral square root and therefore no 
rational square root. 



5x 



pages 520 - 522^ 12-3 

2, (a) 2x2, which is 4 

(b) 3 X 3 X 5" does not hav^ a rational square root^ 

A rational square root would hawe to be an integer, 
^The prime factors, however, do not occur in pairs, 

(c) 5 ^7, which is 21 

(d) 2^3^7•ll, which is 462 

(e) no rational square root 

(f) 2"* 13, which is 52 



5. (a) 



(b) 5*7 -23 ^ 805 

(c) none 

(d) 2448 - 2 • 17~no rational square root, since there 
is only one factor 17 



(e) 



(b) 



592 = 



X 57 - no rational* square root 



(f) 9^1. is a prime. Hence, it does not have a rational 
square root . x 

\ 

^) 1025 - 5"' ' It does not have a National square root, 



7 ^ no rational square root 



(c) no ^rational/ square root 

(d) fr 

(e) 675 ^ '^^ ' 5^ - no rational square r^Dot 
"(f) 30 



Answers' to Oral E; 
1 



*rcises =l^-3h : 



(a) 
(b) 
(c) 



irrational 
irrational 
rational 



(d) 
(e) 

in 



page ':^dd: 

irrational 
irrational 
irrational 



(g) irrational 

(h) rational 
(l) irrational 



\ 



pages 522-5251 ~" 12-3 


and 12-4 






■ 

2y (a) iJW, -Va) 


(d) -v^) 


(S) - = 


/§) 


(b) [^3, 


(a) [JV, -76) 


(h) (3, =3) 




(c) (2, -2} 


(f) [/T, 


(i) [v^, - 


^/^0} 



/ 



Answera to Problem Set lg-3b ; page! 




(a) rational 

(b) irrational 

(c) ratlory.1 

(a) =^/5} 

(b) [/T, =V7] 

(c) £9, -9) " 

(a) cyf", - 

(b) C5, -5) 

(c) C^, - 



(d) rational 

(e) irrational 



.'j^^ ( f ) ra t i ona 1 
(g) rational 



(d) 0 

(e) C6) 

(f) [^] 

(ci) -/3] 

(e) v^} 

(f) Cl, -1) 



(a) ( 
((b). . { -2, 
(c) (7) 



(d) -/l'] 

(e) C^/J, =73) 

(f) t^/^, =75) 



m Is 3 * k is 



12-4. Simplification of Radicals . 

As a key to the slmpilf Icatlon of radicals we develop the 
property that for any two non-negative real numbers a and b, 
(^) (^) ^ * It might be well to present the student with 
a few more examples to begin with so that he may more confidently 
anticipate the result. The demonstration rests on a basic proper- 
ty of exponents and the definition of square root. Attention 
should be called to the fact that the distributive property, since 
it holds for all re^ls, also applies to irrationals, 

386 . 
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pages ^526-^27* ^ 12 

Answers to Oral Exerolsea 12-4a i page 526: t 
\. J ' . ^ 6. 6 

2. ^ 1, 6 

3.4 * 8. -/^ + 6 

5. 2 + v€" 



10. vfl sr (^/i)(3) 



Answera to Projj.em Set lg-4a j 

l'. (a) "6 

(b) ^ 

(c) 3 

2. (a) vC+ 4 

(b) 5 + ^ 

(c) 9 



page 526-5271 
(d) ' 9 
(ej v€o 
(f) 15 



(d) 0 
(e) 
(f) 



^105 



or 



(a) 
(b) 

(c) 
(d) 

(e) 
(f) 



/fx, 



(donialn : 
(domain: 
(domain : 



X > 0) 
y > 0) 
a > 0) 



6m, 



or y, 



(domain: x > O) 
aln : all real numbers) 

(domain; y > 0) ^ 



(a) (4) 
(b) 



(q) {vC) 



(d) 
(e) 
(f) 



(12) 



pages 517-530 i 12- if 

5. (ft) 1 
(b) -X 

(o) 3 + 2^ 

(d) ^s^? + Xj (doraalni x ^ 0) x +^ Is also aorraot 
* (t) ^^^5 - li (domains 7^ 0) y - 1 is also correot 
(f ) + 2 + (dMaini a ^ 0, b ^ 0) 

a + b + 2 ^^^b 4s also aorreGt 

Hare wa aonvay the notiion that the simplest fam of a radlaal 
Is one in whlah the smallest Integer^ and the lowest power of the 
varlabj^je remain under the radloal sign, (Onee again factorization 
provides the tool * )Paptieular notiae should be made of the fact 
that 's^^ ■ X is not a true sentenae for x < 0. Thm student 
should develop the habit of writing *Rie example in 

the text -s/sx"^ ^ ^^s/^ ^ • shows the 

absolute value of y in the simplified vt^alon. Again this is 
intended to strengthen a habit pattern for writing ^ |y| * 

On the other hand, an alert student may observe that the expreaslon 

is defined only for non-negative values of the variable . 
Hence the sentenoe vS?^ ^ !3t|y*v^ Is tTum tor all values 
of y for whieh the sentenoe has meaning. Thus the student 
should be enoouraged In his suspielon that the seoond absolute 
value symbol Is in this case superfluous . A review ofl the meaning 
and significance of absolute value is recommended at this point. 



Answers to Oral Exeroises ia-4b ; pages 529-530 

5 

3. 3^ which Is 9v^ 6 



1. 7 

2. 5 

,2 



y , which Is 27 
a^, which is 32 

11 -/n 
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pages 530-5311 12-»» 

7. iwTl 

8. 5S 

; 9.' 5^ 
10. 3^ 

.11. 



12. Ja| 

13. Iml 
1^*. 3|bJ, 
15. 

16 . t -/t, 



.Answers to Pgoblen . Set . ia-4b ; pagas 530-531 ; 
1. 



(*) 


2/F 




(d) 


6v^ 


(b) 


4^ 




(e) 




(e) 






(f) 


3^ 


(a) 


2 ■/T2 




(d) 


6^ 












(b) 


3 ^ 


-3.6 


(•) 


6 ./f 






m 18 







(c) i*>/S' • Cf) 33 

(a) Is In il'mpleat form (d) 6 Tt" 

(b) ~ -JlTZ (e) 2vT 

(c) VZ-JW * v^2-2.5 (f) 10 



(a) 


2|x| 




(d) 


4 


(bj 


2x -i/Sx, 


X > 0 


(e) 




(c) 






(f) 


i+a vfi, 


(a) 


(S v^, 


-2 V^) 


(d) 


('+^. 


(b) 






(e) 




(c) 


(6^, 


-6^/5) 


(f) 


{ 
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pagas 551*55^ i 12-1* and 12^5 

6. (a) 5x^, X ^ 0 - (d) £5l3r| ^ 

(b) ^^^JW ^3'3^2x^ (e) l^v^* m^O 

(a) x^v^, x>0 (f) 4x^, x>0 



12-5, Simpliflgatlon of Radloals Involving Fraotlons . ^ 



*A seaond property of radleals, ^ * a ^ 0, b > 0, , 

provld«B the basis for this simplification. The argument follows 
tht same line of reasoning as In the previous seGtlon . 

Answers to Oral Zeroises 12-5a ; page 535 1 
1. f . 6, 5 

I 



4. 



Answera to Problem Set la^^a ; pageB 53'+-535i 
1 . 



(a) 


4 

5 


(d) yUl 


(b) 


7 

H 




(o) 




(f) ^ 


(a) 




(d)^|x| 


(b) 




(e) v^, m > 1 


(c) 


V6 





a 

11 = 77 



2 

5' 



S." (a) 



21 



ay 0 

7VT also 



(d) 



X > 0 



(f) 14a, a > 0 



(a) 2 
(to) 

(c) 



a 0 



(d) 1, y > 0 

(e) i.^ 



(f) 



'3a 



a > 0, y 0 



(a) {3) 

(b) {2vf2} 
(e) (v^) 



(d) (2) 



^ J is equivalent 
^ to -v^, 

if X ;^ 9. 
Truth set* (6} 
(f) (5 +v^) 



Page 535 . The technique of rationalizing the denominator, or 
rationalizing the numerator is Introduced here . We make use of 
the multlplleatlon property pf 1. We do not consider rational- 
izing the denominator as a ''^ust", but rather let the ehoice reat 
on the context of the problem* For example, In some problems 
involving the diatributlve property It may be preferable to 
rationalize the numeratoiS 



\ 



Aagwggs to Oral Exercises I2-5b ; page 557: 



1. (a) 



(c) ^ 



(d) 
(e) 
(f) 



5 



391 ^, 

1 

O 

ERIC 



a: 



557-5>8t 12-5 

t 



(,) -4.. 



(•), 



(f) 



to FyotoltM S€t lg-5b ] pages ,538-539^ 



(•) -/2 



(») ^i^y (can also be 



written ff'v'ai) 



U) 



6 



(•) 



^55 



1 



3- (•) 



5 



(d) 
(e) 
(f) 

(d) 

(e) 

(f) 



(e) 

(f) 



8 



^ 'J2 
5 ^ v5 ^ 



(d) , b > 0 



X > 0 



a 4b 
b > 0 
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5 J 




Mges 538-5^01 12-5 and 12-6 * ^ ' ■ : -.^ 



^ (a) ^ . • » (f) 



m > 0 



,2 

3V^ - ' ' 



(b)'^ ■ . (f) ^— t > 0 



(o) ^ • ' ■ (f) 



mi 

(a) ^ (a) 4 



12-6* Sumg and Differences of Radicals . 

There niay be some neeeaelty for Gonvlnclng the student that 
and txpresslon such as ^^/T + cannot be further simplified. 

He should at all costs avoid the temptation to infer that 

+ -^/S" s ^3 + 2 ^ It la conceivable that such an example 

as + ^ vTS' will help the argument. On the other hand. 
If no temptation is present, it may be Just as well to avoid the 
Issue entirely. 

Answers to Oral Exgrclses 12-6; page 5^0: 

1 . 5 ^/^ 6. 

2. 5a/3 7. 0 

3. 8 >/5 8. 3 a >^0 
4,6^ 9 - ^ , a > 0 
5. . 4 10.4 + 
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pages -5^2 s 12-6 




^ Answers tg Problem Set lg>-6 i pagea ^5^1-542: 
1... (a) 7vf' 
^ (b) 3Vf , 

Jic) id'v^ , a > 0 . , , . 



2f 








-(b) 






(e) 




5 . 


(a) 






(b) 


3 ^ ^ 




(c) 


(2 -/a) ^/a , a > 0 


4. 


(a) 






(b) 






(c) 


6 + 2 - 2^/5 





6^ . 






li J/5" 




(f) 


2V2 




(d) 


3 -/J - 




(e) 




3V^ 


(f) 


- 


3v^ 


(a) 


12 




(e) 






it)' 


1^ 





'7 



1 4 1 4 

(d) ^ v5 $ ^--^--r^- Is also eorradt 

(e) ^^/if , is also eorrect 



(f) 2a/F 

(a) |a| v^l6a + 2vC^ = a^4 v^+ 2a a ^ 0 

= 6a ^/a, a > 0 
"^i^ftcausa of the restriction on a we do not need the 
absolutt value sign. If a J 0, |a| = a. 

(d) Pv^, b > 0 



1^-7. Apnrexlaata Square Reets in DeaimalB , 

ftim aooeptafiat of the faat that a numtral auoh as ^^0^ 

. do#s Mp^estnt a real number Ij not suffleient to previdt the ■ 

student with a satlafaetory svist of the relatlvt si^e of the 

number or a feeling of' wher© thls^ number ml^t be located on the 

nuBiber line with any degree of aoourao^^^ Ve therefore wiah to 

provide tttt ptudent with a^^asls for forming; reasonatae aroroxl- 

nations in terns of deaim'att." At the SMe ^time we wait to avoid 

oomputational trleks or gimmieks whioh tend to obscure the under* 

standing of what is aetually t^lng place* ■ . 

Consequently, r we have not included the conventional algorithm 

for finding square root . We use instead a method of. Iterated 

approximations. THla> we J'eel^ has the advantage of keeping, the 

student aware of the ptoaess involved , as well as giving him a 

^gontinuing as|ociatlon with the number line , it is important for^ 

the student to become acquainted with' proeasses of iteration, 

since they lend themselves very naturally to computation on 

I 

electronic computers. There Is, of coursei no reason why the 
teacher should not also acquaint his students with the oonvention- 
al algorithm , ' 

We beg\n by locating the given square root on an interval 
between two ^tegers . This is easy for the student to understand 
since he merely finds the Integer who^ square Immediately pre- 
cedes and th^ Integfer whose square immediately followa the square 
of the number he is looking for. 

At the outset wa follow this by a trial and error approach in 
locating the interval between the nearest teriths . Computation Is 
more involved, but the idea is very clear. I^us, a student through 
experimental multiplications can arrive at a fair approximation 
in terms of one place decimals. 

We also introduce the interval notation In terms of two 
inequality symbolB. ThlB ig convenient, but not necessary, if 
difficulties seem to be arising, ^ 

f 

Answers to Oral Exercises lg^7a j page 5^3 1 

1, 2 and 3 ^ 3. 5 and 6 5, 10 and 11 

2 . 3 and . 8 and Q 6.7 and 8 



pag«B<5^3-*5^'f. 12-7'.' ' .,■ ' ■ ' ^ ' 

7 . 9 and 10 , ' ^ * 

■8/ *9" ana io ' . . 

9. 11 andi 12 ' " - 

10. 5 and U . 



Answejca to Problem la^Ta ; page 544; 



1 . 


(5.0, 


5.1) . 


/ (5.0)2 


2. 


(B'.o, 


8.1) " 


, (8.0)2 


3. 


(11.0, 


, 11.1) 


(11.0) 


k. 


(9.2, 


9-V 




5. 


(3.6, 


3.7) 




6. 




U.6). 




7. 


(7 A, 


f:5) 




8, 


(9.4, 


9.5) 




9. 


(7.9, 


8.0) 


s 


10. 


(ft. 3. 


4.4) 





(5.1)® ^ 26.01 ^ 
(3,1)^ 65.61 
(11 .1)? ^ 123.21 



Noting that the same trial and error approach In teims of 
hundredths would produce tedioui computationi we now introduoe an 
alternative teohnique , However, students who wish to oarry out 
more extensive oomputatlons to arrive at a better approximation 
by the primitive method might be encouraged to do so* This 
certainly in no way obscures the nature of tjie search. 

Our final method la based on a rather simple procedure , It 
may, however, be necessary to lead the student through several 
examples before the idea becomes Gompletely clear. As stated 
before, the proof that each successive approximation will be an 
Improvement over the previous one will not be given in the text. 
It is on^ a level of sophistication beyond the scope of the ninth 
grade and will be presented in the teachers* com^ientary only. 
However, it should be quite possible for the student to perceive 
the plausibility of the argument, which will lead to its aeceptanoe 
on grounds more valid than mer^ dience , 



page 5^1 12-7 . ' ^ . , 

The selection of the two- nearest ^Integers is carried' out as 
before. This tlme> however, we single oOt the one whleh appears 
to be cleser to our de&lred square root and call this our first 
approximation In this connection it should be noted that the 
"closer'' integer may^ have to be selected on intuitive grounds, 
since we do not present a formal device ^or determining this. In 
I most cases » however, the choice will be fairly obvious. Where 
there Is some margin of iioubt, it would be well to select the 
larger numbers It 'is possible to show that a second' approxima- 
tion will inevitably improve on the first in this case. / 

Our integer having been selected, we fonn the pro^ct .of our 
jbiiteger and an unknown factor . n ^ such that this product is equal 
to'the Sfjiare of^ the number we are saeKing. In the given example^ 
we noted that 5*n - 10, On the assumption that p^ ^ 10, we 
assert that if 3 < P? then "n > p, and vice versa. For 
students who request a proof of this assertion* and we hope there 
are some, the following should be comprehensible. 

If a*b ^ 10 and a <s/w, ' 

then a ^b < b • ^/lO . 

Thus 10 < b v/To, 

and ^/To < b , 



The students should be able to supply the arguments for the 
Individual steps * 



^ThB choice of an integer as a first approximation may seem In- 
efficient and unduly restrictive to many teachers and to the more 
alert students. The aim has been to keep ihe computation simple 
and the arguments uncluttered. It also seemed a logical starting 
point since our development has been based on the prime factorii- 
zation of Integers . However, there is no objection whatever to 
a student's experimenting with a "first approximation" of his 
own preferenge which appears to be more accurate than the "closest 
'integer" as long as this does not cause any confusion* 




We now utilize the faet Mat 5 C P and n > p, where 
10 



n - ^ to bring home the^fact that the desired square root lies 



between our two f-aetors, ^l*ej 3 < vlO < -y--, It seems natural, 
then, to take the point halfway between these two factors as our ^ 
seoond approximation . 



It may be neeessary d^^^hJs Juncture to secure the notion in 
the mind of the student that a point *half way between two other 
' point B is determined by computing the average , or arithmetliD mean 
of /the two numbers , 

] If we go through the process again using our second approxi- 
mation as the new first factorj we will arrive at a better approx- 
imation. And so on into the nl^t , The teacher, however^ should 
use discretion in deciding whether or not very much should be made 
of this. Perhaps some of the better students can give It a try. 

To simplify matters we. have confined our approach to the 
finding of square roots of positive Integers, and of positive 
Integers which are reasonably small . Perhaps the chase should 
end here. On the other hand for the better student it is possible 
to work with the so-tfalled standard form of a number, thiJs 
reducing a larger problem to one involving a smaller number and 
powers of ten. The following example Illustrates the approach. 
To e atlm ate v^jgUOOO we note that this can be written as 
^35 ,U *s/lO . A first estimate to v^35 A is 6, The first 
estimate to s/jjUQOO ^ 6^10" - 600, If a seoond estimate to 
v^35 ,4 turns out to be then the desired second estimate is 

n-10^. 

The following Is a proof of the assertion that our method 
guarantees that a second approximation Is better than the first , 

Le€ m be the positive integer- whose square root we want to 
approximate , Let p be the positive integer such that k 

p < .Jm < p + 1 

Then 0 < - p < 1 , 

Let us regard p as the first approximation of ^/m. We form 
a second approximation 

m 

p + 



page 5^61 12-7 * • 

'•'■22 - • ■ . 

uhleh pqmXa P ^ " . . - 

nils numbsr 1b greater than ^/m , since 

2 2 
p + m P - 2p 4- m 

Sp ■ ^ " ^ ^ - < 

Now* iiAat we wa/it to show Is that the differenoe " " ™ 

is lass thu the dlflerenae ,/W ^ p* 



In pther words , we want to show that 

v^ - p - - ^) > 0. 

Thm left side of thli inequality can be written 

We peed to show that ( ^ - p)(l - ^^^^) positive. 
We know that 

0 < - p < 1 , 
and slnae 2p > 1 

0 < ' P < 1 



Hence 



P is positive. 



^nd the pr^uct » p)(l ^ P ) is positive, l^is 

completes our proof . 
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pages 546-5^71 12-7 ' 



The dlagi*am below shows the, r&latlve positions of the 

* • ^ p + I 

numbtrs p, ^y/iit , and V 

2 



i 



Ist approxljiiation 2nd approximation 

of ^ of 

It Is noteworthy that the proof does not depend ©n an 
assumption that p la the closer of the two Integers. An argu- 
ment entirely analogous to the above can be made for the case In 
which the larger integer, p + 1, is chosen as the first approx 
Imation . 



Answers to Oral Exercises lg-7b ; page 5^7: 

1, (a) 3 (f) 11 

(b) 5 (g) 10 

(o) 9 in) 9 

(d) 8 ^ (1)^ 6 

^e) 3 ■ (J)' 2 



2. (a) 4.5 


(d) 7.5 


(b) 5.5 
(o) 8.5 


(e) 2.25 

(f) ^ or 9.1 


Answers to Problem Set 12-7b; 


pagea 547-548: 


1. (a) 4 

(b) 6 

(c) 9 


'(d) '11 

(e) 10 

(f) 3 
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V7 



page 5**7! r*? . 



(a) Pli»at approxlniation 4 

17 ' 



(b) First appall^xlmatlon 6 



(d) 

(e) 
(f) 



6 + 



Ul 



2 , 12 
q + 83 

° 82 ■ 



11 + 



130 



TT" ^ 251 

2 22! 

10_+_10.7 _ 20.7 



3 + ii 



10 
3 



■/kl % 6.4 
H % 9.1 

V^TIo % 11.4 
■/l^ % 10.35 



'11 % 3,3 



(a) 
(b) 

(d) 
(e) 
(f) 



5 + f ^ 24 



4 + 



19 



9 + 



35 



^ + f . 73 



1_ = M 
a 9 

10 + 11.3 



7 

^ - 7 ^ 97 

a T? 



3 « 4, 



19 % 4J4 



37 % 6.1 



8g ^ 9,4 



113 % 10. & 



4^:i % 6.9 
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pages S'+S-S^g: 12-7 and 



12-8 



^. (a) 



(b) 



(a.) 
(b) 



= d 

2 % 6(1.411+; 

3 = 



b s/^ % 6 ( 1 , 7 J e 
X 10,392 
•/lOS % 10,392 



(d) 



T3 % 6,928. 



1 



% ,577 
% ,577 



(f ) 72450 - 

v^2450 % 49*490 



'41 



34 



nd approxiniation Is 5.4 
34 

TP 35 



a 



(c) V74 



155 



Cut?e Roots and n " Rq^o t_3 . 

This 3e,ctlon Ib f)urposef ully unpratentious . No work In cube 
roots goes ^eyond the recognition stage and no thou^t is given 
to a possible algorithm for finding an approxlmatl i , A point is 
raised about there being only one real cube root in contrast to 
the Square root situation. Attention should be called to the 
fact that ^ a is defined for every real number a. 

"n^^" roots are introduced primarily for purposes of 
identification . 

The existence of the most copious of all the sub sets of real 
numbers, namely the set of irrational which are not "roots'^ 
usually referred tc^as tranacendental numbers, should be revealed 
to the student. His previous contact will undoubtedly be limited* 
If his curiosity is un sat i 0 fled , mention might be made of trigono- 
metric functiono^ logarithms, etc* 




pages 5&0-552^ iz-fl 

Answers to Oral Exerclsea Ig^Ba ; page 550' 

1.5 6, a, no restriction on the 

domain 

2. • 7. 6 



3. .8, 



1 



^ '9. 6a, no reBtrlctlon on the 

domain 

5. ~ J 10. -(-2) or 2 



Answcra to problem Set 1 2-8a ; pages 550-551 : 

4 



(a) =3 (d) - J 

(b) -2 (e) 5 

(c) h (r) 21 



(a) 3 (d) '6x 

(b) -a (e) 4xy 

(c) =b (f) I 

(a) (-5) ' (d) C|] 

(b) {2} (e) {5} 

(c) |t-* - 12 s 20 -(f) m'= (81)- 

- 32 C(81)5) 



Answerg to Problem Set l'^-8b j page 5521 

1. V-I6 and v(-^)~ do not represent real numbers^ the 

rest of the synibols do. 

2. ^. integer v-16> none 

Integer integer 



pages 



irrational integer 



irrational v^(-2)^, none 

integer /3 ^ 

- V "F' rational 

--6^f^ Integer 



Summary of the Fundamental Properties of Real Numbers , 

This section is deaigned to serve a dual purpose , It should 
constitute a convenient review. It should also provide the 
student with some Insights as to the nature of a mathematical 
structure. It is significant that we do not In a literal sense 
describe the numbers thema es other than to say that they are 
elements in a set . But we completely characterise them by 
means of operations, relations, and properties thereof. Thus the 
real number* system is detined Xn an abstract way^ a way which 
reveals the essential mathematics involved. 

A word, as to the completeness property. Since we hava been, 
talking througliQut the course aDout the real numbers, it was felt 
that this property must be included in the fundamental list. As^ 
Indicated in the text, the list without this property is a char- 
acteriEation of the rational numbers. Because a description of 
the property requires an understanding of the coricept of "least 
upper bound" it seemed advisable to omit discussion from the 
summary. However, should the teache^ wish 'to satisfy the curiosity 
(Of some of the interested students, it might be helpful to' refer 
to Studies In Mathematics , Volume III , Structure of Elementary 
Algebra, Ghapter % for a clear expositloh of this topic. 

There is ^Iwaya an opportunity for Some dispute as to what 
constitute s^-^c ailed f^u n d am e n t a_l properties and what ones belong 
on the lls^of de iM V e ri properties, The-^ oeleatlon here Is not 
made berause of atrict mathematical reasons but is to a large 
kxtent a fatter of convonience and common agreement. 
^\ is hoped that some of' the better students will be able to 

prove the additional properties by means of the first set, and 
in this war be led to a f uller realization of the deductive point 
of view. 



2. 



1 



not a real numbar 



3-5 

3 +^ 2. real, integer 

(a)t ' 
(b) 

(c) 8 



pages ^^'^^bfiO 

Answers to Review Problem Set j pages 558-560^ 
1 , - real, irrational 

real. Integer 

not a real number 

real , integer 

real , Irrational 



not a real number 



6 real, iDteger 



^ real, rational 



real, irrational 



^ does not name a number 



~ real, integer 
real , integer 



(d) 

(e) 3 

(f) 7 



(a) 0 

(b) ( 

(c) ( 



(d) 
(e) 
(f ) 



C6] 

[Of. - Vf) 



all non -negative 'real 
numbers 



(a) True 

(b) False 

(c) True 



(d ) True 
( e ) Fa.L sa 
(r) True 



(a) 
(b) 
(c) 



ilxl 



(d) ;.b 



) -4x|y| v^ax, X > 0 



a > 0 



(a) I /Jo 

(b) 1 
(c) 



r 0 



"05 



/ . 



page 560 



7. 



(a) 



(a) 
(b) 



X 



- X ^ 6 



c ) = m - 30 

1 



3 
5 



(d) 2n^ -H n - 1 

(e) a"' - b"' 

(f) 4x- ^ 1 

7m 



V-f ^ rrr^ 0, q 0 



(d 

(e) § . a ^ 0 

(f) b -(■ 1, b 0 



Let X be the number of nickels 



Then 2x is the number of dime 
* 2x 

and ^ is the number of quart 

5x + 10(2x) + 25(^) - 175 

35x - 175 
X ^ 5 



He has 5 RickelSj 10 dimes ^ and 



quarters 



10* Let X be the number ol' miles the plane can fly away from 
Its base , Then the open sentence for the problem Is 



X ^ X 



100 120 

6x + 5x 



- 6 



3 too 

5600 
11 



327^ 



The plane oan fly 327^^ miles before It must turn back. 



1 . Slmprify , 
(a) ^/27 



Suggested Tej^ I^tj-rns^ 



(d) 



•k - 



(e) 

(f) (-v^ 



m 7, J 



Simplify, 
(a) JIo 

(b) 



id) 



(f) ^( + ^/f ) 



iimpllfy agauming that variables represent positive numbers. 



(a) 
(b) 



/2a /5a Aa /5a 



(c) ^ 



(f) 



8)x 




Simplify Indicating the restrictions on the domain of the 
varllbles , 



(a) Va-^ 
(b) 



(c) 



(d; 




'a b 




(f) 



Find the truth sets of the following. 

= (d) ^ — = JWo 



(a) v'lB X 

(b) 7m^' -■ 5 = 16 



(c) t'^ + 



(e)' '^k"^ - HO = 32 - 2k' 
( f ) /2 Y -+ ^ - 

'X . 



407"' 



Find the truth sets of the following, 



(a) Jf = -2 



(b) 
(c) 



-7 
= m 



(e) m''' ^ 



7. Rationalize the denominatqr of each and indicate the 
restrictions on the domains of the variables. 



(a) 



(c) 



(d) 
(e) 



1 _ _ 



Find a second approximation for each, 
(a) 

(b) VaJ 

(c) 

Olven v/5°«2.236l find an approximation for each. 



(a) 
(c) 



(b) 
(c) 



Answers to Suggeated Teat Items 
1>S (d) 



2^ or 2 



(f) 6 



2. (a) 10^3 
( b ) I ./J 
(c) 5 ^ 



3. (a) 



( b ) a 

4. (a) a ,/a' , domain: a > 0 



(b) |x|, domain; all real 
numbers 

J 



5. 



(c) 
(a) 



m 

f 1 1 



, domain: y ^ 0 



(b) [-v^J, 

(c) i 



(a) . 0 

(b) 0 

(q) The non -negative real 
numbers 



;b) 



d) i-i ^/fl 



f) 6 + ve 



e) ( 



6£ 



^ .y/^ J domain: a > 0 



e) %/b , domains: a, all 

real numbers; b, 
non-negative reals 

o 

f ) s/F ? domain-, y > 0 



d) (30} 



12, -12, 



X > 0 



J a > 0 and b > 0 



= , b > 0 



EKLC 



^ a j 
h] 

[Sl] 



6.6 

4 .4722 
.4472 
11 a805 



\ 



ERIC 
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Chapt-r 13 
POLYNOMIALS 



The underlying concept ifi this chf^ter Is the similarity < 
between the behavior of polynomials and that of the Integers 
themselves. Factoring of polynomials is featured in a manner 
similar to that of the factoring of integers in Chapter 11. 

The definition of a polynomial is developed gradually. The 
student will begin with the set of integers and one or more 
variables. A polynomial over the Integers is defined as any ex- 
pression which may be formed from variables and elements of 
this set by indicated operations of addition, subtraction^ 
multiplication, or taking opposltes. The student must be 
reminded that "or" is inclusive in mathematical usage so •that 
our definition of polynomial means that any finite combination 
of indicated addition, subtraGtion, multiplication, and taking 
opposites whic^ Involves variables and elements of our set will 
oduce a polynomial. The point here is that we shall study 
peratlons on expressions Just as we studied operations on 
lumbers aarlie'r/ - | 

The question of the need in the definition for "takj^ng 
opposites" may be raised on the ground that multiplication by 
(-1) produces the same result. It Is important here td be 
reminded that the tern polynomial has to do with form, s^hus 
,(^l)(x) and (-x), though names for the same number for any 
real value of x, are, strictly speaking, different polynomials. 
The first involves multiplication of x by -1, the other 
involves the taking of the opposite of This notion of the - 

special significance of the form in which an expression Is 
written may be a new concept to the student. It should be 
developed with care. 

The chapter is devoted mainly to factoring "polynomials 
over the integers" and we use the single word "polynomial" to 
refer to these expregsiona. We would say, "polynomials over, 
•the rational numbers," or "polynomials over the real numbers" 
if we need to refer to these classes of expressions. 



page 561 : 13-1 



These references tQ,p' nomlals "over the rationals," "over the 
reals/' etc. are mad^^ hint to the studgnt that there is 
considerably more to investigate than that which is covered in 
this text. 

We say that a polynomial is factorable over the Integers 
if it can be written as 'he product of two or more polynomials 
over the Integers^ excluding 0 and +1 as factors, 

» 

13-1. Polynomials . 

The reason pQlynomlals are developed so carefully is that 
we want the student to realize that when we wish to write a 
Gertain phrase in factored form^^ we want the factors themselves 
to be expressions of the same kind as the phrase we started with. 
If we are factoring a polynomial over the integers ^ we want our 
factors to be polynomials over the integers. If we were to 
factor a polynomial ov^ the rational numbers^ we would find 
factors which were polynomials over the rational numbers, etc. 
Thus, we say that the factored form of a polynomial is an 
Indicated product of polynomials of the same type. Notice that 
now we are dealing with the algebra of polynomials, and* we speak 
of "multiplying polynomials/' meaning of course, that the result- 
\ ing polynomial names the same number as the indicated product. 
It is important for teacher and student alike to realize 
that we have placed no restrictions on the domain of the variable 
^when we talk about polynomials over the integers. The variable 
teould be any real number, or in fact, by a slight extension 
of the definition of variable could be any -'indeterminate" such 
as, for example/^ vector or matrix neither of which is a 
number. Later when 'the student solves an equation involving a 
polynomial over the integers he will realize that it is 
permissible for the truth set to contain elements that are not 
integers. Thus the sentence 2x +7-0, which involves the 
polynomial over the integers, 2x + 7, has {SL] as its 
truth set. 
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pages 562^567: 13=1 



Answers to 0 ra 1 Exerclgeg 13-la ; page 562; 
I- 



(a) 


i 

m '(m f 2) 


(f) 


2(b^' f 


2) 


(b) 


3(n^ + 2) 


(s) 


^2x(x + 


3) 


(0) 


3y(y + 2) 


(h) 


2(2z^ - 


= 5) 


(d) 


a(a' - 1) 


■ (1) 


2r(2r - 


- 5) 


(e) 


b(b + 1) 








The 


commutative 


prope rty 


permi ts 


US, for 


the 


answer in part (a) 


as (m + 


2)m. 



Answers to Oral Exercises 13-lb ; page 566 1 

1. The expressions in parts {h) , (b), (d), (e)> (h), 
and (l) are polynomials. The others are not. 

2, (a) polynomial in one variable 

(b) polynomial with no variable 

(c) not a polynomial 

(d) polynomial in two variables 

(e) polynomial in one variable 
^ ' (f) not a polynomial 

(g) not a polynomial 

(h) polynomial in one variable 

(i) polynomial in two variables 
(j) not a polynomial 

( k ) no t a po 1 y nom 1 a 1 

Answers to Problem Set 13-lb ; page 5o7 ' 

The purpose of problems in this set "is to give the students 
another way to recognize a polynomial. 

1. M few suggestr^d examples of a polynomial In one variable 
are- 3a, 2a f 1, '^x"" h Bx , urn'' \ [m ^ i . These are 
not expected to be the required answers; only suggestions, 

2 .2 



Examples of polynomials In two variables are x' 



a^ f 2ab, h 4my h ^^y"^, 



k ^ 1. 



pages 567'570: 13-1 and 13-2 



3* Examples of polynomials In three variables are: amn, 
3bxy + 2.^ 2b^cd + cd^ , 4a- + 8b^ ^ 2c^ + 1 . f 

4. (b) y + 3 

(c) 2(y + 3) 

(d) ^ 2(y + 3) ^ 9 

(e) The expression is a polynomial in one variable. 

5. If the variable chosen were nj then we would have: 

(a) -n 

( b ) 4ri 

(c) 4n + 6 

(d) SC+n + 6) 



) 3(4n ^ 6) 



(f) By definition, a polynomial involves only the 

indicated operations of subtractlonj multiplication^ 
addition J and taking opposltes. Since we indicate 
division by the opposite of the variable, our 
example does not meet the requirements of our 
definition of a polynomial. ^ ^ ^^n^ ^ ^ ~^ 
a polynomial . 

(a) 2x^' - 4x, yes (d) il + 1 , no 

(b) 3y^ f l)y f yes (e) u^ f 4u ^ 12 , yes 

(c) m"^ + 5m + , yes (f ) x^y + xy", yes 

(a) 3( 2x + 1) (d) 4z(z ^ 2) 

lb) 5(x f y) (e) x(3x ^ 2) 

(c) h(2h 4 1) (f ) ax(x H l) 



13-2. actoring . 

This section defines what we mean by factoring a polynomial 
(over the integers). The atudent learns what we mean by prime 
polynomialg and the term ''prime factorisation". It is shown 
that factors which are integers are left in their simplest fom. 

414 
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pages 570-573: 13-2 and 13-3 

i 

For example, 6(x + 5) is not written as = 2 - 3(x + 5). 



Answers to Oral Exercises 13^2 ; page 5701 

1. X + SxV can be factored as x{l + 3x), since x and 
1 + 3x are polynomials oyer the integers as Is 

X + 3x^. We would not factor' x ^+ 3x~ as ix (3 -i- 9x) 
since ^x Is not a polynomial over the Integers, 

2. No. The factor - 3x + 6 Is not a prime polynomial,*- 

3. 6x(x +\5> 

4. Sar^Cs + 9r) 

Anawsgs to_ Probltm Set 13-2 ; pages 570-571: 

Iv The sentences In (a), (b), (c), (d), (g), (i), 

and (j) are true fp4--'all values of the variables. The 
Qthers are not. 

a. The expreselons In p^arts ^ ^) , (c), and (d) are 
it polynomials. The others ar#. not. 

3, The expressslons in 'parts (a), (c), (e)^ and (h) 
are prime pc^lynomials . The others are not. 

4. (a) 8(2r ¥'3) (d) 9q(q - 3) 

(b) da(a^ + 2a 4^ 3) (e) 4a(r f 6x . 8z ) 

(c) 5(b = 7c) • (f ) lla-x^(2 - 3x) 

13-3. Common Monomial J'actorlng. 



1. (a) 3(a \ b) 

(b) 2x(x^ >- 2x f 4) 



(a) 7(1 + 4p) , 7 



(b) 4x(x 



4x 



paKc 


573: 






(e) 


3x(x2 


\ 2x \ 3 


) 


(ti) 


3y(y ' 


2^ 




(^0 


\)\]m{ 1 


4^ 3mn ) , 


5mn 




7a x( r 


= 2x), 


Tax 




pagas 573-57^t 13-3 ' and l3-% 

3. The expressions In parts (a), (c), knd (e) art 
* monomials. The others are not. 



rtnawers 




Problem Set 


13 -3a 


i page 574: 




1. 


In 


parts (a). 




' (d). (en 


and (g 


2. 


(a) 


3(x + 2) 




(k) 


J5{^ + 


2x + 4) 




(b) 


8(c + 3) 




(1) 


2a(l + 


9a) 




(c) 


S(a 9) 




(m) 


3m(Sm . 


■ 3) 


% 


(d) 


prtme 




(n) 


2a (c + 


3d + 5bd^ 




(e) 


3(2x + 3) 




(o) 


prime 






(f) 


prime * 




(p) 


3x(x 


4x- + 2) 




(g) 


a (a + b) 




(q) 


b(x- + 






(h) 


c^(c + d) 




(r) 


2b(b2 . 


. 3b - 2) 




(1) 


a (a +■ a + 


2) 


(s) 


3a(x'+ 


5y - 3a) 




(J) 


Z, 2 
cn (cn 


1) 


Ct) 


7b3^(ab 


- 9c2) 



13-4. Quadratic Polynomials , 

An attempt is made in this and the next few sections to - 
present a unified approach to the process of factoring. Rather 
than exhibrt a compendium of different polynomial types eacn 
with its specialized ^technique J the dLscusslon centers on the 
quadratic polynomial 

_ ^ _ - .. 

Ax + BX + C . 

^ - ^ » ^ i 

In substance the process of factoring Involves the identlfi^ ,^ 
cation of two Integers a and b in a so-called second fonti 

Ax" + ax +- bx + C , > 

which can then be factored by a direct application of the 
distributive property. This Ift effect, exactly reverses the 
multtpllcation process developed in earlier chapters. 



pages 574^576: 13^4 

The integers a and b are determined by the conditions 

a + b ^ B and ab ^ ^C. 

if A ^ 1, the latter^ of course, reduces .to ab ^ C. Aln this 
2 

wa^ the foniL x + Bx C with leading coefficient 1, may be 
consldired as a sp^olal case of the general type above. For 
simplicity, however, the study of this special case precedes 
the more general treatment, ^ " ^ 

Two important special f^ms, the difference of two squares 
and perfect squares , are treated in sections 13-5 and 13-6, 
respectively, as special cases of the general quadratic. As 
such they are analyzed by means of the method applied in the 
previous section. The student , however, wlir quickly learn, 
(and should definitely^ be encouraged to do bo), that the 
factored form in these cases can readily be determined by 
inspection thus eliminating the need for intermediate steps. 

Since the "perfect square" concept la of major importance 
in the study of quadratic equations, the recognition test in 
secti-on 13-5 should be given special attention. The process 
of "completing the square" is given an l&formal introduction 
at this point. This will help the student^prepare for the work 
in Chapter 18. 

The term "perfect square" as applied here Is restricted to 
polynomials with Integral coefficients. It may be necessary 
later on to extend this notion to include such polynomials as 

X + X + ^ or even x + v^x + ^ , 

However, such an extension should probably be postponed untM 
the need arises, ^ ^ 

There are essentially two motives behind the approach to 
factoring as used In this chapter aside from the mathematical 
virtues inherent In any unifying theory. They arei 

(1) " Th.e factoring process is exhibited directly as a' 

systematic reversal of the multiplication process , 

(2) The student is not obliged to confront a/wlde variety 
of drfferent types with the sometimes "painful" 
necessity of choosing the most appropriate m^hod for 
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pages 577-578: 13-4 . 

f 

C 

dealing with eaeh separate type. 

The faetorlng of quadratic polynomials plays a prominent 
role in the study of open* sentences. Thus It has greater 
relevance for the student of Introductory algebra than do the 
other types « 

Answers to Problem Set 13=4a] pages 577=578: 



1 . (a) 


(b + b) + (b + 1 ) 


(b) 


(m* + 2m) - (3m + 6) 


(c). 


(a^ - 12a) + (2a - 24) 


(d) 


(b^ - 6b) - (4b - 24) 


2. (a) 


(c + 3)c + (c + 3)5 


(b) 


(3g + 4)3c ■+ (3c + 4)(-4) 


(c) 


(5m - 4)7m +, (5m - 4)3 


(d) 


(2x + l)x + (2x + 1)7 






3. (a) 


(m + 2)(m + 3) 


(b) 


(y + 3)(y + 4) 




(z - 2)(z + 3) 


(d) 


(x + 5)(x - 4) 



(Sy - 5)(4y - 3.),;^ 
(2m + l)(2m + l) 
(3a + 4)(4a + l) 

(a - 2b)(m® + n) 

(x - y)(5 + a) 
4 

(28 + 3) (3a +' 4) 



4. (a) (3x + 2)(x + 3) (d) 

(b) (2r - 3)(5r + 2) (e) 

(c) (3q = 5)(2q + 3) (f) 

5. (a) (X - 4)(x + b) (d) 
(b) (e + d)(5 + a) (e) 

• (c) (Sm + 2b){3a + 4) (f) 



4i8 



pftgas 578-583 s 13-^ 

m 

Answers to Oral Exercliea 13^4^ ; page 582: 

1. (•) S. 5 (g) 8, 1 

(b) -2, .5 (h) -8, -1 

(e) 2, 4 (i) 1, 1 ^ 

(d) -2,-4 (J) -1,-1 

(e) 2 M .2, 1 
it) 4, -2 (1) 2, .1 

2. (a) + 4x + 2x + 8 (g) + 4% + 3x + la ^ 

, (b) x^ + 8x + x'+ 8 , (h) %- - 6x - 2x + 12 

(c) - 4x - 2% + 8 (1) X- + X + 12x + 12 
, (d) x^ + X ^ 8x ^ 8 (J) x^ + 3x ^ ^fx ^ 12 

(©) x^ + 4x - 2x - 8 (k) X- + 6x - 2% - 12 

(f ) - 4x + 2x - 8 (1) x" - I2x + X - 12 



Answare to Problem Sat 13^4b j page 583 : 



(a) X- + 5x + 3x + 15 (f ) « 6m + 2m - 12 

(b) - 5f + 3r - 15 (g) = 4a = 3a + 12 

(c) + 98 - .s - 9 (h) + 6y + 4y + 24 

(d) + 3t + 2t + 6 -fl) - 6z - 52 + 30 
(a) w- » llw + w - 11 (J) c + 4c » 6c - 24 

(a) + 12t + 35 ^ + 7t + 5t + 3^i 

- (t + 7)t + (t + 7)5 

- (^^ 7)(t + 5) 

2 2 - 

(b) w » 7w + 10 - w" - 2w ^ 5w + 10 

^ (w - 2)w + (w - 2)(-5) 

- (w - 2)(w » 5) 
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pages 583-5892 13-4 



(c) 


(r 




ll)(r - 2) 


(s) 


(a 


+ 


ll)(a - 5) 


(d) 


(a 




7)(a - 11) 


(h) 


(y 




4)(y - S) 


(e) 


(m 




6)(rB = 3) 


(1) 


(x 


+ 


l)(x - 4) 


(f) 


(z 


+ 


7)(E 3) 


(J) 


(b 




a)(b - 1) 


3. (a) 


(y 




9)(y + ,2) 


(f) 




+ 


7)(k - 1) 


(b) 


(a 


+ 


5)(a - 1) 


(g) 


(x 




l6)(x + 1) 


(e) 


(x 




3)(x - 10) 




(x 




2)(x - 9) 


(d) 


(w 




4)(w - 4) 


(1) 


(m 




4>(m ?4) 


(a) 


(w 




7)(w + 1) 


(J) 


(t 


+ 


l)(t + 1) ^ 



Answers to Oral Extrelsas 13-4a 1 page 589 



(a) 3x - 7 

5 - ax 

(b) 2x^ - 3x 

x^. 5 



2 

c 

2x^ 



x^ - 2x + 5 
2 



3 + 2x + 5x- 
9 = x2 

(c) 2x^ ^ 3x 

5 

... , 

3 + 2x + 5x ■ 
9 - x2 

(d) 3x . 7 

. 5x 

5 - 2x ' 
x"^ + 




(f) 



(e) 2x - 3x 

x^ - 2x + 5 
3 + 2x + 5x^ 

x2. 5 
x" - 2x + 5 
3x = 7 

3 + 2x + 5x^ 
5 » 2x 
9 - x2 

(g) 2x^ - 3x, -3 
x^ - 2x + 5, 

5x, 5 

2 

3 + 2x + 5x , 
5 - 2x, =.2 

(h) 2^^ ^ 3x, 2 

x^ + 5, 1 

x^ ^ 2x + 5* 
2 

2x , 2 

3 + 2x + 5x^, 
2 

9 - X-, -1 
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589.590 


: 13-4 










(d) 


(a){b) 




a + b = -IT 

a y » " A A 




a + D 


• 


a ^ ^8^ b * -3 




a - =2, 


m 

W 












/ \ 






a + b ^ 10 


(f ) 


a ^ .6, 




a - 6, b ^ 4 










(g) 


a ^ 24, 


(c) 


{a)(b) - .24 










(h) 


a ^ -12^ 




a + b » .23 








a » .24, b - 1 







.b - 12 

b - -3 
b » 4 
b = 1 

b - - 



i 

Answers to Problein Set 13 - 4e j pagaB 590-591 • 
1. (a) 2y^ + 7y + 3 2y^ + 6y + y + 3 

- (y + 3)(2y) + (y + 3)(1) 



< 









• (y ■ 


*= 3)(2y + 1) 




(b) 


T 2 

3y 


+ 7y + 2 


1 2 


+ y + 


6y + 2 










- (3y 


+ i)y (Sy +1)2 










- (3y 


+ l)(y + 2) 




(c) 


(2a 


+ l)(2a + 1) 


(J) 


(x + l)(5x 


- 7) 


(d) 


(n = 


l)(3n - 


1) 


M 


(2h + l)(h . 


- 5) 


(?) 


(3x 


- 2)(x = 


1) 


(1) 


(2u - 3)(2u 


- 3) 


(f) 


(4x 


- l)(2x . 


• 3) 


(m) 


(v + 9')(v + 


4) 


(g) 


(h = 


12){h + 


2) * 


(n) 


(3x + 7-)(2x 


+ 3) 


(h)- 


(x = 


l)(7x + 


13) . 


(0) 


(7t + 2)(2t 


+ 5) 


(1) 


(3x 


- l)(x + 


7) 


(p) 


(5y - i)(7y 


- 3) 
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pages 590-59^5 13-^ and 13-5 



2. (a) 


(Bx 


+ l)(x + 15) 


(1). 


(4x 


+ l)(2x 


- 15) 


(b) 


(4x 


- l)(2x - 15) 


(J) 


(x - 


. l)(8x + 15) 


(c) 


(2x 


- l)(4x + 15) 


M 


(2x 


+ 3)(4x 


-5) 




(x + 5)(8x - 3) 


( 1 \ 


(x + 3)(8x + 5) 


(e) 


(x . 


. 5)(8x - 3) 


1 Tn\ 

(m; 


(8x 


+ l)(x . 


•15) 


(f J 


(4x 


+ 5)(2x + 3) ' 




(2x 


+ l)(4x 


+ 15) 


(e) 


(2x 


- 5)(4x + 3) 




(x < 


. l)(8x - 


• 15) 


(h) 


(x . 


. 3)(8x + 5) 


(p) 


(2x 


+..5)(4x 


+ 3) 


3. (a) 


(2x 


+ 3)(2x - 3) 


(f) 


(2y 


- 6)(W 


+ 6) 


(b) 


(2h 


+ 3)(2h + 3) 


(g) 


(2y 


+ 6)(2y 


+ 6) 


(c). 


(z - 


■ 5)(z + 5) 


(h) 


(x 4 


• 6)(x + 


5) 


(d) 


(v + 


■ l)(v + 1) 


(1) 


(x + 


• ^)(5x - 


. 18) 


(e) 


(2y 


- 9)(y + ^) 






■ 12)(5x 


- 6) 



13-5. Dlf ferertces ot Squares . 

a^-b^^(a + b)(a-b) may be stated in words t "the 
difference of the squares of two numbers is equal to the product 
of the. sum of the numbers and the diffdrenca of the numbers." 
Some students may wonder about factoring expressions like 
X - 5 when they see how to factor x - 4, The former cannot 
be factored over the integers but, as we shall see in section 
13-7, it can be factored over the reals as follows* 

x^ - 5 - (x + ^)(x ^ 

For this reason the teacher should avoid statements llkej 
"It is not factorable," but instead say, "It is not factorable 

over the integers." 

_ 2 

Simllarlyj x + 9i cannot be factored over the Integers 
or over the reals, but if we were to extend our number system 
to include what we call the complex numbers , we dould factor 
this expression 



f 



^ f 9 « - (-9) = (x - 3l)(x + 31) 



pages 59^-595: 13-5 ^ 

\ 

We Bee that both of the examples fit In with the fonn 

- = (a + b)(a - b). 

Answers to Oral/Exercises 13-5 i pages 59^-595: 

I. (») \n - 5)(n + 5) (f) - l)(2x + l) 





(b) 


(t + 


6)(t - 


6) 


(g) 


(ab - 2)(ab + 2) 




(c) 


(7 - 


a){7 + 


a) 


(h) 


(32 + 5)(3z - 5) 




' (d) 


(Sx 


' 5)(2x 


+ 5) 


(I) 


(4a - 2b) (4a + 2b) 




(e) 


(m = 


n) (m + 


n) 




(1 - 2t)(l + 2t) 


a. 


(a) 




1 




(f) 


o 

9m - 4 




(b) 




36 




(s) 


2 2 
u - V 




(e) 


s2 . 


100 




(h) 


2^2 2 
a t - u 




^(d) 


2 

X 


49 




(1) 


1 - ky? 




(e) 




. 1 




(J) 


- 225 


Answers 


to Problem 


Set 13- 


page; 


3 595 


-596- 


1. 


(a) 


(n + 


4)(n ^ 


^) 


(f) 


(w + l)(w - l) 




(b) 


(x - 


5)(x + 


5) 


(g) 


( rs + 2 ) ( rs - 2 ) 




(c) 


(t V 


9)(t + 


9) 


(h) 


(3rs - 2)(ars + 2) 




(d) 
(e) 


(9 = 
(8 + 


t)(9 + 

8)(8 ^ 


t) 
s) 


(1) 
(J) 


(5n - l)(5n ¥ l) 
• 

(4 . 7k)(4 + 7k) 


S. 


(a) 


8 

n 


16 




(f) 


- 225 




(b) 


- 


1 




(g) 


- 400 




(c) 


X 


36 




(h) 


2 2 , , 
m n - 1 




(d) 


2 

s 


100 




(1) 


4m n - X ^ 




(e) 


X 


49 




(.1) 


4x- - 9 



(a) 


(X + 


y)(x - 


y) 




(b) 




5)(x + 


3) 


,(h) 


(c) 


(5y • 


- 2)(y 


- 3) 


(1) 


(d) 


5a(a 


+ 1) 




(J) 


(e) 


(ra 


l)(m 


1) 


M 


(f) 


(3ab 


- 5r(3i 


ab + 5) 


(1) 


(a) 










(b) 


896 






(h) 


(c) 


899 






(1) 


(d) 


2496 






(J) 


(e) 


1591 








(f) 


391X 




i 






Hint; 


(I7x)('23) = 


x(20 
t 


(a) 


(n + 


l)(n - 


1) 




(b) 


U + 


2)x 






(c) 


(x + 


a + 1) (x - a H 




(d) 


(.X + 


a)(x = 


a +' ?) 




(e) 










(f) 


(x = 


y)(x + 


V ' 1) 




(a) 


899 ■ 


2 

= 30 - 


1 








. (30 - 


l)(30 ^ 


^ I), 


(b) 


1591 




= 3^ 








= (40 


- 3)(40 


+ 3) 



62(1 - 3z) 
(t - l)(2t +5) 
(1 - 12t)(l + 12t) 
9(x^ + 9) y 

(u + n){Mf+ 1) 

ab(a + b) \ 

1596»,^___^ 
2499xy 

9999 I 
(6)(6)(4)(11)"- (36)(44) 

- 1584 

+ 3) (20 - 3). 



not prime, 
not prime 
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pagts 597-602: 13-6 

Answars to Oral Exercises 13-6; page 6oi^ 



1. 


The 


expressions In parts 






(f) 




are 


perfect squares, 










2. 


(a) 


9 














(b) 


25 














(c) 


4 














(a) 


(x + 




n 




(2y + 






(b) 


(n - 






(e) 


(4m + 


1) 




(o) 


(x + 






( r) 


f Pa + 


b)2 


Answtri 


to Problem 


Set 13-6; 


pages 


602- 


6o4i 




1 . 


(a) 


yes 


(e) 


yes 




(i) 


yes 




(b) 


no , 


(f) 


no 




(J) 


no 




(o) 


^ no 


(i) 


yes 




(ic) 


yea 




(d) 


no 


(h) 


no 




(1) 


yes 


2. 


(a) 


2 

X 


8x + (16) 












(b) 




8x + (16) 












(c) 


2 

n + 


Sn + (1) 












(d). 




lot + (25) 











or 4^(y + 2)2 



< 



fe)^ y^ - l6y + (64) 

(f ) • + (8x) + 16 ^ or + {-8x) + l6 

(g) y" + (24y) + 144 or y" + (-24y) + 144 

(h) 93^ + 6s + (l) 

(1) u" - (lOu) + 25 or u" ^ (-lOu) + 25 
(J) + 12a + (36) 

(k) 4s- + 4Bt + (t^) 
(1) (x^) + 6xy + 9y^ 

(m) 4s^' + (12s) + 9 or 4s- + (-12s) + 9 
(n) (IDV^') + 40v ^ 25 



pages 60S-603: 13-6 



(o) Mgx^ - (563^) + I6y- or ^gx' - (-56xy ) + " l6y- 
(p) (V + 1)^ + 4{v + 1) + (4) 

3. U) (% + 6)^ (f) (6l( - 1)2 

(b) (2b - 3)^ (g) 3(46^ + i2t + 9) 

(c) S{m^ + 6m + 36) (h) a(a - b)^ 

(d) 3(u + 1)^ (1) 2(2% + 1)2 
(•) (v - t)2 (J) (jt . 10)2 

m 

4. (a) +' 4x + M (d) - l4x + 49 

(b) _ 6a + 9 (e) _ 2xy + 

(c) y2 + SOy +100 (f) + 12r + 36 

5. (a) (Sl)2 » (20 +1)2 

- 400 + 4o + 1' 

- 441 

(b) (4l)(4l) » (40 + 1)^ 

= 1600 +80+1 • . 

16^1 , 

(c) (19)2 . (SO =1)2 

« 400 - 4o + 1 

=361 ' ^ 

(d) (39)2 = (40 - 1)2 

^ 1600 -80+1 
= 1521 

(e) (29)(29) ■ (30 - 1)2 

= 900 -60+1 

= 841 
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pages 603-604i 13-6 




(f) (51)* - (50 + 1)* 

- 2500 + 100 + 1 

- 2601 

(g) (*9)* - (50 - if 

- 2500 -100+1 

- 2401 

(h) (99)- - (100 - 1)- 

- 10,000 - 200 + 1 

- 9-,801 

(1) (101)(101) - (100 + 1)^ 

- 10 ,000 +200+1 
0,201 



(a) 


(y - 


fi)(y - 


2) 


(n) 


(2x+ l)(x 


+ 2) 


(b) 


(X + 


3)2 




' (0) 


8(m" + l)(m 


- 1) 


(e) 


a(m® 






(P) 


(2y - if 




(d) 


(t - 


3)(3t 


+ 2) 


(q) 


a(x + 5)- 




(e) 


(3b h 


H 4)(38 


" ^) 


(r) 


3(r + 4)(r, 


4) 


(f) 


(u + 


yf 




(a) 


4x(x - 5) 




(g) 


(x + 


l)(63t 


= 7) 


(t) 


S(m + 2)(m 


= 2) 


(h) 


3(y + i)(y 


- 1) 


(u) 


3a(x - 3)(x - 2) 


(1) 


(u + 


7)(u - 


2) 


(v) 


(t + l)(3t 


+ 5) 


(J) 


(y - 


5f 




(w) 


5t(a - b)(a 


+ b) 


M 


(1 - 


36) (a 


+ 3t) 


(X) 


2(1< - 3)(k 


+ 2) 


(1) 


(a + 


2)(8 + 


1) 


(y) 


(t - l)(t + 


l)(t2 + 1) 


(m) 


S(y2 


+ 1) 




(z) 


(y + 6)(5y 


- 12) 
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pagea 6o4-6o8: 13-7 and 13-8 



Sections 13^7 and 13-8 on polynomials over the reals 



and over the ratlonfils are Intended to give the student a 
broader loak at the subject of polynomials In general and 
the fftctorlng of polynomials in particular. These seotipns may 
be omitted without serious loss of continuity if the teacher 
feels that the m&terial may tend to confuse th^ issue. Such 
an omission might be seriously recommended for classes of 
particularly slow students. 

The question of whether or not a given polynomial cart be 
factored is now seen to depend on the particular set of 
coefficients under consideration. For example the polynomial 
- 7 is readily seen to be unfactorable over the Integers, 
However, if this same expression is regarded as a polynomial 
over the real numbers, then the factored form is 
(x + v^)(x ^ 

Once again the point is emphasized that factors must be 
of the same type as the expression being factored. In this 
sense an Instruction which merely directs that a student ^ 
factor x" ^ 7 without an accompanying statement relative to 
the coefficient set Is ambiguous. 

Polynomials over the ratlonals are shown In section 13-8 
to be expressible as the product of a rational number and a 
polynomial over the integers, This essentially reduces the 
problem of factoring over the ratlonals to one of factoring over 
the integers. For simplicity sake this Is the procedure 
recommended for this chapter. 

In subsequent work it will probably be helpful to offer 
two options to the student In factoring an expression such aff' 

2 1 / 

X + x ^ . 

He may wish to write 

^(2x + l)(2x 1) or (x + i)(x + I"). 

For the present It Is perhaps wise to stick to the former 
approach. ^. 



pages 604^609: 13-7 and 13-8 

In oraar to avoid uncertainties In the student's mind It 
is perhaM wise to establigh a pattern' of priorities In the 
general ^proach to factoring oyer the real numbers. The first 
attempt should always be to factor over the Integers. If the 
"pDlynomlal eontalns fraetlonal eoefflelents which are rational, 
then a eommon monomial factor consisting of the reciprocal of 
the LsC.D, of the fractions involyed should be- extracted 
Faotors containing irrational coefficients might be thought of 
as a kind of "last resort". It should be stressed, however, 
that the latter procedure is legitimate- only for polynomials 
over the reals, and cannot be applied If the initial^ problem 
'is stated in terms of rational or Integral polynomials, 

Answers to 0_r_a_l Exercises 1 3^7 ; page 6o6: 

1. (x + Jl){% - ^) 6,, (3x ^ y^)(3x + y v^) 

^ 2, ' (y ^ ^)(y +^^/n) 7. (ax ^ ^)(ax + ^) 
■ 3. (3m - v^)(3m +, ^) 8. (Say .- b^)(5ay + b Vf) 
4. (2z + v^)(2z - ^) .9. iaj?- ^){&^ + J2) 
(kv^ - n)(kv^.+ n) 10. (a - v^)(a + ^ 

Anaw^ra to Prgblem Sgt 13-7 ■ page 6o6: 

1. (m + v^)(fTi - v^) 6. (z - 3a)(z + 3a) 

, 2. (t - 4)(t f /+) 7, (k - b^)(k + bv^) . 

3. (2x - v^)(2x + ^) 8. (bu + vv^)(6u - v v^) ^ 

4. (2y - 3)(2y f 3.) 9, (x - v^)(x^+ ✓f)" 
ij. (ab - ^)(ab f ^) ic. (r - ^) ( r + ^) 

Arvwers. tp_ Oral Kxerc Isej 13-8 ; page 609: 

1. - 9) 6, i(9s2 - 1) 



2. 



|(t^- f 2t f 'l.) 7. i(y^ = 4) 



3. |(x- - it) 8, i(m^ 1- 3m + 6) 

^. |{y^ + 2) 9. ^{^r- = 3) 

5. ^{m^ f 2) ... 10. i-(9 - 2X-) 
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pageb 609-61^1 ^ 13-8 and 13-9 ^ . 

■ 

Anawei^a to^ Frobltm Set 13^8 ; page 509^ 

1* |(t + 3)(t^ 3) |3<x % ar 

2. +2)2 7. i(rt-K 2){m ^2) ^ 

' 3. + 4)^ B. |(a + 

4. ^(x ^ 2)(x + 2)—^ 9,; |(x . 4)(x + 4) . 

% |(x ^ 3)(x + 2) '10. ^ |(5^- t)(5 + 



13-9 ^ Tmith Sets of Pblynomial . Equations , ; ^ 

When an equation is put in a form in which one side is a 
polynomial and'the other side' is^Oj *we call it a polynomial 
equation In standard foi*m. The tnath set of a polynofflial 
fequatlon can be found If we can faetor the polynomial and then 
make use of the property that for any real numbers a ' and '^b, 
ab - 0 If $nd only If a ^ 0 or b * 0. =1 



i 



Answera to Oral Exercises 13-9 ; page 6l2\ 

(a) [=3^=23 . (d) (5, 2] 

(b) {£,=4] . f (e) [9,=1) 

(c) (3,-3) . ' '(f) (0, 1) 

Anawera to Problem Set 13-9 ; pages 6lg-6l3: 
' 1. (a) (-1,-4) ■ (e) (=2, 7) 



^b) (2, 3') (f) (-5, 3) 
s 

(c) (-2,-1) ^ (g) (-9,-8) 

(d) (-1, 9) (h) (1) 

? ■ ' / 

(a) t- + 2t - 15 = 0, . (-5, 3) 

(b) + lly + l8 = 0, (-9,-2) 

(c) y2 . i+y + j = 0, (1, 3) 



pagies 6ia>€i3: 13-9 



(d) - 6b =^ - 0, . , • (X, 5) 

(e) - 5m (- 66 ^ o, . (11,-6) 
• (f) . -' laa - .3D - 0, (15, -"2) 

(g) 'x^ - 5x +' 6 " (2, 3) 

•{hf , l8 + ix - 0, , • [-2, 9 J 



» 



(1) *^ - 9x +20 - 0, 5) 

^(k) X + 8x 4^ 3b ^ Oj This cannot be factored 

* , over the Integers; we 

cannot find the truth set 
' by present methods. 

(^) If a .li the number, then a la the square of 
the number and the open sentence Is 



a^ ^ 7 + 6a, 



2 

a 



+ (^(7 + ^a)) - 7 + 6a + (-(7 + 6a)) 
. +'i(^7h'¥ (^6a) - 7 + 6a + (-7) + (=6a) 

. 7 - 6a - (7 + (-7)) + (6a + (-6a)) 

a^- 6a -7^0+0 
' ^ /(a - 7)(a + 1)^ 0 

a ^ 7 or a ^ (-1) . 

In the open sentence- If a = 7, then 

o o \ 

^ a" = 7 ^ 7 + 6a = 7 + '+2 

/* " . ■ and . / 

= 49 ? , =, 49 



If a, = ( -1 ) , then .. 

a- = (-1)- 7 + 6a = 7 -,6 



The truth set of the original sentence is 

7}. . 



* paga 613^ 13-9 

(b) If w Is the number of Inches In the width of % 
the rectangle, then (w + 5) Is the number of 
Inches in the length of thp rectangle and the 

...^ open sentence Is j 

w(w + 5). ^ 

f : 

The numbers -12 and 7 ^satisfy this sentence^, ' 
^ However, the teacher should emphailze the fact 

"^that the domain of the variable for a measurement 

* of length la the set of positive real numbers 

and ('12) Is not within the domain. Consequently 
the truth set for the problem is [7], 

(c) The number ^can be 1 or 9* - 



(d) If m is "the larger number, then the smaller one 
is m.- 8. ^Then' * 

m(m ^ 8) - 84 

^ 8m - 84 - 0 ' 

^ (m ^ l4)(m f 6) ^ 0 , ^ . 

',m - ij/ or m - -6. ^ 

The larger number can be either l4 or -6. 
The smaller number (m - B) is then 6 or -14. 
So two pairs satisfy the condit^^ft^ of the 
f problem ^ .. 

(14, 6) and (-6,^14). 

(e) (Sj 7) The pair (^3,-l) is'' not acceptable if 
the odd numbers are considered a subset of tHe 
counting numbers, and thus posit^te. 

*(f) ^(14 - J ) =^24 _ / , , 

The truth set of this sentehae is (12, 2).- If 
the length is to be longer than the wldUij then 
we use only f^^- 

^ - €2 . ^ 
and 1^4 '^.^ - 2, ^ % 

So the dimensions are ' 12 ft. and 2 ft, 

^ 432 



Mig#s 613-617 



(* +f - 3) * s * whart a is the number 
of fjeat In the length of the sfde of the 
square. 

(1)J 12 ft, (2) 16 ft. and 9 ft-. 

I 



mswet>s 


to Review Probitm Set| l 


pages 


616-620 : 


' 1. 


(a) 


19 i 


"(e) 


-li . 




(b) 


16 : ' 


Cf) 


-26 




(c) 


22 


(s) 


0 ■ 


• 


(d) 


-14 


(h) 


11 . 


2. 


(a) 


lla \ 


(b) 


2d 




(b) 




(h) 


-5a 




(c) 


3a 


(1) 


'2c - 2b ^ 












(d) 


0 ' 


(J) 


5n - 4m 




(e) 


-3t 


(Ic) 


2x - 3y + 4z 




(f) 


.12a 




■ 


3. 


(a) 


20 


(h) 


0 




(b) 


-27 

f 


(1) 






(c) 


-32 


(J) 




> 




ifim 




U) 


30 


M 




(e) 


30 


(1) 


-3 . 75a 




(f) 


14 • 


(m) 






U) 


-24 


' (n) 


0 




(a) 


ab + ac 


(f) 


^ 9ac + 15bc 








(s) 






(b) 


' ab - ac 


=a - b - e 




( = ) 


-am - bm 


(h) 


*+ 3b - 2m + 




(d) 


2mn + 6mp 


(i) 


0 




■(e) 


, 2 

-Csm + X2mn 


(J) 


2 

a + 5a + 5 



pages 617-618 





- 7m + 12 


(1) 




(ra) 


6a + 17a + 12 


(n) 


8b^ - 2b - 1 


(a) 


k 


(b) 


5 


(c) 


-3 


(a) 


7x - 5 


(b) 


5y - 73 


(c) 


+ 5x - a 


fd) 


-3n + 3 


(e) 


a + ab 


(a) 


6(a + 2b) 


(b) 


4(c) 


(c) 


m(m + Sb + 1) 




(-3) (a 2b + 4g) 


(e) ' 


2a (b + 4x » 5y) 


(f) 


(x + 3)(x + 7) 


\S J 


(cr + 58 J ^ jm + ( ) 


(h) 


(a,+ b)(c - d) 


(1) 


(3ni - 4n)(5m + 7r) 




(5a - b)(3o - 4d), 


i 


(b + 5)(b + 6) 




(a - 10)(« + 7) 



(0) 


iM 


-^^28e + as 


(P) 




- 23mn + Ign^ 


(q) 






(r) 


ac + 


ad + be + bd 


(d) 


-5 




(e) 


4 




(f) 


11 




(f) 


9x - 


5y 


(s) 


6e = 


4 


(h)" 


2m + 


9n - 14 


(1) 


8x - 


7y - 4z 


(J) 


7r - 


108 + 8t 


(mj 


(m + 


8)(ra - i) 


(n) 


(c ^ 


2d)(3e - 5d) 


(0) 


a(2b 


-,e)(b - ae) 


(P) 


ab (m 


- 8)(m + '8) 



(q) 3t(2c - 5d)(ae + 5d) 
(r) (x - 8)2 • 
(a) (3x + 10)- 

(t) (ax = 5a)2 

(u) Thl8 la a prime pQlynoralal 
over the ratlonala. 
However, over real numbers 
5 - 4x can be factored: 

( >/5 - aa)( 28). 
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10^ 



-I 



8. (a) §i (h) 

ax 

(e) ^ ^ |g ^ (J) ^ 

loa i¥ 



(t) -I . (1) 



2 ■ -,._3_3 



(f) iff (m) 



(g) (n) -1 



m n 



9. (a) (15) = • (g) 4) 



2 

(b) (h) (0, 5) 

(c) (19) (i) all numbers greater than 

-7. 

(d) [-2} (j) all numbers greater than 

-1, but less than 7. 
(t) ^^9, 9) (k) 0 

(f) 1} . 

10* (a) 24 feet, 16 feet 

(bX Ann la 36 years oldj Jerry is 12 years old. 

(c) 8^ girl's J 10 boys 

(d) 11, 4 - 

(e) 7 Inches 
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Suggaited ' Test Items . 

Which of the following expreiglons mrmi 

polynomials 
^ prime polynomials 

perfect squares 



differences of aqu#res 



Assume' In each case that we are considering polynomlale 



over 


the Integers", 






(a) 


l6m^ - 1 


(f) 


a' 2 ^ 2 
ox + y 


(b) 


6x^ + 15y 


^) 


3a - b 


(c) 


- lOx + 25 


(h) 


4x^ 

^ 9~ 


(d) 


X - a 


(1) 


x^ = 5x + 4 


7 


(a) 


+ 7x - 3x - 21 


(J) 


2^2 
a + 5ab + 


Find 


a prime factoriEatlon of each of the foilowlng" 


(a) 
(b) 


- 4m + 3 

^2 ^2 
2ax + 2ay 


(f) 
<s) 


ax +^ 7^ + 3a + 21 S__,/^ 
;a,^ t l6a + 64 


(c) 


c^ - 100 


Th) 


2x® = 6x - 8 


(d) 


2 

ax + 7ax + 12a 


(1) 


2y- + 3y ^ 5 


(e) 


9y - c 


'(J) 


3x^ - 301x + 100 


Find 


tthe truth sets of 


each 


c 

of the\£^lAowlng equations 


(a) 


x^ + llx ^ 0 


(c) 


4c- 49 ^ 0 


(b) 


x^ + 8x - 20 


(d) 


2x" + 20x + 50 ^ 0' 



Write each of the following Indicated producta as an 
Indicated sum. _ ^ 

,2 



(a) (5x = 4y)(5x + 4y) (d) (m ^ 4)' 

(b) (3a + hf •(e) (x ' 

(c) (w + 5)(w + S). ' (f ) (c + 8)(c - .3) 



Complete each of, the following so .that the resulting 
polynomial ISt a perfeet equare. 

(a) + 12c + ( ) (d) + ( ) + 49 

(b) - 10m + ( ) {e) + ( ) + 8lb® 

(c) 4a- = 4a + ( ) (f) 25x^ ^ ( ) + 9y^S 

' Answers to Su p^gsted Test Items 
polynomials: (a), (b), (c), (e)^, (f), (g), (l), 

(J). ^ V 
^rlme polynomials: (f)^, (g). 
perfect mqukrmBi (c)j (j). 

difference of squares: (a), ' ^ 



(a) 


(m > 3)(m - 1) 


(f) 


(x + 


3)(a + 7) 


(b) 


2a(x^ + y^) 


(g) 


(a + 




(c) 


(c + 10.) (c - 10) 


(h) 


2(x . 


^ 4)(x + 1) 


(d) 


a(x + 4)(x + 3) 


Ti) 


(2y + 


5)(y - 1) 


(a) 


(3y + c)(3y - c) 


(J) 


(3x - 


^ l).(x - 100) 


(a) 


[0,-11] 


(c) 






(b) 


[2,-10) 


(d) 






(a) 


25x2 - ;6y- 


(d) 


2 

m 


8m + l6 


(b) 


2 ' - 2 
,9a + bab -h b 


■*(e) 




2 + 2 


(c) 


+ 7w + 10 


(f) 


c + 


5c - 24 


(a) 


2 > - 
c + l2c + 36 


(d) 


2 

y + 


l4y + 49 


(b) 
(o) 


- 10m + 25 
■ 4a + 1 


(e) 
(f) 


a + 


l8ab + Blb^ 
- 30xy + 9y^ 
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Althou^ this chapter deale with* Jhe defl^lfcion of j and ^ 

operations with, rational expressions, the term "rational ex- • 

presslon" itielf is not Introduced until ^section 14-5. .Earlier 

in the chapterT Indicated quotients of polynomials are Introduced; 

and tnultipllcatlon and addition of such Indicated quotients are 

oonslda^ped in sections l4-3 ^d IkM, respectively. It is^ in 

section i4-5 that a formal definition of rational expression Is 

Introduced. It is an extension of tehe definition of polynomial-^ 

in Chapter 13, in that the operation of divpftn Is ^permitted j 

and the polynomials are seen to constitute a subset of the set of 

if 

r'atlonal expressions, - V ^ ^ 

It is also apint^d ^<^t Ih section l4-5 that any, rational 
expression, though it ma^not be the Indlcited quotient of two 
polynomials, can be "simplified" to such .a form, Therefope, since 
the skills of adding and multiplying any two Indicated quotJ-ents 
of polynomials have already b6en develbped, any two rational ex- 
"llfesslons can be added or multiplied by first changing them to 
thrs form. Subtraction presents no special problem, since, by 
definition, an expression- Indicating subtraptlon may be restated, 
in terms o'f addition^ this Is donr^ in section l4-U, Division, . 
however, does present a special problem, and section 14»6 is 
devoted to the long division process regularly presented in 
elementary algebra. In this section, the process of dividing two 
polynon^als is compared to that of changing an "Improper fraction" 
to a "mixed number" In arithmetic; this is a sound pedagogical 
device, in that new understandings and skills are /derived from 
.ojd ones , ^ * / ' 

In fact, this chapter is motivated in part by an analogy 
between the integers and the polynomial's (over the Integers y and 
,betw*en rational numbers and rational expressions. As one example 
of the fruits of this analogy (besides the one mentioned above), 
e^ery rational number can be expressed as the indicated quotient of 
two Integers, and every rational expression can be expressed as 
the indicated quotient of two polynomials, . % 



■ ■ „ / ' . 

The analog can be established in only a Casual way at this 
time, however," slnce^he student^ in this course has had no experl- 
ence with |he Iderf^^ an Indeterminate, which gives expressions 
a life of their own. Independent of numbers. So far* as the student 
is eoneerned, exprM^ioris are names for numbers, Both polynomials^ 
and rational expressions ape subsets of the set of all numerals. 
Thus, the Implication In this oiia^ter Is that we have an , algebra 
of numerals with the same structure as the algebra of numbers 

^ Even though the student's appreciation of the analogy between 

numbers and expressions Is necessarily lim^^e^^, there are certain 
understandings the teacher should have Tn" teaching this chapter, 

^ The follov^ng'dlgcusBion Is concerned with such understandings. 

Consider, for example, the distributive property* 

^1 \ ' 

* a(b + c ) = ab + ac * 

'? 

We have always understood a, b, ^nd c, to be real numbers, so 
that we are dealing with an ass^t^^^ about real numbers , The 
assertion Involves two phrases L''a(b + c)" and "ab + ac" and ^ \ 
enables us to^ replace either phrasfe by the other. In any statement 
about 'sT^al numbers, without altering the validity of the statement t 
However, suppose we forget, for thennoment, that we are talking 
about real numbers (as was commonly done at one time In elementary 
algebra). Then the distributive property '(or "law") becomes 
a "rule" for transforming algebraic expressions, that Ig, a rule 
in the "game" of "sjrmbol pushing" . From this point of view, the 
various fundamental pr*operties, with which we have been working, 
constitute the complete set o^ rules of the game. Attention la 
thus shifted from t^ system of real numbers to the language used 
to talk arbout the real numbers , Although blind symbol pushing is 
highly undesj^rable, it Is a fact that we do work with exgresslons 
from this point of view, This is wha^fc^we are doing whenever we 
discuss the form ' of an expression. I^e difference is that symb^pl-/ 
pushing at this level la not mechanical but is with reference to^ s, 
an algebraic system. We shall now describe more carefully this 
system. 



In tha first place, 'we "add" and "multiply" expressions 'by 
uie ©f What we iiave called "Indicated" sums and products, . Thus^ 
If A and B are expressione then A + B and A 'B arje also 
expresaions , We also Write A - B provided that Tor eac)^ .per- . 
mltted value ©f* each variable involved In A and the numerals 
'*A" ^and "B**^ name tWi same number. This Is ac'^feually a definition 
of equality for exprissl^s. The numerals "p" and "1" are ^ 
themselvee expressions and serve as the addl'tl^e and multipll^a^ . 
tive identities. With these agreements , the following basic 
properties could^ be found for expressions and have, in 'faca, been 
used many times in the course- f 

1. tt^ and, B ^ are e^Epresslonsf then A + ^ Is 
an expression* 

2* If A and B are expressions , *then .A + B ^ B ^ 
3, If A, B,' and ^ C are expressions, thert 

(A + B) + C ^ A + (B + cy, \ 
^, There le an expression .0 such that A + 0 = A for 
^; every A , / 
5. For each expression A, there is an expression -A 

such that A + (-Al ^0. 
6* If A and B are expressions, A*B Is an. expression , 

7, If A and B are expressions, AB ^ BA . ' 

8, If A, B, and C are .expressions , then (AB)0 = A(BC5. 

9, There is a^' expression 1 such that ^ - .A for 
every A . ■ . . * 

10. For each expression A different from 0, there is an - 

expression -j- such that — \ . 

ir\ ' If I A, 3, and C are expVesslonSj then 

. A(B + C) - AB + AC . .-^ ^ 

Thus we see thatf the class of rational expressions satisfies 
the axioms for a field . The class of all polynomials (or all 
polynomials in oneivariable ov,er the integers) is a sub-system 
of the class of rational expressions and has all of these proper^ 
ties except Number 10. Notice also that, the rfitl"onal numbers 
satisfy all of these properties, and the integers satisfy all' 
except !4umber lO-^hence, the parallel between rational expressions 
and polynomials, on the one^hand, with rational numbers and j 
integers on the other. ^ % 
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* Onc^ theet gentrarl properties, are established^ we can study 
rational expressions and polynomials as algebraia systems In 
their omi right IndgB^s^ntly of their connectlpn i^^th real 
numbers* oA ^vrork with factofing, simplification of rational 
expressions and dlvlslpn of polynomials forms a small fragment of, 
th^ study of these general systfms, although we have not presented 
it explicitly^ as such, T^ls way of Jooklng at the language of ^ 
algebra, which Is implicit in much of what has gone bef pre, will 
turn up frequently in later courses in algebra^. A good student 
automatically shifts to this point ^/view about algebra as he 
matures. Howeverj if this occurs before he understands, at least 
intuitively, thut an algebraic system is Involved, only confusion 
will reault. This Is why it Is important tb go back to tfie real 
\numbers whenever students ihow signs of mechanical manipulation 
of symbols. For further dlscussldn see^ Studies in Mathematics . 
Volume III , Sections 6-1 - 6-b . 



l^""!* Polynomials and Iritegera . 

In thi^ ap^'nlng sectionj an analogy is mada, between ^he 
integers an,d the polynomials over the integers. Althou^ the 
analog is necessarily flimsy at this time, it is worth making 
becAjse of the use that will be made of it In sections l4-5 and 

The analogy rests ^n the fact that polynomials (over the 
integers), cpnaidered as nu|nerala, have the same closure proper- 
ties as the integers . ^ ^ 

"fo take addition f^r example, the integers are 
^'Closed under addition. That is, the sum of any 
two integers' Is an integer, (The whole idea of 
^closure may have to%be reviewed at this time,) 
Now, the Indicated sum of two polynomials is also 
a polynomial^ since addition is one of the permis* 
sible operations in generating a polynomial . There- 



for.e, the indicated- sum of two poljmomlal numerals 

r ^ 
is another ^polynomial numeral, in this way, it 

^ ' -- ' 

•makes sense to the student to say that the poly- 
nomials are .closed under addition. (Again, as 



pages 622-623* ' ^ 

teachers, we must not overlook pYtb f^ot that 
plwhen polyrtomlals are coriBidered as abstract ^ - 
/ expressions, not as num%ra^3, closure of poly^ 

nomlals under addition is mpre substantive . 

In a similar way, it Is ^established that the polynomial's, 
like th# integers, are clased under subtraction and multiplication, 
but not under dlvlsi'onT' 

■* - _ - 

Answers to Ogftl ExercJ^qes^ 1 ^ - 1; pjige 622: ^ # . 

7 ~ ' " 
1, A ^lynomial (over a s^'pf numbers) is an expression which 

^ Ihdlektes addition, sSubtraction, multipiication or4taking 

^ opposltef or elements of the set of numbers and a set of 

variables. Any numeral for a number of the set or any 

variable is also a polynomial . ' 

^2, Polyriomials and Integers share the following closure 
properties: 

(a) closed' under multiplication^ addition and subtraotion.. 

(b) not closed under division. ■ , 

i 

Anawera to Problem Set l^l j pages 622-623: 

.1 , rts every Instance the resulting expreaaion la a polynoiTil.al . 
(%) = 5x - 2 _ i ■ (f ) 5a^ - J^a + 1 

(b) 5x -ai , (s) 2ax - 2x + 7a - 7 

- . (c) 12a + k- ■ (h) + lOx + 25 



.2 



- 1 ' ^ ^ (i) 0 



(e) ^a.^ +■ 3a + 1 (j). 3x^ - 3x^ + 5x - 7 

(a) t= |l 
(br 0 



(c) Si 



■4U3 



) 



pages 623-625: 14^1 and 14^2 

S, If the height of the smaller triangle is h Inches, then^ the 
area of the triangle Is ^(^)h square inches. The a^%a of ' 

the second triangle is i(^)(|h) square inches. The open 
sentence is 



i(4)h + i(^)(|h) - 15. 

Sh + 3h s 15 ^ 
^ 5h - 15 

h - 3 

The height of the smaller triangle Is^ 3 inches- the height 

_ □ 
of the larger^ f- inches. 



1^-2, Quotients of Polynomials . 

Indicated quotients of polynomials are singled out for 
discussion here. As mentioned earlier, they will be identified 
as^ rational expressions in a later section* 

The principal purpose of this sedtlon is to provide the stu- 
dent with more experience In restricting the domain of a variable-- 
or varlables^-so that the expression in which it appear^ repre- 
sents a real number. In this case^ of course, the empjiasis Is on 
indicated quotients of polynomials, and the restrlctlMs are 
airiied at avoiding zero denominators . 

It is true that the student has had such experlenc'ee before . 
However, this is a more concentrated attack on the problem. In 
the next sections, where Indicated quotients of polynomials are 
multiplied and added, restrictions on domains must be kept con- 
stantly in mind. It is hoped that this section will help the 
student do this . 

Answers to Oral Ex ejr c 1 s e s I ^4 - 2 ; pages 625-626: 

1 , Values for which the denominator of the expression is zero 



^ names a real number for all x except x = -1 . 



.J 



I i 0 



pages 625-626: I'-^-i 



I 



X for the expression i- + 1 

A ( 



The domain of 

0 becauae division by zero la not derined 
la not a real number . 



does n'oc include 

that Is, ^ +. 1 



(a) 
'(b) 
(c) 
(d) 
(e) 
(f) 

(e) 

(h) 
fl) 

(,n 

(k) 

(1) 
(m) 
(n) 



(o) 



no restrict ions on x " - 

Exclude 0. . 

no restrictions on m or x 

X cannot be negative , 

Exclude 0 . 

Exclude - 

no restriction on 

no restriction on x ^ - 

Exclude -2 

Exclude 1 and -2. 

no restrictions on a or on b , 

Exclude 

Exclude ail numbers leaa than -1. 

All values of x iTTUst be excluded because for all. 

values of x the denominator is zero and the indicated 

quotient does not name a real number. . 

no restrictions on x 



Answera to Problem Set l^^S 



1 * no restriction 

2 . Exclude 1 . 

3 . Exclude '-J . 

Exclude -5 from the 
domain of b . 

5. Exclude ^. 

6. no restriction on 
f- either domain 

7. Exclude 0 from the 

domains of x and y 

8* no restriction on either 
doniain 



page 6^6 : 
9. 
10, 



11 

12 
13 
1^^ 
15 



Exclude ^ Y 

Exclude all values . ^ This 
expression never names a 
real number since its de 
nominator is always 0. ^ 

Exclude -2 and -5 . 

no re s t r-ic 1 1 on 
Exclude 0 and -1 * 
-7 and 3 . 

and ^J?. 



Exclude 
Exclude 



pages "627-630 : l^-.3 



Answers to Oral Exercises 1 4^3a ; pages 629-63O: 
"2x - 1 



2"x 



1" is true for all values of x except i. 



(a) , 'x fi 0 

3x" 



(e) 



m + 
on m 



,( no re^rictions 



(b) 1, 



(c) ~ , a ^ 0, a jt'-'i 



^ , X ^ 0, X ^ 



, X ^ 0 



(d) ^ , r .^ 0, X ^ 0 ' (h) 1, k ^ -3 



Answers to Problem Set 1 4-3a ; page 63 Oi 
1 . ^ I X ^ 0 8 . 



a ^ 0, c / 0 



, b f 0, c / 0 



b ^ 0/ 



1, k ^ 1, k ^ 



'4. 4^ b ^ 0 , a ^ -12 



m ^ 0, m j?*^ 



6. # 



a ^ -b, a 1^ 



D - a 



11 



12 



5x + 50x + 45 , X 0, 

- ^ -^--^ — 

^x- I8x^ + 27x . ^ 



X + 1 



X ^ '1, x> 1 



+ i)x- + (x + 1 )a 

^ X + 2 ^ 



(-l)(a = b) 
a ^ b 



^5 x'> 1 

(x + 2) (x + 1 

5 , X ^ -I, 

X ^ -1 . 



11 



Answers to Problem Set 1 ^-gb ; pages 

1. , X ;^ 0. X ^ -2 



m + l(>n + 25 



, y ^ 0, y ^ 5, ' ^ -i 



F + 5 

X + 5, X ^ -2,' ,x ^ 5 



( 



, X ^ 0, X ^ 1, ^.^ a 



6.^ a- - 36 , a ^ 6, ay -6 



^9. /x + 



3^. 0, X ^ e , X ^ - 7 



10 , 



3Qm 



, m fi 0, ■ m / 1 , m ^ -1 



11 



35x^ + 28x . ^ X ^ 5- 



13 



•J a ^ 0, a ;^ -4, a ^ -5 

3a + 27a + 60a 



ii 



pages 633-^3^: l^ui and 

1^^. ^The denominator 5y - 2(2y) - y is,,^zero for all values 
y. It is Impossible to perform the . indlcat^ad operatipn, 

15^ Let be the larger part (number). 

Then 80 - x is the smaller part. 
Then we have ^ 

^ + 5(B0 - x) ^ 76 
Solution set: [72] 

The parts^are 72 and 8. \ ^ 

16. Let X be the tens'* digit, Thw-^ 12 - x Is ^he 
units digit and the number Is ^ 

lOx + (12 x) . 

X 3 3(12 - x) 
Solution set: (9) 
The number is 10(9) + 5 or 93, 



Answer a to Oral Exercise a I'l-^a ; page 636: ' 

1 . 6a'' ' 7 . 24a"' 

2. (x .+ 2) (x + 3) • 8. 45a"'b"' . 

3. a^b" i ■ 9. B(m + 3)^ 
^ . a ^ . 10 . ^72a^b^ 

5. (x - 2)^ > . 11 . DOa^b 

6. 48m''n 12. jo(a - b)^ 



Answers to\ Problem 3e t l^-Ha pages 636-637! 



^ 7b + 7b 
17 - . 



"lec' 



a ;; 

11. 



pages 636-637: li+-4 



ERIC 



k ^5x' .+ 6 



- k 



30y 



fam n 



10. 



. X fi 0 

, 7 0 

s 

m jt 0, n ^ 0 



^- 3(x - 1) ' ^ ^ 1 

0; ? - X 



9a 4- 4b 
(a - b)2 ^ 



a ^ b, a 7^ -b 



a b 



(a- b)^ 



-3 /a - b, 



a - b^a - b^ 



11 



12, 



— ^- 5^ i X .0 

25x- 



"3a + 3b 



a - b)^ (a = b: 
a 



-a + 3b 

(a - h f 



be + ac + 

a be 



, a ^ 0, b ^ 0, c ^ 0 



13^ 



x(x ^ 1) ' ^ ^ 1' ^ ^ 0 



14, 



ISx - 21 , ^ 



(m - l)(m - * 



449 



^ pages 637 -6 Uo- 



16, 



17 



18, 



-ax 



(x + 5)(x = 3) ' 

2 _ . 2 ' 

X - 2xy - y 

(X + 7)U - y) ' 



X ^ J, X ;^ -5. 
X ^ y, - X ^ -y 



19. 



y 0 



20. 



x^ + Bx +_1 



x ^ 1, X ^ -1 



Answers to Problem Set lU-4b ; p&ges 65§-640 



llx + 26 



+ 2x 



, 3< ^ 0, X ^ -2 



/ 



a + 2a 

— S 



(a = 4) 



;^ 0, a f£ k 



5. 



c-(c + 2) 



7fb = l)'^ 



- 1 



X » 1 



^ , X ^ 1, ^ X ^ -1 



♦ 5 



1 



h30 

llu 



page 640 i 14-S| 



9. 



By 



4- #r=-# 



77 



, X ;^ 0, -2 



( 



12. 



7_a » _7b + 6 



' 2(x + ^) 

(x - l)(x + 1)' 



, X ^ 1, X ^ -1 



lit, 



ax:: - 7x + 24 



16 



(x 


+ B)(x ^ 


l)(x - 






■v^ - 6v 














'5)(v - 


5) 














• 5) . 





ERIC 



17 



18, 



-X + 2 



(x + l)(2x - 1) • X -1 . X ^ 

19x + 12 / ^ ^ / 

2ix - yj(jx i- 4) . X ^ 2 , X ^ - - 



^51 



pafees 6i*0-6il2t arid l!f-5 ' 

7a + i+ 



/ 

Note: The ansv^ers above have numerator and denominator In . 

factored f q^m . Th^ls is not a requirement for a simplified 

form. For example ^ — — would be a perfeGtl;^ 

+ 2y - 8 ^ ^ 
acceptable formtfor the answer to problem 9 above. 



l4-5' Rational ^ Exp^reg signs and Ratipfial Numbers . . 

Ih section l4-l, 'it was pofe^ed out that ^the int'egers and 
the ^lynomials (over the integers) are both olosed under addi- 
tion^ subtractionj and multlpllGatldn, but not under pivision* 
Thus, in analogy was established at that time. 

In this section j the analog is extended. If the operation 
of division is introduced in the set of integers^ the set of 
^rational numbers Is generated. As the student has seen earlier, 
every ratibnal number can be expressed as the^ indicated quotient 
of two integers , * \ v 

Since BomeVhing ha€ be^^made ^f the analog between the- 
polynomials and the integers^ and siVjce the j^otient of two 
integers represents a rational number, it saems natural to use 
the word "rational" in connection with. the indicated quotient- of 
two polynomials. ^This is Indeed what is done. The indicated' 
quotients of polynoTnials whl^fi^ have been the sS^bJect of the past 
three sections are called .rattpnal expressions . 

In fact, .this can be given as^the definition of a rational 
expression. However, the following definition is glVen In the 
Student's texti 



pages I 



A rational expressl.cpn is one which Indicates 
■at most the operations of addition, subtraction, 
multiplication, division, and taking oppositefe. 

This derinltlon has at least two 'advantages : 

(1) It parallels the definition given for polynomial in 
Chapter 13 ., ^^^^^ 

'(^0 It makes it easy to identify rational expressions which 
- ai'e not in the form of 4he indicated quotient of two 

^polynomials, e.g., ' ■ ^ 



^ X - 2 + i ■ ^ 



Although a rational expression does not have to appear as 
the indicated qufetient of two polynomials over 'the integers^ this 
is usually considered 'a preferred form of a rational expression . 
Simplification of a rational expression to a quotient of two 
polynomials constitutes a major part of the problem set for this 
section , \ 



swers to Oral . Exerclsea 14^5; page 6^5: 

Since the set of polynomials is a subset of the set of 
rational expressions any polynomial Is a rational expression. 
An example is x""' + 2x + 1 . 

2. Any expression which involves the operations with radicals, 
Ibsolute^ values or- division by the zer o express ion is not a 
>rablonaI expression. An example is -+ y~ . 

2 ^2 3 

3. Previous comments apply. An example is ^ + gy + m ^ 

3xy 

^. ^a) polynomial and rational expression 
.- .(b) rational expression only 

(c) polyrrawial and rational expression 

(d) Neither - It is a sentence. 



pages CH', 
- (a) 



(fj 
(S) 
(H) 



(1) 



(J) 
(k) 

(1) 

(m) 



(n) 
(o) 



Neither the cf'enomin%tor is the zero expression which 

excludes the expi^ession from the set of rational 

expressions . ^ . 

- f * 
rational' exprasBion only ^/"^-^ " 

Neither = it involves an indicated squarf^oot , 

Neither - althougji it is another name for a number 

which Gan be expressed by a polynomifal . Here we are * 

talki^ not^bout numbers but about forms ' of expression; 

This exores^on does not have the form of a polynomial. 

Neither the operation of taking the absolute value is 

not amon^ those prescribed for polynomials ^or rational 

expressions , ' 

Neit^her - it Is a sentence . v 
rational expression c^lj^' 
polynomial and rational expression 

Neither even though it is another name for 0 and 
''0'' is a polynomial, this form is not tha^t^^^of a 
polynomial , 

rational expression only 

rational expres^sion only - Even though simplification 
would result in a polynomial, the form would be 
diil'erent, and so would be the domain of the variable 



Answers 

1. (a 

(b 
(c 
.(d 
(e 

• (f 

(s 
(h 

(1 
(.1 

(1 



to Pr oblem Set ljug ; 



pages rih^^hhf^ ; 



polynomial and rational expression in 
polynomial and rational expression in 
polynomial and rational expression in 
rational expression in 2 variables 
rational expression in 1 varlabl^ 
polynomial and rational expression 
polynomial and rational expression in 
none of these 



none of these 



sentence in one variable 



polynomial and rational expression 
polynomial and rational expression in 3 
polynomial and rational expression in 3 



variables 

variable 

variable 



variable 



variables 
variables 



1 * 

page 646: y 



(m) polynomtal and rational expression - 

(n) rational expression in 5 variables 

(0) none of these ^ 

(pf none of thfese - sentence in one varia'^)le 

(q) ^"ratlonal expression in l variable 

. - ■ \J ^ 

Many answers are ^uDssible 
(a) an exagiple 1b r (x + "j] 
(b) 
(c) 



(a) 



r 



an example is 
an. example is jx^ 

(Jm + i)(6: 



1 

5 , 



6 
h 



2m 



m ^ 0 



(e) 



^ 5a + 1 , a / 0 



(g) b ^ 1 , ^ b 0 
(d) 

X 

o 



3 + 5x + X 



y + y 



X 0 



X + 1 



X ^' 1; 



jx + 7 
" + 2 



yiy + 



(J) ^ 



3y + 1 



y - 1 



X 



) or % + Sy, 
y ;^ 0 

u ^ 0, V ^ 0 



y ;^ 0, y ^ i 



X ^ ^1 
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l4-6. Dividing Poly no mials . ^ ' , 

S ^ 1 

With the establishment of a link between the integers and 

^ ^t he polynomials mnd between rationa]^ numbers and raUdfcnml expres 

slons ] an ex^jression such 



N _ _ 

.^^£fan be compared t© an exfiression such a a 

^ . 168 - 

/ - . ^ - \ " 

The second case represents wh^t many smjdents fliay call an\ 

"imprpper f;^action" =-one in which the numerator is. not smaller \ 

tha^rl the denominator . ^ • 

■ In the course of this section, tlie student will .come to see 
that ^t^€^TT54t case above is ■'improper'' in the sense that the 
degree of the numerator Is not less than the degree of the 
denominator 

Thus, both kinds of expressions are simplified by the sam.e 
^^process--long division. 

The section begins with* an explanation of long division as 
repeated subtraction, since this process is one often poorly 
understoodAy students. Then the process is extended to apply 
to the division of one polynomial by another, v 

The fundamental Idea of the section may ue represented by 
the following property of the system of polynomials; 

Let M and D be polynomials wl'th D different 
from- the zero polynomial . Then there exist poly- 
nomials Q and R with R of lower degree than 
D such that N - QJ) + R . 

This property in analogous to the foj^owlng property of the 
system of integorn: 

^ Let n and d be positive integers with d 

different from 0, Then there exist non-negative 
integers q and *r with r less than d such 

■ that n - qd -\- r. 
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Aniwert to Qpal Exerelaei l4-6a ; page 650; 

1. Several ways are' possible, such as 1 + ^ , 2 + | , ete 
In the form *| ^ q + | , o £ r < d, ^ = j + |. 

' e . i- - • ■ . " = 

S.'' 2 + y • X a 5(2),^ 2 ■' The dlvJLOend is 12. 



3. 



^ - « ^ # 



't. ,j(a) d 5 . " (f) q = 2 d = 5 

(b) q " W . (g) d = 7 , 

'' F ' (h) r - 4 d = 11 

(d) n m 50 ' (1) r = 2 d = 5 

..(e) d.= . jv, (J) n * 57 . d = 5 

Answers , to Problem Set ^6a j. page 650-651 1 

1. 229 = 17(13) + 8 ;/ ■ ' 5. 18 = 2(9) + 0 



T " ^ ^9 



2. 486 = 125(21) + r ■ ■ :_,6. 41 « 4(10) + 1 , 

ar ^ ^ a f ' , To =^ ^ To 

5.Vj 'l9? 131(1) +61 , ■ 7. 22 = 4(5) + 2 

4. 768 - 47(16) + 16. ^' 8. 45 = 5(15) + 0 

768 ,^ ^ 16 45 0 

9. If h is ^ the number of hours he walked, then 4h was the 
number of miles he walked , His rate v/aa ^ or ^ miles 
per hour. 



id. If X is thm numbtr of quarters in eaeh pile, then! 

29.75 - 3( .25)x + -aC -as) 

v ■ .75x ^29.25 . 

X W 29.25(|) ^ 

■ ' . :' : X m 

The truth set Is - (39) , There were 39 quarters In each 
pile. — 

Answers te Oral Exerolseg 14^6b i pages 65H-655j 



(a) 


e 


Cd) 


0 


(b) 


3 . 


(e) 


2 ■ 


(c) 


1 


Of) 


1 


(a) 


8x 


(d) 


3a 


(b) 


5x 


(e) 


-7 


(c) 


Sa 


(f) 


3m2 


(a) 


-6x2 


.(f) 




(b) 


-y2 + 4y + 2 




V = 3y= - 


(c) 


i+X + 2 


(h) 


,3x + 7 


(A) 


I 4x - 2 


(1) 


0 


(e) 


7x + 5 


(J) 


7^2 



/ 



Answers to problem Set l4-6bj pages 655-656: 

1. (a) 5x^ - 7x --10 - (5x + 5)(x - 2) + (-4) 

dividend quotient divisor remmliader 



(b) + 2x - X + 10 

dividend 



[x -x+2)(x+3) +4 
quotient divisor remainder 



(c) x;^. +.2x^ + Sx - 1 ^ (x^ + X + l)(x + 1) + (-2) 



2 



dividend 



quotient dlvisbr remainder 
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pages 655-6581 14-6 



3 2 ^ 



2. W " •f_l'--^ .^'...x.^^ 

dividend I x' - 2x® + 2x + 1' qu^tlant: x® - x + 1 
dlvlsori x - 1 remalndepi 2 



X dlvldandi x' + 4x^ + Jx - 5^ , quotient! x" + 2x - 1 
^ divisor I X + 2 ' remainders -3 




quotient I Jx + 2 
divisor I X - 4 remainder I 5 

5. (a) x^ I x^ , (f) X j X +4'-^^ 

* (b) ky? r>15x^ (g) 3yT^l4x ^7 

(o) ^5x ] -7x + ^ (h) 4x- I -3x^ + 2x + 4; 

(d) 0 ^ (1) 5x ] 9x^ ^ Ita + 7 

(e) 3p ; -6x^ ^ 3x' " 2x^ (J) 2x^ ; -7x^ + Sx' - Jx^ 

- X + 2 

Answers to Oral Bb^ercises 14^60 ] paga 658: / 
1 * d ism factor of n if r is gero in the sentenae I; 

" ^ « ± ^ 

2. (a) X - 3 is a faetor since the remainder is zero. 

(b) X + 3 is not a factor sinoe the remainder is one, not 
gero. ' 

(c) X - 1 is a factor sinee the remainder is zero. 

(d) l4x - 2 Is a factor since the remainder is zero. 

(e) 2x - 3 is not a factor, Itie remainder is 2, not uro. 

(f) X - 2x - 1 is 9 factor since the remaindtr is ler© * 



knBw^ to Preblem Set l4^6a j pages 658-659 
2 



1. 
2. 



it. 

5. 
. 6. 
7. 

sf 
9. 

10. 
11. 

12. 
13. 



^ ^ 1^3;*' ^ A X + 2 aince "(x + 2)(x + 3) a +'5x + 6 

k 2 ]» • ^ v ' ■ 

fe3 - ' ^ ^* " ^ since - % + 1 B '('2x - l')-(2x l|' 



J. 



X - a 



2x^ - 4x + 3 
X - 2 

5x3 ^ +7 " -r- 7: 2 I 

X + 1 - - 5^ ^ ^ + X + 1 

2 3x^ + 7x ^ .1 ^^2.7^ 20 
'X * 3 \ ■ ^ * x ^ 3 



since 2x- - 4x + 3 = 2x(x - 2) + 3 



4 .^2 
X + 2 



X .+ 2 



+ 1 _ x^ - X + 1 
x+1 - ^ + 

- X^ + X^ +.X + 1 

; ^ - 2x2 ^ + 60 + 



ax^ + x^ - 5x^ + 2 _ ^^'i , 
X - 1^^ ^ ^ + 



3 2 



2x - .a 



+ j- ^ x^ - x^ + x^ - X + 1 
QX^ + 12x + 4 -av 4. P 

2 — gF+T = 3X + 2 



3x. - a 



ex'' - x*- - 5x + ^ 



a 2X^ + X - 1 + 



3x - 2 



15. 3x + 7 

16. 2x- + X 

17. Sx^ - 1 



*18. ■ (a) ' X + 2 

(b) 3x +■ 5 

(c) 5x - 1 



(d) 2x + 4 

(e) X - 5 
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pagts 660*662 

Answers td tevltw Problem Set j^ pages 660-664^ 

\ . - kll a^e rational except in: (i), (j), (k), and (r). 

All are polynomlaas except ' in '(h), 1(1), (J), (k), (l),r 

(ra), (n), (6)v and (p) , 
The axpresalons In (b), (q), and (r) are polynomials 
In one variable . 
' The expresalona In (a), (b), (c),- (d), and (q) are 
polynomiala over the Integera , 
The expresslonB in (a),^ (b), =(e), (d), Te)T''i'ryv~t¥r^* 
; . and (q) are polynomials 0ver the ratlonals . 

•nie expressiona In (a),, (b), (c), (d), («)» (f),' (g), 
(q), and (r) are polynomiala over the reals, 

^ (b) 5^/^ . is) 



Cfi) ^ . ■ (h) 

(d) ; S^r ' j (1) |x + y| 

(e) |a| (J) Jfi^ 

3., ,(a) 3v^+9 • (d) 5 + 2vT' 

(b) 2y3'+ 1 (e) -3 ^ r 

(c) tvT - 6v/r 

4. ^a) 3a(l + 2b) . (h) (x.+ y)(x ^ y ^ k) 
(to) (x + y)^*) (i) Sa^b^Cab^ - a + ^a^b) 

(c) 3x(m I H + 4y) ♦(!) (3a - 2)(2a - 5) 

(d) (x - 6)(x - 5) *(k) t3a - 2)(2a + 5) 

(e) (x - 2^)ix + a) (1) 4(4x - 5a)(^x + 5a) . 

(f) prime (m) 2(4a - 9)('*a + 9) 

(g) (a - b)(a + b - '*) *(n) (m + n - a)(m.+ n + a) 

R / = v (^^ 8x^ _ 3x + 6 

5. (a) 2^ ~W(T^rTr , 

, y 3b , - Sa _ /„x 4a - 3 

/ V rta + gb ' , / s ^2x^ + 8x 

(d) ^^9^^ ^ (h) ; + " ^ 
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6, (a) 3x + 5 

fh) 2x + 5 + 



(d) X + + X ■ + X 4- 1 

(e) 2x 3 



(a) (^} (1) |} 

(i) the set. of all riumbers (j) [-^9,^9) 
greater than (-1) (k) 



■i 



(c) tf] 

(d) t^) 



il (1) t-7, 2) 

•(m) [0, |, - §3 



^— *(n) [3, -3) 

(e) ,C'7j - '^l ' *(o) the set of all hunibers equal 

V to or greater than 8j or 
(fX- C5j 8) \equal to or less than 2 



(e) (- |l 

(hJ) [25] 



SC^ ^aV 2x^^ + X gp Sirice the remainder poly- 

( 2x~ ^ 6x nomial is not Eero, x - 3 



, 20 is ^ot a factor of 

7x1 21 ^ 2x^ + X ^ 20, 

1 



9, (a) is r^t rational 

(b) s^Tp^^' ,2, is rational 

(c) ^ , is rational 
= A- . is rational 



/lOO ~ 10 
(e) is not rational 

10* The "averaEe" of ^ ' and - ^ is j( ^ + ) 
v/hich is 1 - . \ 
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11* If the number la* then the sentenp*^ f s x, = Ql + 6x. ^ 

x^ - 6x r 91 =0 , 

(x + 7)(x < 13) ^ 0 

- ^ #p ■ - ■ 

; The truth set la (-7^ 13) # The nwnber can be ^ -7 'or It 



ean be 13# 



■■■ 's 



Ifi^ ' If the i^ialler integer Is x, then the neyt successive 
- Anteg#r irf x + 1. Their reelproca: 



1 the next 
lis are 



respeotlve,ly. The sentence Is 

^ X ^ X + 1 



56(x + 1) + 56(3^'v^ 15(¥)(x + 1) 

15x^ - 97x - 56 - 0 ■ . 

(15x + 8)(x ^ 7) ^ 0 

The truth set la (7) alnca the domain permits qrtly Integers. 
The flr»t Integer Is 7 and the, second Is 8* = 



13; 




2x + 2 



If the length of the shorter leg Is x fee^ 
then the longer leg h^s length^ Sx + 2 feet* 
The Pythagorean relation applies, resulting 
In the sentence 



+ (2x + 2)^^ 13^, 



5x^ + 8x - ^5 ^ 0 
C5x + 33) (x - 5) = 0 
The truth set is {5) since negative values npust be excluded 
from the domain . The legs are 5 feet and 12 feet long. 

1^, If the passenger train travels at r miles pe.r hourj then 
the Jet travels at lOr miles per hour. The sentende Is 

lOr m 120 + Br, 

r ^ 6o 



Since the truth set is [60} , the rate of the passenger 
train Is 60 miles per hour and the rate of the Jet is 
600 miles per hour. 

m 1 n ) 1 

^ ^ J \^ I 

I 



If n is the number of poundE with nut centers', then 
^ - n is the number of pounda'^with aream eentgrs . 
The value of the nut centers Is n(l.40) dollars and of 
the creams (40 - n)(1.00) dollars. ^The value of the' ^ 
mixture is 40(1.10) dollmrsj so our sentence is 

^ ,n(1.40^+ (40 - n)(1.00) = 4o(l .10) , v 

.40n ^4 
n ^ 10 

Itie truth set is flO}. Thus there should be 10 pounds 
^ of nut centers and" 30 pounds of onaams * ' J 

# 

If the faster* train travels at the rate of x miles per 
hour, then the elower' train travels at the rate of yx 



mil^s per hour:. The dietances .traveled by the trpins are 

/ 1 V ,2 s i Ix " ■ 



x(3^) miles and (yx)(3^)' miles, respectively. The 
sentence is 

V Mx + 5|x = 160. 

' X = 160(||) > ^ 

' ^0 . 

The truth se^-is* (JO.)^ The faster train Is going at an 
average rate of 30 miles per hour, the slower at an 
average* rate of 20 miles per' hour* ' > ^ 



, ' Suggested Test Itema 

Claeslfy the following numbers by writing the lette^ which 
Identifies the number . In the spaces pribvlded , Some numbers 
may fall into more thari one clasi^f iQatlon . 



(a) yy. 12 . a 

(b) •/H - -/^ 

4 

(c) 
(d) 



c)' i • f - 5j I 

(s) 7? -Vl - 

■(h) ^ ^11 ^ 2 

(i) v^? ^ 11 



positive integers 
Intege^^s 

rational numbers 
real numbers 
none o^ the above 



2* I? a national expptsslon is not a polynomial how do4s it 
dlffv from a polynomial? * * 



Classify the following expressions by writing the letter 
which identifies the expression in the spaces provided* 'Some 
expre.ssions may fall into more thm one oiassif Ication^. 



(a) (x ^ 3)(x + 2) 

(b) B + i-t 

(c) ^/X + 1 



(d) %.| 

X 



(e) 
(f) 

(s) 



B- + 1 



(x - l)(x = 2) 

(x ^ 2) 
■|x ] 1| 



polynomialB over the integers 
polynomials over the rat ional j numbers 
polynomials over the real numbers 
rat i onal expr e s s i on s - 
none of the above 
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,4. ^State th© conditions under which tht tjfpresslons - 
^ ^ x^i^j^ X + 1 name the same number. 

5% Explain what is mtiiit by ■'simplifying" a rational eic^resslopr! 

* ~- ' 

6. Simplify, (In each caBe Indicate the domain of the 4farlable . ) 
. (^) S^.S^ "(h) ^-SS^.'l^b 



3 



J a' - 5a + 6 . . \ 2 + f- 



, Determine polynomlale^ q and r (with r of lower, jdfgree 
than X + 1)' such tha^ 



2x- - 4x + 1 ^ (x + l)q + r. 



8. Determine polynomials q and r ^(wlth r of lower degree 
than the divisor) such that ^ 
/ _ V 3x^ + X - 4 ^ ^ r 

(a) X ^ a — ^^^srrr 

(b) -q.+ " 



i X « 1 



(e) ^ q + g ■ 

-I- 6 X + 6 



. 6 k 2 - 

Is X + 2 a racior of x''^ + 2x - x + + 14? 



(Tha^ is, can a /polynomial q be found* so that 

^ q, with r - 0? ) 



X + 2x x.^= + 5x + 14/ 



X + 



^ 466 ^ 



I, Pind th« twth set of each of the folic 



10), Pind the truth set of each of the following ientenees, 

(a) (5x - 2)(2x + 7) - 0 ^g'x^ ^ ^ 3x ^ 2 

•(b) 3x2 + ilx + 6 = 0 X - 1 



'11 , Solve each of the following problem^ 

(a) Two trains 400 feet apartjiftrt approaohlng each other 

-- on tbp P&mf. traGjt? One Is trav^lnj^JXfi-- CS^t per 

-second and the ^other Is going 90 feet per seaond, 
Af ter^ow^muah time will the trains eolllde? 

(^)//ti. Boh^ol dance committee has an assortment of cindy bars 
*, to be sold at each and twloai as many cupajpf 

soft drink to be sold at 15^ each* The^ total Hnootne 
from the affair. Including $177 for tickets, was 
$313 . after selling out all refreshments. How many i 
^ , brinks and bars were sold? 

(o) If the committee In part (b) made a profit of 

of cost^ what was thilr profit for the evening and how 
much did the danoe Gost? 



Answers to Suggestf d Test Items 
positive Integers (c), (dU (g), (h) 

integers (a), (c), (d), (4), (f), (g), (h) - ' ) 
rational numbers (a), (c), (d), (e), (f), (g),^(h) 
real numbers (a), (b), (c), (dL (e), (f), (g), (h) 
none of the above (1) -=^"r 

If a rational expression la not a polynomial expression, 
then it involves an indicated division^ 




polynortlalg over th© Integers (a) 
pol^omlals over the rational? tiumbers (a), (b)- 
pol^omlals over the real numbers (a), (b)*' {^) 
rational exprenslona (a), (b), (d,), (e)^ (f) 
ii©n# ©f the ^bove (c), (g) 

i^y / X + 1 name the same number If x Is 

different from x3 * ^ x 



"Mnml IfsingLA rational expression jnganslw 



writing the 



rational expreaslon as an Indicated quotient of two poly- 
nomials which do not have common factors. 

(a) ^^ll , (domain I x ^ -2) ^ 

(b) ^ , (domains a ^ 2, a o) 
^2 

(c) ^ ^ + , (domain: ^ ^ 0) - 
xIx-i)fx-H) * (domain: x ^ 0, x ^ ^1, x d 5) 

(e) ^1 , (domain: a ^ 3^ a 2) 
a - 3 ^ ^ 

(f) — - (domain: x 1/ x ^ 0) 

x~ - X 



(g) y . (domair>r a ^ 1, a -1, a ^ 4) 

M (domain:- b ^ 1, b^ O) 

(i) i , - (domain: x ^ 0, x ^ -1 ) 



2x^ ^ 4x + 1 - (x + l)(2x ^ 6) + 7 
(a) — — — ^ 3x + ox + 13 + ^ — 



(b) ^— ^ ^ + x'^ + X + 1 + 



(c) .+^^0 + ^^i^ 
' x" + 6 + 6 



Q 



I 

2x^ ^ -t- 5X -t- 1^ ^ - X + 7 + 



X + 2 - ^ ^ ^ ' ^ X + 2 

j r ^ Oi therefore, x + 2 Is a factor of 
— ^ X"^ + 2x - X + 5x + 14 

10. ^ (a) (| , - |) _ ^ ^ 

(b) I , -31 

io) ^i^) 

(d) |) ^ 

11. (a) Each train will travel t eaaonds before the oolllslon. 

The sentence is 70t + 90t = 400* 

l60t ^ 400 

'-i • 

The truth set is [i] . The trains will collide after 

1 * 
2^ see ends . . 

(b) If n is the number of candy bars sold and 2n is the 
number of cups of ^6it drink sold, the sale of the candy 
bars amounted to ,10n dollars and the sale of the 
cups of soft drink amounted to a5(2n) dollars. The 
income from the refreshments was '0136, So the sentence 
is 

MOn + .30n - IjS , 
^ . ^ .4n ^ 136 

. y - ■ n ^ 3^0 

The truth set is {340). Therefore, J^o candy bars 
were sold and 680 cups of soft drink were sold. 



r 



ue9 'I I* I 




(a) The danee oont n dollars. Thtir committee mad^-a brorit 
of ,60n. Total Income from the aftalr was IJIJ , ttie 
sentenee la n + ,6 n ^ 313 

1 ,6n = 313 ' 
n ^ 195*625 

mia truth s#t Is (195.6S5)^ Thmrmt^Tm, the proflt'was. 
$117*33 and the cost was $195^62 . 



I 
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r^'^' ' Chapter 15 

TRUTH SETS OF OPEN SENTENCES 

In this chapter we take a more careful look at the process of 
finding the truth set of a sentence. By developing a theory of 
equivalent equations and equivalent inequalities, we are able to 
determine when a new sentence has the same truth set as the 
original sentence without having to check in the original sentence 

Special attention is focused on the domain of the variable 
as determined by the form of the original sentence under conslder= 
atlon. We reestablish the convention that unless otherwise 
indicated the domain of the variable for each sentence will be 
the set of all real numbers for which that sentence has meaning* 

Alertness shouTd be developed for the possibility of a zero 
denominator for certain real value^ of the variable . 

Background material on open sentences and equivalent 
sentences will be found in . Studies in Mathematics ^ Volume III, 
Sections 6 .8 - 6 .16 . 

15-1 , Equivalent Open Sentences . 

% ' The important concept being emphasized here Is an under« 
4t4nding of why sentences are equivalent. If your students have 
any trouble with^ the technique of deciding what to do to a 
sentence to obtain a simpler sentence, you may want to point out 
how an Indicated addition can be ^'undone'' by adding the opposite 
(as in adding (-y 7) in the second example) and an Indicated 
multiplication can be ''undone" by multiplying by the reciprocal 
(as In multiplying by i In the first example). 

The number zero plays a prominent role throughout the 
chapter. At the outset the student should be fully aware that 
zero has no reciprocal.* hence multiplication by zero is not a 
reversible step. 
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Answers 


to Oral Exe 1 s e s 


15-la; 


page 


668: 


{ 


1- (a) 


adding -6 




(f) 


muitlplylng 


by 


(b) 


adding 10 




,(g) 


adding (x + 6 


(c) 


multiplying by 


1 

5 


(h) 


multiplying 


by 


(d) 


adding - ^ 




\ (1) 


multiplying 


by 


(e) 


adding (-y - 7) 






adding -w 




2. (a) 


(^)- 




(e) 






(b) 


(13 




(f) 






(0) 


C2) 




(s) 


[0} 




(d) 


D) 




(h) 







1 



Answers to Problum Set 15-la ,; pages 668=^70: 

1* (a) [2) \ (2) Yes, they are equivalent, 

(b) C-y) J [38] No, they are not equivalent 

(c) (6) J [6 J Yes, they are equivalent. 

(d) [3} J C^O ^No, they are not equivalent. 



2. (a) Jx - a ^ 12 



3x ^ ^^0 



(b) 4y ^ 12 



y - 3 



(c) 9t + 7 - 2t 



7t + 7 - 0 



add 8 to each slde'^to obtain 

.3x - 20 

add (^8) to each aide to obtain 
3x ^ 8 ^ 12 

multiply both sides by ^ to obtain 
y - 5 

multiply both sides by h to obtain 

4y ^ 12 

add (-2t) to each aide to obtain 
7t + 7-0 

add 2t to each aide to obtain 
9t 4- 7 ^ 2t 



(d) 7x - 2 3 3x + 5 add (-3x) to each side to obtain 

4x - 2 - 5 

- 2 * 5 add Jx to each side to obtain 

Jx ^ 2 - 3x + 5 

(e) 3 + 5 ^ jt +'5 add (-5) to each side and then 

J " ^ multiply by |- to obtain 2 ^ 2t 

2 ".2t ' multiply each side by^^ and then 

add 5 to eaeh side to obtain 
3 + 5 - 3t + 5 

(f) ^ - 1 - h multiply each side by k to obtain 

■ 3h " 4 - Uh 

mult^lply each side by ^ to obtain 

|h - 1 ^ ' ' 

(g) ^ + ^ ^ ^ ^ |- multiply each side by % to obtain 

k + 2 ^ 2k - 1 ' 

k + 2 - 2k ^ 1 multiply ©ach side by i to obtain 

k 1 k ^ 1 ^ 

(h) 3x- ^ 27 multiply each side by = to obtafn 

2 , ' 

2 

X" ^ 9 multiply aach ^Ide by 3 to obtain 

2 

3x- - 27 

(1) 1^^ + n ^ 25 + 3n add (-13 n) to 'each side to 

obtain 1 ^ 12 + 2n 

1 = 12 + 2n add (13 + n) to each side to 

obtain l^t + n = 25 + 3n 



Where the^ aentences are equivalent, only one of the glven^ 
solutions Is necessary. Both are Included since one could 
start with either sentence. 

(a) 2x ^ 12 X ^ 6 

(|)2x ^ i(12) (2)x ^ (2)6 

X - 6 - 2x ^ 12 

They are equivalent , 
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(b) 12 + _3n - 5n f 12 - 2n ^ , 
12 + 3n + (-3n) - 5n + {-3n) 12 + (jn) ^ 2n + (jn) 

12 ^ 2n ^ 12 + 3n^^ ^ gn 

They are equivalent? 

* 

(c) 5y - - 5y + 8 ' • 

5y - it + (-3y + 4) = 3y + 8 + (-3y + k) 
2y = 12 
(|)2y = |(12) 
y = I 

' y = 6 ' , ^ 

• (2)y^='(2)6 

• ay = 12 . ■ 

2y + (3y -.4)/=^ 12 + (3Sr - 4) 
,..' 5y _ 4 = jy + 8 

They are equivalent , 

(d) 7a - 5s = 12 , s = 6 

23 = 12 (2)s = (2)6 

(i)2a = i(l2) , ' 2s = 12 

3 = 6 



■They are equivalent 



7 



(e) Jx + 9 - 2x a 7x - 12 ') ' 5- = X 

3x + 9 - 2x + (12 ^ x) ^ 7x - 12 + h's - x) 

21 6x 
(t)21 ^ (i)6x 



J - X 



They are not equivalent since the truth set of the 
first sentenoe is (=■) while the truth set of the second 
sentence is [^] . 
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pages 669 -672: 
(f) 



15.1 



'Zx"^- + = 10 
2x^ + 4 + (-h) = 10 + (-4) 
ax*^ = 6 
(i)2x2 = (i)6 

' x2 . 3^ 



They pre ,not -equivalent 
sentence x" - but it le 

sentence 2x + k = 10. 



x2 = k 



2 is a truth number of the 
not a truth number 6f ^the 



f 



(a) equivalent 

^ {^b ) equivalent 

(c) equivalent 

(d) equivalerft 



(e) 
(f) 

(s) 

(h) 



equivalent 
equivalent 
equivalent 
equivalent 



(a) (2) 


(g) 


0 


(b) (2) 


(h) 


{15 ) 


(c) (-1) 




CO 


(d)" [1} 


(J) 


C9) 


(e) [0)' 


i (k) 


[-3] 


(f) [6] 


(1). 


C80] 



Note : (g) may be 

questioned %y the 

^Student since carrsr- 

out operations on the 

second sentence does 

not appear to produce 

the first sentenGe . 

Remind him that 

(=1)0 =-(-l)(2x - x^) 

does produce 
2 

0 ^ X - 2x , 



Page 670 . Here we warn the student pf the hazards of multipll-' 
cation by an expression containing the variable. In the first^ 
example the multiplier has a zero denominator when x " 5> and In 
the second the multiplier becomes zero for w ^ 0. In both cases 
the truth ^j^^^ altered 



. , ■ ■ ■ 1 
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The general purpose of this section Is to caution the 
student against the type of manipulation which fails to preserve 
equivalence. The first example illub^^a^es a more serious danger, 
involving the "loss" of a truth value.' In most situations the 
student can redeem the situation by checking, but In this case 
the missing element may gone forever. A "safe'' method for 
sol^vlng such problems is given iatef". 



Answers to Oral Exercises Ij-lb ; page 673: 

^-'^^ 

1. Thiey are equivalent^ because the second sentence can be ' 
obtained from th^e first %by multlplyihg each side by 3. 

^ Since" "multiplying each s^de by 3" is a reversible step, 
it guarantees that the r«w sentence is equivalent to the 
first. One could also answer "yes" on the basis that the 
truth sets of the two sentences are the same. Both reasons 
are important but in this chapter v/e ape emphasizing the 
first . ■ 

2. They are not equivalent = The truth set for x = 3 is {3] 

o , _ 

while the truth set for x^" ^ 3x is [0, :A -■ The second 
sentence can be obtained from the first by multiplying both ' 
sides df the first by x^ but this step does not guarantee 
equivalence unless x is a non-zero real numbB*^ (that is, 
zero excluded from the domain). Since x can be zero in 
thin case, equivalence is not guaranteed. Thus we look at 
the tru t.h sets . 

3. They are equivalent j since the second can be obtained from the 
f^lrst by multiplying bpth-, sides by a reai number (y) , 

^ . They are equivalent . 

5* They are not equivalent. The second sentence can be obtained 
from the first by multiplying both sides by but i is 

not a real number for every x, thus equivalence is not 
guaranteed, _Tha truth, sets- are {0, 1] and [1]. , 
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i f 



6, They are not equivalent; the truth set for . t ^ 1 is ' (1)'^ 

while the truth set for t" ^ t Is [0,1]. 
# " 

2 

7, They are not equivalent; the truth sat for m ^ m is 
[0, 1] while the truth set for m - 1 is (l). 

8, They are not equlvalefttj tTieJ^truth set. for 

5(y _ 1) ^ y(y ^ 1) is ( 5 j 1 ) bu t the trut^i set for 
5 ^ y is (5) . 

9, They are not equivalent; the truth set for B ^ m is (GJ 
but the truth set for 6(m - l) ^ m(m - l) is [6, l], 

10, They are not equivalent; the truth set for x(x +1)^0 





18 


{0, 


-1] but the truth i 


let for X + 1 


Answers 


to Problem Sat 


15-lb; 


ages 


673=675: 


1,. 


(1) 


The 


phrase is 


zero. 


(11) 


The p^hr; 
number j 


s 


'(aT 


If 


X Is 3 






never 




(b) 


If 


y is ( = 






never 




(c) 


never 






if t 




(d) 


never 






if h 




(e) 


if ' 


X Is 0 






never 




(f) 


If 


t is 2 


or 3 _ 




never 




(g) 


never 






If t 




(h) 


never ^ 






If X 


2. 






( Eero ) 


(11) (not 


a re 


al number 




(a) 
(b) 

( = ) 


if 

if 
no 


y is -5 
X is a 


% 


no 

no , 

j 

no 






(d) 


If 


X is 0 










(e) 


no 




If 


y is 


6 


(' 


(f) 


no 






no 






(s) 


If 


X is 1, 2^ 


or 3 


no 





is 2 

Is 0 



f 



la (-1) or 0 ^ 
is 1' or (-1) 

) '(111) (a non-2ero 
real number) 
no 

no 

yes 

no 

no 

yes 

no 
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3. (a) 2x + 3 a X + 5 The gentenceg are equivalent since 

X + 3 Is a real number for every x. 

(b) 12 ^ The sentences are equivalent since 

* ? 4 Is a real number. 

(c) 2y-2^y+2 The sentences are equivalent since 

y - 2 is a real number for»ever^ y* 

2 

(d) X ^ X , The sentences are not equivalent ' 

since the truth set of x ^ 1 is 
[1] while the truth get of x^ * x 
is (0^ 1). This '^happened" because 
we multiplied each side by an 
expression that is not a non-zero 
real number for every value of the 
variable. 

(e) - 3w = 0 The sentences ar^' not equivalent 

since the truth set of w ^ 0 la 
(0) and the truth set of w - 3w ^ 0 
is [3, 0). \ We multiplied by (w - 3) 
which is not a non-zero real number 
for every value of the variable. 

(f) , ^ 3^ ^ 5^ The sentences are not equivalent 

since the truth set of x ^ 10 is 

^ ^ ^ [10] but the truth set of 

o 

4-- ^ 3x ^ 5x is {0, 10], We^ 

multiplied by an expression which 

is not a no n - z e ro rea 1 numbe r for 

, ' every value of x, 

# 

(a) This might not yield an equivalent sentence/ x - 1 ' 
is not a non-zero real number for all values of x. 
We must multiply by a non-zero real number to guarantee 
equl val en t sentences, 

(b) This always yields an eq^' ^alent sentence , Adding any 
.real number produces equ^ ^^ent Sentences, 

{t) This ml^ht not yl eld an equlvalant sentence, x is not 
a non-ze^Q^number for all values of x, 

\ :x 478 
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(d) This might not yield aa equivalent sentence, 
la not a real number for all values of x, 

(e) ■ T}\lB might not yield an equivalent sentence, 

a 'real number for all values of x. 



X = 1 
1 



(f) 



This might not yield an equivalent sentence, 
a real number/ for all values of x. 



[3] 

[0, 2] 
[0, 3) 
[0, 4) 
(5) 



— is no^^ 

X 



— i^s not 

X 




(f) 


[1^ 


(s) 


0 


(h) 




(1) 


(1) 



5. (a) 
(b) 
(c) 
(d) 
(a) 

Page 675 . . 

We now give more careful consideration to -the question of the 
domain of the variable. The student may need some reinforcement 
at this point on the concept of certain values of the variable 
being excluded by the form of the sentence. For example, any 
value of X for which a denominator becomes zero must be 
excluded. If we restrict th^. domain throughout a problem^ and 
multiply only by quantities which are defined and are non^zero 
for every value of the variable in this restricted domain, we 
can be sure of obtalnl^ng an equivalent sentence. It must ^ 
always be -borne in mind that in this process any new sentence 
must be thought of as having the same domain for the variables 
as the original sentence. For this reason the student Is 
urged to accompany his final statement with a statement about 
the domain. 

In the example given, the accompanying statement about the 
domain might have seemed superfluous in the first two cases, 
since the truth sets of the 'final sentence did ^not contain 
exajluded values of the variable. 

However in the last case, we saw that the explicit 
definition of domain was of major importance. It was only 
through this that we could conclude that our solution was the 
empty set, ' 



1 ' 
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Notice: the truth set of x - k Is [k], but- the truth set of 
the sentence^ "x m k {Domain: x ^ k)" is 0, ' 

The teacher may want to .point out that ,a statement about 
the domain, whether exp-U^It or implied is to be construed as 
easential to the full meaning of the sentence. Thus, truth 
sets are determined in part by domains. 



Answers to Or^l Exercises 15^l£; page 679: 

1. (a) X ;^ 2 (d) q ^ 0, q ^ ^1, q / ^2 ^ 

(b) m 0 ' (e) all real numbers 

(c) all real numbers^ (f) x |/ 1, xy 2 

2, (a) .Multiplying each side by x. Since zero is excluded 

from the domain, we have multiplied by a non-zero real 
number and hence equivalence If preserved, 

(b) Multiplying each side by \ i . Equivalence^ Is preserved 



for we have multiplied by ^non-zero real number. 

(c ) J Multiplying each side by (x - 2). Equivalence is 
i preserved by multiplying by a non^zero real number, 

(dj Adding { ^2x — 5) to each side. Equivalence is 
/ " S 

preserved by adding a real number. 

Anawers to Problem Set 15-Ig ; pages e579~68C3: 

1. (a) X ^ 2 ^ (d) x - 3 

(b) X ^ =1 ! (e) X ^ 1 or X - -1 

(c) X ^ 0 ^ (f) is a real number 

X + 1 * 

for all values of x, 

2. (a) all real numbers (d)' y ^ 3 

( b ) t ^ 0 { e ) k / 0 , k ^ 1 

(c) t ^ 0, t 3 . (f) m ^ 6, m ^ -5 



48o* 

1; 
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(a) Multiply each side by (5 + m) which Is a non-zero real 
number for all values of the variafaie in the domain* . 

(b) Multiply each side by (y ^ l)(y - 2) which is a ^ 
non-zero real number since y ^ Ij y ^ 2. 

(c) Multiply each side by |x| which is a non-zero real 
. nur^HMii^^lnce x ^ 0/ 

(d) Using the multiplication property of one: 

^'^^ ( x"^"-^51 ^ ^ (domain x ^ 2, x ^ 3) 

X ^ g 1 ^ . 

X - 2 X -"3 

1 ^ 1 



X - 3 



The second sentence ^ thus^ is equivalent' to tjhe first 

iince X ^ 2 J / X ^ 3 , 

(a) [i] (d) (^) / 

(b) (3) (e) [|) 
(g) |) . (f) [12] 

'5. (a) (4) (d) (5) ^ 

(b) ^ /""^'-'X (e) [8] , 

(c) {^4, 4) \ (f) ^ 



Page 6€^ i 



/ 



1* 



Attention' here is called 'to the fact that some rational 

expresBions such as . a ^ are defined for all values of x 

X + 1 

even though the variable appears In the denominator. In the 
second example the way is prepared for use of an L.Q,D, in 
solving equations Involving fractions. 

Usually In order to simplify a fractional equation we 
multiply by an expreas^fon that is a product of factors of the 
denominators In the equation. This expression may not be a 
nons^^ero real number and we have been warned that this may not 
give an'^-equlvalent equation. We flndj however , that we can 

48l 
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avoid trouble If we are careful to exclude ^rom the domain of 
the variable the values^ which make the multiplier zero; so we 
must be careful to exclude values of the variable which make 

any one of the denominators zero'. Thus in i ^ ^ — - — we 

} - - - - - ^ 1 - X 

i'equlre that x ^ 0 and x ^ 1. 

Angwers to Oral Exercises 15-ld ; page 68.1 : 



1 . 


Domain 


X 


^ 0 




X 




2. 


Domain 


t 


^- 0 ■ 




2t 




3. 


Domain 


m 


^ 1 




3(m = 


1) 


4, 


Domain 


a 


^ 0 




2a 




5. 


Domain 


t 




1 


t( t ^ 


1) 


6 . 


Domain 


y 


^ 0, y 




y(y + 


1) 


7. 


Domain 


X 


/ 0 




ox 




8. 


Domain 


t 


^ 0 




t 




9. 


Domain 


m 


^ 0 


* 

- -1 


3m 




10. 


Domain 


X 


7^ 0, X 


x(x + 


1) 



A^nswers to Problem Set 15-ld ; pagesK^SBS =684 : 
1^ U) 0, (d) 0, [3] 



(b) no restrictions, (60) (e) 0, [3> ^3) 



Jo) 0'?^ (9) (f) 0, 



(a) 0/ [6) (dl) 0 and 3, (5) 

(b) 0, [i] (e) 0 and 1,^ 0 

(c) 0,, [=2] (f) no restrictions, i} 

\ 

J (g) all real numbers except 0 

(a) no restrLctions J [3] (e) 1^ restrictions, [0, 3) 

(b) 1 and 3,^^ (|] (f) 0 and 1, (3) 



(c) 3, (1), (g) no restrictions, (9, ^9) 

(d) no restrict idns , [2] 
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4. (a)' »1 and 0, (^7) (e) ^1. 0 

(b) -2 ^d^l, ^ (-1) it) 5, 0 

(c) no restrictions J i) (g) no restrictions, 0 

(d) no restrictions i (3) 

IS-'S, E^uatJLons Iny_oly_ing Factored Expressigns , ^ 

The keys to this section are the^ two statements relative 
to the number zero. These establish a^lcind of reversibility in 
the reasoning process- We can say 

1) If) X * 3 ^ 0 or X + 2 ^ 0, then (x -3)(x + 2) ^ 0. 

2) If (x ^ 3)(x + 2) ^ 0, then x ^ 3 ^ 0 or x + 2 ^ 0 . 

This enables us to coriclude that the sentence in factored 
form, ( X - 3j (x + 2 ) = 0 j Is equivalent to the compound 
sentence x-3^0 or x+2^0. A review of truth sets of 
compound sentences is in order here. 

As In previous situations, the associative law gives us the 
right to extendi a binary principle to an expression involving 
more than two, factors. The teacher, however, may not wish to 
make too much of this, since most students will probably make 
the extension intuitively. 

L/ , ■ 

Answers to Oral Exercises l^-2a - pages 585-686: 

1. The first and third are true when x ^ -3. 
The second and third are true when x ^ 

2. For (x + 3)(x ^ 4) ^ 0 to be true it is required that 
X + 3 ^ 0 or X 4 ^ 0. If X is 5i this condition 
is not satlsf ie4j^^TO (x + 3)(x ^ 4) ^ 0 must be false. 

3. (^3); (4) 

^. (-3. 4) 
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Answers to Problem Set l,5-2a j pages 686-^87:' 



1. 


(a) 


[-2, ,5) 






(d) 


Cl, 


-1] 




(b) 


C3, -1] 






(e) 


CO. 


-3] 


2. 


(c) 
(a) 


C6] 

C|, -1) 






(f) 
(d) 


Cl] 

c4. 




I» 


(b) 








(e) 




-1, 1 


f 


(c) 


[0, 1} 






(f) 




1) 


3. 


(a) 


[1, a, 3i 






(d) 


Cl, 


-1, 0 




(to 


Co, -1, 1) 






(e) 


[1, 


^1, 1 




(c) 


Co i - 
LU, ^, ^ 


1 




{ i ; 








L 

(a) 


[2, -1) 






fd) 




-3] 




(t) 


[11. -11) 










-3] 




(c) 


CO, 5, -5} 






(f) 


C^, 






(a) 
(b) 


CO, 1] = 

C-0, 2] 






(d) 
(e.) 


cs, 


1] 




(c) 


[~, 3] 


J 




(f) 






6. 


(a) 


Domain: x 


^ 0, 




3] 








(b) 


Domain: x 


^ 0, 


C2. 


-1) 







(c) DomaLni x ^ 3, C2] 

(d) Domainj m ^ 0 , m ^ 3, c|, 5) 

(e) Domain: y ^ 3, (-3,, I] 

(f) Domain: z ^ 0, z ^ 4, [2] 
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7. L©t % raprasant the Integer we are seeking. 
The open iantenoe for this problem Is 

— * ^ (domain: all^lntagere except zero) 

0 « X® - 4 

0 » (x - 2)(x + a) 

[2. -2) 

The Integers are 2 m^d -2. 

8. If n represents the Integer, the open sentenee we" write 1 

^ ^ ^ h ^ ^ (domain; all integers except zero) 
3n^ + 3 ^ ion 



3n^ - lOn +3^0 



(3n - l)^n = 3)^0 (domain: a 



11 integera except zero 



Truth sat: [3} Note: i Is not In the domain. 

The integer is 3, 

(a) If q represents the rate of the current in miles per 
hour J 15 + q is the rate in miles per hour of the 
boat going downstream and 15 - Q Is the rate in 
miles per hour of the boat going upa^tream. 

The open sentence is ' , 

120 ^ 60 ' 1 

15 + q 15 - q ' 

(b) The domain la the sat^^.0^ all non-negative real numbers 
except 15. 

(c) {5J 

The rate of ttie current Is 5 miles per hour. 
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10. (a) If b represeht^THe circumference in feet of fcha 
back wheels b - 3 Is the circumference In feet of 
the front wheel, then the open sentence ie 

60 ^ \ . 

^ b ^ 3 " b • 

(b) The domain Is the set of all pOBitive real numbers 
greater thmn 3* 

(c) (9) 

The circumference of the back wheel ii 9 feet and 
the circumference of the front wheel li 6 feet. 

Page 688 , ^ 

There are times when we are tempted to perfom operations 
on eentences which will not necfisarily yield equivalent 
sentences. A common temptation is to eliminate a factor which 
we see in every term by multiplying by its reciprocal. As 
pointed out before^ if the raclprocal Is not a real number=lf 
Its denominator is zero for some ^ thlf may cause trouble. 
We repeat an earlier example showing thlSj and follow with 
an alternative procedure involving addition, which does preserve 
equivalence. This is a good time to point up fgaln the fact 
that addition of a quantity which may become zero for some 
value of the variable is perfectly safe, wRIrle multiplication 
is not. Once again the equivalence of a sentence in factored 
form with a compound sentence involving the connective "or" 
is Illustrated, 



Answers 


to Oral Exerciaes 


1 , 


2 


X ^ 0 


2. 


X ( X ^ 


^ 1) - 0 


3, 


2m - 


m^ s 0 


4. 


m(2 


^ m) ^ 0 


5. 


0 - 


%2 
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. fr. z(z - 1) - 2(« - 1) - 0, 
U . 2)(e - 1) = 0 
ar# each equivalent to the 
given atntenot, 

7. (t - 3)'(t + 1) - 0 

8. (t + 2 - 2)(t 4 2) * 0, 
t(t + 2) - 0 ? 

are eaeh equivalent to the given sentence. 

9. (x - 3)(1 - x) - 0 

10. (1 - y)^ - 5(1 - y) - 0, 
(1 - y - 5)(,i - y) ^ 0, 
(-y - - y) - 0 

are eaeh equivalent to the given sentence. 



Answers to problem Set 15 -Sb ; 



1. 


(a) 


(0, 3] 




(b) 


[0, -5) 




(0) 


(0, if) 


a. 


(a) 


(0,4) _ 




(b) 


(0, 5) 




(c) 


[4, 4) 


3. 


(a) 


CO, 5) 




(b) 


CO, |) 




(0) 


CO, |) 


h. 


(a) 


C|, 18) 




(b) 


C=2, =1) 




(c) 


Co, 3} 



pages 689-690 : 

(d) {0, =9) 

(e) C2, 1) 

. (f) C5, -1) 

(d) C5, 1) 

(e) [0, |) 

(f) CO, h 

(e) C2) 

(f) (3,2) 

(d) Cl, =4) 

(e) (2) 

(f) Co, -3, ii 



iSj 



pigei 6©0-69ti 15-2 and 15-3 



1^ . 



5* If d represents the ni^ber, then the ? open sen teace 

is ^ 4d, 

d - 4d = 0 
^ d(d - 4) ^ 0 . 

The numbers are 0 and 4, 

6* If represents the integer, c + 1 is its successor 
and 6(c + l) is six times Its suocessorj then the 
open sentence is 

q(q + 1) ^ 6(c + 1). 

c(c + 1) - 6(e + l)(domalnj all positive Integers) 

- 5c - 6 ^ 0* 
(o - 6) (c + 1) ^ 0 

[6, J Note I -1 Is not In the domain of the 

^ ^ ^ ^ c. variable. 

The integer is 6* - { 

The successor is 7. 



15-3- Squaring . 

Basic to the dlsucsslon of solving sentences by squaring 
is the notion that impllDation in this case is a *^one way street', ' 

V/e can confidently assert that if a - then it must follow 

2 2 

that a = b * Tlie reverse j howeverj is definitely not true. We 

2 2 

cannot say that if a ^ b ^ then a must be equal to b. It is 
easy to furnish a counter example such as 

^ (-3)^ * (3)^ but -3 3* ^ 

It is apparent that squaring both sides of an equation 
usually does not yield an equivalent equation. However, in solv- 
ing certain equations involvlns square roots or absolute values 
it may be necessary or desirable to square both sides. We do so, 
then bear carefully in mind that we may expect to find a larger 
truth set for the new eqtJifelon, We must therefore test the 
m«rab#rB of this truth set to find which ones really make the 
original equation true. 



pages 693-6941 15-3 , , 



polr^t li developed that the new truth ietrwlll always 
Qontaln the elements of the truth set of the original sentence, 
tfhat iSy. nothing will be loet In the process^ but eo-calledl extra 
e4iments may have been added as a result of the squaring ©rocess* 
•Biese some times referred to as "extraneous roots*" 

page ,69i»i 

6. £49} 
{£) 

Answers to Problem Set 15-3 j pages 594-695^ 




1. 


(a) 


(9) 


■(d) 


W 




(b) 


' £3) 


(e) 


£2) 




(0) 


£1) 


(f) 




2. 


(a) 




(d) 


0 




(b) 


£5) 


(e) 


£1) 




(c) 


£^1 


(f) 


£83] 


3. 


(a) 


£91 


(d,) 


£1] 




(b) 


£0,-11 


' M 


£=1,5) 




(c) 


£0) 


(f) 


£1,4) 




(a) 




(d) 


0 




(b) 


£3, -3) 


(e) 






(0) 


£1) 


■ (f) 





with regard to this set of problems It should be pointed 
out to the student that chfecklng his answers Is absolutely 
necessary. It is more than Just a safeguard against 
arithmetical error. 
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page 6951 15*3 and 15-4 ^ ^ 

5.= . I-f X reprasenta nimberj,=.then the open santenea Is 

^ 3q^are both sidas, 

X * xf - 24x + 144 

0 » - 25x + 144 

0 « (x l6)(x - 9), Truth" set of new senten^i (16, 9) 

Checks ^/iF ^ 16^ - 12; ^^9 ^-12' 

, . = — — =■ 

The truth set of the original sentence f [I6J 
^ * The number "la I6, = ^ 

6; If m represents the number ^ then the open aentenoe Is 
m+|m|^8. > 
|m| - 8 » m 

^ m s 64 - 16m + m ' , ^ 

16m ^,64 

^ m ^ 4 Tmth set of this sentences (4) 

Check in the original sentence: 4 + |4| ^ 8, 
Hence the truth set Is (4), 
The number is 4, 

7. If d represents a number , then the open sentence Is 
d + |d| ^ 0. 

U! - -d • ' J. 

all non-positive real numbers 
The number Is any negative number or zero. 

15-4, Equivalent Inequalities . 

■ This section highlights the similarity between the notion 
of equivalence with respect to equations and equivalence with 
respect to tnequalltles . Itl this connection a review of the 
properties of order In Chapter 9 is expedient. Special 

490 
lju ^ 
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pages 695499^ 15--^ - 

Uttentioh Should b# foeused on the fact that multlplleatlon by 
a negative rial number reverses the order of the Inequality. 
^ Students may experience some difficulty at first In 

dealing with the s^pibols < , > # S • It should be earefully 
explained that t^ere are^two ways to Indicate a reversal of order 



For example^ if we sMrt with 

' ; ^ ^ 7^ < 3 ^ 

artd we want to multiply ^th sides by -2, we can write the 
new sentence as .-.^m' 



(-2)(3) < ^ax ' --7 

^ or as ' ^ - ■ ) 

^ >(^S)(3) 

In the first way^ the two members of the sentence are inter- 
changed with the order symbol remaining fl«d. In the other 
way, the members were left fixed and the symbol changed* It 
may be well to let the student select whichever method comes 
most naturally to him, i 

Answers to Oral Exercises 15-^; page 699^ 



1^ (a) 


All 


real ^numbers 


greater than 


5 






(b) 


Mil 


real 


numbers 


less than 4 








(0) 


All 


real 


numbers 


greater than 


or equal 


to 


40 


(d) 


All 


real 


numbers 


less than or 


equal to 


^6 




(a) 


All 


real 


numbers 


greater than 


6 






^ (f) 


All 


real 


numb^rt 


less than or 


equal to 


7 




(g) 


All 


real 


numbers 


less than 3 








(h)^All 
(tr All 


real 

real 


numbers 

numbers 


greater than 
greater than 


or equal 


to 


4 


(J) 


All 


real 


numbers 


greater than 


-7 







Answers to Problem Set 15-4 ; pages 699-700' 

1. (a) X < 27 

all real numbers less than 27 

(b) t > 31 ^ 

all real numbers greater than 31 
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(c) y < -9 

all real numbers less than -9 

(d) 11 < X 

all .real numbers greater than 11 



(e) X > 2 

^ all^r 

(f) X > 3 



all real;, numbers greater than £ 



all real numbers greater th^ 3 

2, (a) all real numbers greater than 2 

(b) all real numbers less than 2 

(c) all reay numbers less than (-2) 

(d) _all^real ^pimbe^s^ greater ^han (-7) 
^{e) all real 'A0flfie)rs greater than =| 

(f) a^^^al numbers less than (-9) 

3^ (a) all real ^numbers less than ^12 
(b) 0 < m < 9 

(c') all, numbers less than (-6) 

(d) 0 

(e) all real numbei'a greater than -1 

(f) 0 < x < 3 

4, (a) all real numbers greater than ^ 

(b) all real numbers greater than 2 

(c) all real numbers less than 8 

(d) all real numbers greater than - y 

(e) all negative real numbers greater than -2 

(f) 0 



15J 
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p«g^8 701-702 



- - - / 



1. 


A-r) 




18. 


[ = 1} ^ 


2. 


'J' 




19. • 


' all real numbers less 


• 3. 


(!) 






7 

than ^ 




(3) 




20. 




5. 


(4,3} 


* 


21. 


f H h\ s. 

llj^i ^ 

t-ll ■ " 


6. 






22. 


7. 


(6,-61 




S3. 


^ all real numbers 


8. 






24. 


all real numbers greater 


9, 


(0,1) 






than -2 


J.U. 


(3>-2) 




25.'' 




11. 


All real 


numbefs greater 


26. 


fSl 




than 2 




27. 


[0,2)' 








S8. 


all real numbers greater 


12. 








than IS 


13. 


All real 


numbers greater 


29. 


[3, -3) 




thaui ^ 




30. 




n. 


(-3) 




31. 


0 


15. 


(35) 




32. 


all non=positlve real 


16. 


0 






numbers 


17. 


(-3) 




33. 


all real numbers except (-1) 






3^+. 


CD 



35* If X represents the denofnlnator, 

then ^ |. , , 

(21) 

numerator £s 14. ihe denominator Is 21. 

36, If q represents the average rate In miles per hour 

on the first trip, then * 

q q + IC 

C303 

The average rate was 30 miles per hour. 
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S*^. If r ^represents the number, 
then I = |(r + 3) , 

TOie nimbat' la -l8. 
' 38. If 0 y 



epresents the Integer i 



then = 
19) 

Yes, the Integer Is 9. 



/ 



39. J If X Is the number^f hours each boy works, 

then I + # = 1 . / 

It will take the boys ^ hours to do the Job* 

40. If s represents the number , 

_3 _ ^ 7 ' 



then 



s + 2 s 

(-1) 



The number is (-^)^ 



If y represents the number, 
then 

^ y' 

The number Is (^3) or (-^) ~ 

h2. If t represents the number oi" students In each row 
then t(t - 9) ^ 90, 

[15) -.fSlnce t > 0) 

There are 6 rovmt (Since (t - 9) represents the 

niomber of rows,) 

^h3. If cl represents the number, 
then d -1^ |d| > 6. 

d > 3 

The nivnber io any real number greater than 3* 



ERIC 
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44,, If h represer^s the number. 



[6, -6} 
Thm number Is o*~or -6. 



47. 



48. 



49. 



50. 



51 r»- 
-5 



i 




— 1 — 1 


r 1 1 

0 


f - 1 - 

i 


1 


y - - 
4 




















# 




>• 


^ — 




0 








5 










- 0 
















-2 


0 




5 









-2 0 
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Suggasttd Teet Items 

1, When solvlrig aquatlonsj which of tiie following steps will 
^^ways preeerve equlvalenoe? 

(a) add 6 to each sldej domain^ all real numbers 

(b) multiply each side by^ xj domain, all real ^nunriaai^ 

(c) multiply each side by domain, x 1 

(d) add i to each sldej domain, x ^ 0 

(a) add -2x + 5 to each sldte^domaln, x^ 0 

(f ) Square .both sldesj domain, all real numbers 

(g) multiply each side by x - 3j domain, all real numbers 

(h) . multiply each side by g j domain, x 2 

-< ' ■ ■ 

2* For each of the expressions, give the restrlGtlons on the 

domain such that each expression will be a real number for 

every value of x In the domain. ^ 



fix ^ 3) 



(a) 1 . (d) 1 

X - 1 

x(x^^ 1) (x - XHx^' k) 



(q) X - 3 (f) (x ^ 2)(x + 1) 

Give the restrictions on the domain such that each expresslor 
will be a non-zero real number for mvery value of y in the 



domain. 



(a) (d) ^(y - 3) 

y(y - 1) (y /iHy - g) 

(c) y = 3 (f) (y - s)(y + 1) 
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For each pair of sentences, determine whether the two 
s^ntenees are equivalent and give a reason for your 
conclusion. 



(a). 3x + 6 = 8, 




(g) x(x - 3) + 3(x - 3) = 0, 

(h) x(x -.3) - 3(x - 3) * 0, 
(1) = 9, , X 3 



X 
X 



3 = 0 
3 s 0 



Solve 
(a) 3x 



(b) 
(i) 
(d) 
(e) 
if) 

is) 
fn) 



7 = 7x - 11 

Sx + 3 >'x - 2 

(x - 1) (x + 1) s 0 

x^ - Sx - 35 = 0 

(x + 3) (x - 2) = 6 

/x^ - 9 = 4 
3 *- 

- < 5 and x > 0 
> 7 




(f ) -s/Sx = X - 3 

Solve 

(a) h m 

(b) ^ — < 1 



(d) X + x(x + 1)" rr^ 

(e) ..i=-^ 

/fX , 7 18 ' 



i 



Answers tu Sug^eg ted. Test Items 

(a) preaervas equivalence 

(b) does not always preserve equivalence since x could 
be 0 

(o) preserves equivalence since „ ^ ^ is a real number 
for every x in the domain 

(d) preserves equivalence ^ 

(e) preserves equivalence even if the domain is 
T^restric ted 

(f) does not always preserve equivalence 

(g) does not always presarve equivalence 

(h) does not always preserve equivalence since % ^ 2 





zero 


for X 


^ 0 


(a) 


X / 1 






tb) 


X ^ 0 


and 


X ^ 1 


(c) 


no rei 


s trie tions 


(d) 


no re; 


Btrlctions 


(e) 


X ^ 1 


and 


X ^ 2 


(f) 


no re 1 


a trie tlons 


(a.) 


y ^ 1 






(b) 


y ^ 0 


and 


y ^ 1 


(cj 


:v ^ 3 






(d) 


y / 3 






(e) 


y ^ 1 


a nd 


y ^ 2 


(f) 


y / 2 


and 


y ^ - 



and y r 3 



Qiving a reason could consist of deriving one equation from 
the other using only reversible steps or showing the truth 
sets are the same. 

(a) Equivalent because tha s-:aond can be obtained from 
the first by adding =6 to both sides ^ then 
mu 1 1 1 p 1 y 1 ng both si d ^^ B by ^ . 



X ^ 2 

the truth net oV x ^ 2 is [2]* 



(b) Equivalent because the truth set of ^ "- = 0 is [2] and 



(c) PZqulvalont bGcause the truth pet for each Is [-3^3}, 

(d) Not equivalent since the trutli set of = ^ ^ 
Is 0 and the truth set of x ^ 2 Is [2], 

( e ) Equ 1 V a 1 e n t since the s e c o n d c an b e o b t a in e d 1' r o m th e 
first by multiplying both sides by x - 2 v/hlch is a 
non-zero real number for every x In the duinain, 

(f) rsriuivalent , The second can be obtained fram the first 
by multiplying each side by x vrhlch is a non-zero 
real number (domain^ x ^ O) • 

ic:) Hot equivalent. The truth set oi the first sentenca 
in [=-3,ojj the second [3J, 

(h) i^jqulvalent . The truth set of each is {3). 

(i) hot equivalont Glnco the truth set oi'^he first is 
[3^ -3] and 01 the seconci is (3)* 

(a) iU ^ (e) 3] 

(b) all real numbors greater' (i) [-5^5] 

than -'-J (ij) all real numbers greater 

(cO (-1,11 , ' than ^ ( 

(3) l-^>j/d (ii) all real number's butv/eeX 



and Y exoept 0 



('0 (f) . ^ (d) 

f|i .{0)0 



J' 



1 



(a) ik-j] (d) 

(bj ail numbers /:i^;ai:u;r (ej [-^-, =4] 
tnan ^/ 

(^0 13J ^ (f) {3, -V] 
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Answers to Challenge Probl ems 

1. If the number of steers is s and the number of cows is Cj 
then, 

2[jCjB f 26cjc = 10 J 000 

2bOB - 10,000 - 26oc 
10000 - 2o0c 



^ no 



^) 

26 c 



If a and c 
divlslbla by 



are positive integers , then 26g must be 
'•j, Thi:n Is true when c ^ 25, 50, 75," ' N 



a multiple of 25, - lusa 

prime to each other. 

/ - 26c 
If c -'25, - 1*^- and 



and 25 are relatively 



If c 



If c 



50, 



75, 



"2T 



?6c 



26c 



^ 78 anc 



s - to 
4(1 



14. 



52 ^ 



s 



It is thus apparent that if c > 50, 
number. Hence, c can only be 25 

and 3 = 40 - 26 ^ 14 



3 is a nega tlve 



Ho he can buy. 2'; cows and l4 steers. 

If we were to solve the Driginal equation instead for c, 

IQOO - -25s 
/ ~ 2d 

s wouici have to be chosen so as to- make 1000 - 25s 

d 1 V b 1 (• by ? f i . T n o ugh this can be done, it is plainly 

m o^ d 1 f f icu 1 1 h a n t he o t h e r a p p r o a c h , 



ho "1 
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(a) While the small hand travels over a number of minute 
markings^ the large hand travels over 12x of 

these units. rince e hour hand is at S^'^o' clock 

^ positionj it has a 15-unit "head' start" over the ^ 
minute hand at the time 3:00, Thus 



12x - X + lb. 
llx - 15> 



( 



Thus^ the truth set of the equation is (~] and' ' 
the time when the hands are together is ^^^^ 
' fnlnutes after 3 o^clock. 

(b). In 'part (a) both hands came to the same minute 

dt^iMsion; in part (b) the minute hand is to come 
to a readi^ng 30 units ahead of the hour hand, 
Hence j an equation for part (b) is 

12x - (x h 15) +30. 

This equation is satisfied if x - ^^^1 ^ 

And the hands will be opposite each other at ^^YT 
minutes after 3 o'clock. 

If the width of the strip is w feet> then the number of 
foet in the length of the rug is 20 ^ 2w^ and the number 
of feet in the width of the rug is 1 4 ^ 2w , Hence ^ two 
names for the area of the rug are available j and appear as 
sides of the equation: 

(20 ^ 2w)(l4 ^ 2#) - (2^)(9)> 0 < w < 7 . 

2m - 68w + 4w- - 2l6 
4w'' ^ oBw + 64 - 0 
w~ = 17w + lu ^0 
(w ^ lo)(w = 1) ^0 
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1 Is the only truth number, since 16 is not in the 

domain -of the variabla. 

The width of the strip is 1 foot. 

If X Is the number of unit| in the length of the smaller 
leg, then 2x 4^ 2 is the number' of units in the longer' leg. 
Hence, by the Pythagorean relationships 



+ (2x + 2)2 



13", 0 < X < 13. 



+ 4x"' + 8x + 4 « 169 

5x^ + 8x - l&b =0 

(5x t 33)(x - 5) = 0 

X = 5 



i 33 



is not In the domain * 
of the variable) 



5. The first three are irrational. The fourth number is 
rational since ^ -\ ' - (-l)(.^)i- -.^ > 

6. If the two-digit number is lOt -i- u, the sum of its di[_J.t3 
is t + u, and 



lot + u 



t + u t + u ' 

Multiplying both sides by t + u (which is certainly not 
zero) 

kt + 4u + 3 



lot + u 
6t 3u 
2t - u 



U = 2t 


- 1 


and 


u 


is a 


posi tive 


integer 


< 


9, 


If t - 


1. 


then 


u 




and the 


number 


is 


11; 


if t - 




then 


u 


- 3, 


and the 


number 


is 


23; 


If t - 




then 


u 


= 5, 


■and the 


number 


is 


35; 


Lf t - 




then 


u 


- 7. 


and the 


number 


is 


^7; 


if ^^t - 




then 


u 


- 9. 


and the 


number 


is 


59, 


Hence , 


the 


snlu tiona 


are 




35, ^^5, 


50 





7. ~ 



1 V I 

^0 3 



page^ 70 4^70 5 

# 

8. (a) The possible integral factortzations would be 

(x + l)(x + 12) 
^ ^ (x + 2)(x + 6) 
\i (x + 3)(x + 4) 

BO the possible values of k are 13, B, 7 , 

(b) Since k must be the product of two numbers whose sum 
is 6, the possibilities are 1x5 

\ 2x4 

3 KjS. 

Thus, k may be 5, 8, or 9, ^^"^ 

Jc) In order for x"" - 6 ^3 x + k to be a perfect square 
we must have 

Hence k must be 27. 

9. (n + 3)^ . n" - ((n + 3) = n) ((n + 3) + n) 

^ 3(2n + 3) 

2 ^ 

0 so (n + 3)" ^ n^ is divisible by 3 for all integers n. 



10, 



X 3 



Therefore , 



^ 2x 



4 1 o 

X =p^x - + 6x" - 3 

4 ^._3 

X - 3x 



3 2 
2x- + ox" = 3 



^ 2x^ + 6x 



4 3 c 

X = 5x' + 6x' 



(x^ ^ 2x^)(x ^ 3) 3 



and X ^ 3 is not a factor. 



11. (a) The degree of r is less than 3 
(b) The degree of q Is 97. ^ 
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1 

12. Any value of x could be used. For example. If x ^ 0, 
we obtain 1^2^ (-l) + r and hence, ^ 3. A better 
value Is x*^ 1 since In this case 

2^ 1^ + 1 - 2(1^ + l'^ + 1^ + 1)(1 ^ 1) ^ r 

3^2*4-0+ r 

3 - r 

The Idea is that with this value of x the first term 

on the right hand side of the equation is automatically 

3 2 

zero regardless of what the number. 2(x^' + x + l) 

(See the next problem. ) 

13. in this problem we do not know q and it would be a great 

. deal of trouble to find it, However j the choice of 1 for 
tfye value of x gives 

5 ' 1^^° + 3 ^ 1^^ - 1 - q(l - 1) + r 

7 m q ^ 0 + r 
7 - r 

14. If d is the distance in miles one way (d >0) and the 
rate is r miles per hour^ the time one way is ^ hours. 
On the return^ if the rate is q miles per hour, the time 



1^. 



^ i hours. The total distance, 2d miles, divided by 
" \ q " - " ' 

the' total time. ^+ i hours, gives the average speed 
r q - 

for the entire trip. 

M— ^ ^^M^ Note: d^O, r^O, q^O 



gdrq 
" d(q'+ T) 

q + r / 

2 ra 

The average speed is ^ miles per hour. 
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1 5 . Theorem . If a and b a re distinct po s 1 1 i v e r ea 1 
numbers, then 

a + b 

— > V^D' 
Proof: If a + b 2 > 0, V 



then a + b ^ 2 ./S^ + 2 ./aS > 0 + 2 .JEh 

(addition property of order) 



or a + b > 2 ^a 

Hence, ^ ^- ^ > ^/bE (mu\tiplication property of order) 
Therefore we have only to prove that, 

a 4- b = 2 > 0 > 

Observe that 

a + b - 2 .j^b) ^ a - 2 ^ya ^/W + b 

Since a ^ b, ^ ^/F and thus, ^ - ./p 0. 

Since the square of any non^zero real number is poaitlvej 
it follows that a + b = 2. > 0, 



4 

10, X - 1 



4 

X -1^0 

(x- ^ + 1)^0 

This aentence is equivalent to the compound sentence 

? 2 
x^^l^O or X 4-1 = 0 

The truth set of x^' = 1 ^ 0 is C-l> l). 

The truth set of f 1 ^ 0 Is empty. 

Hence the truth set of x := 1 is [==1, l). 
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17, n" - n + ^1 will produce a prime number for every n In 

t^ie set [0, 1, 2, — ^40}. It falls to give a prime for 4 
n ^ 41 'Since than the sum of the last two terms is zeroj 
leaving 41^ which can be factored 4l x 4l . 

Of course 1, 5, or 4oo examples do not make a proof 
and we cannot assume the truth of the next or some other 
example. This is a common error in reasoning and is fre- 
quently the basis of common superstitions. 



18. Proof: Given- a > b, a > 0, and b > 0 

Either ^ < ^a ^ or ^ > 

Assume < ./b , 

2 2 

Then a < b , If x < y then x < y" 

This contradicts the assumption that a > b, 
Assume ^ = * 
Then a ^ b . 

But this also contradicts the as sumption that 

a > b , 
Thus ^ > 

19. If the rat weighs x ^terams at the beginning of the 

experiment^ It will we|gh 4x grams after the rich diet 

and #(^^) at the end .of the experiment. 'Thus, the 
1 S s 1 - . 

difference is x = - grams. The result is 

that the («t loses grams of his weight. 

20. If X la the number of quarts of white paint, then 3x 
Is the number of quarts of grey paint. We write the 
following open sentence. 

X + 3x 7 ' » 
4x - 4 . 7 

X - 7 3x - 21 

Thus the man bought 1 gallon and 3 quarts of white and 
b gallons and 1 quart of grey. 
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pages 706^707 

' Multiply both sides by 6(2x ^ 5), 
6x ^ 4(2x ^ 5) 

6x ^ 8x - 20 J ^ 
4 

,2x ^ ^20 
X ^ 10 

1 

The sides are 10 units, and 15 units, 

22. If the length of the bin Is x feet^ then the width la 
12-x feet and 70 ^ x(12^x)2. 

The length of the bin la 7 feet and the width is 5 fe 

23. The square is 6 feet on a side and the rectangle is 12 
feet long and 3 feet wide. 

24. A,S3ume that (x + m)(x + n) ^ x^ + px + 
Then, mn = q and m + n - p. 

A,l4oj (x - m)(x = n) ^ ^~ -(m + n)x + mn ^\x^ - px + q, 
2 

25. X + px + 36 la a perfect square for p - 12 or p ^ _1 

f 

12 is the smallest value |p| can have ^or 



x^ ^ px f 36 to be factorable. Values of\p for which 
X" + px f 64 is factorable are obtained as follows: 
Note that p ^ m + n where mn ^ 2^. ^ 

m + n 



m ' 


n 


26 


^ 1 








' 2 














23 


• 23 



65 
34 

20 
16 

Positive values of p are 16^ 20, 34^ 65 and negative 
values are =l6, ^20, =34, =65. The perfect squares are 
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given by p - or p ^ -I6. Note that 16 la the 

smallest valu-: p| can have. 

The student should be able to generalize the results 

m the two examples and guess that 2n Is the smallest 

2 2 

positive value of p for which x + px + n is factorable 

2 

and that this eIvrs the perfect square , (x + n)", 

2 2 

The largest value of p for which x + px + n is 

2 

factorable Is n + 1, In which case 

X +px+n~^(x+l)(x+n~), 

26. If k quarts of weed killer are used, then quarts of 

wa te^ are used . 

% - k 17' 
There should be 6 quarts of weed^lciller . 

2^ - 

£7. (a) (t + l)(t- - t + 1) 



(b) (s + 2)(8" - S3 + 4) 

(c) (3x + l)(9x- - 3x + 1) 



28. (a) (t - l)(t^ + t + 1) 
(b) (a - 2)(s^ + 2s + 4) 
(0) (2x - l)(4x^ + 2x + 1) 



\ 

s 



ChapLer 16 

TMrrH SETS AND GR.^PHS CF SENTENCES IN TWO VARIABLES 

In this chapter a systematic study is made of open sentences 
of the first degree in two variables. The truth gats of such 
sentences are exhibited as ordered pairs of real numbers, 
attention being called to the fact that these sets have Infinitely 
many elements. To aid in the understanding of the relationships 
Involved, the graphs of the truth sets are introduced , based on 
the establishment of a one=to-one correspondence between pairs 
of real numbers and points in the plane. 

The fact that the graph of a sentence of this type forms a 
line is developed intuitively by means of examples. These ex- 
amples make plausible the subsequent assertion tbiat if an open 
sentence Is of the form Ax ^ Ey ^ C = 0, where A, B, and C 
are real numbers with A and B not both zen, then its graph 
Is a line. The assertion Is also made that every line in a 
plane is the graph of a sentence of this type. 

16^1. Open Sentences in Two Variables . 

Emphasis is placed on the ordered pair of real numbers as 
the characteristic element of the truth set of the first degree 
equation In two variables. It should be noted that we ha /e 
avoided use of the traditional term, "linear equation", so as 
to avoid conflict with the more '.^ncrnl Ized notion of linear 
function, or linear transfDrmation, which the student is apt to 
encounter later on. For a space of two dimensions these latter 
appear In the form 

^ ax - by J y^ ^ cx f dy without the constant 
term. Students working In this area for the first time may 
have difficulty f^raspinc the concept of an infinite set of 
truth values for a sln.^le equation. Practic--> In detorminlng , 
number pairs will help adjust them to this new ilea. Cnnstrnic = 
tlon of tables Is valuable practice. y 



pages 713-71^: 



Answers tu Oral Exerciaes l6-la ; pages 713=714: 

1* (1. 2), (2, |), (3, 1), (0, |), (4, |) all m^e the 

sentence x + 2y = 5 true: 

(8, 3), (1, 3), (0, 5), (2, 4), (7, l) all make the 
sentence x + 2y ^ 5 fa^se, 

2. "(5, 1)'' is an abbreviation for "x Is 5 and y is 1." 
''(-2^ 7)" Is an abbreviation for --x is ^2 and y Is 7." 

3. ''(a^ b)^' is an abbreviation for ''x Is a and y is b." 
Two numerals are required to name one, element of this set. 
Here a and b are any real numbers. 

4. X 

5- The truth set of a sentence In two variables contains 
infinitely many elements, 

5 . One 

7. Two 

8. One has no trouble deciding which is the value of x or 
the value of y. The numeral on the left always represents 
the value of Xj and the numeral on the right always 
represents the value of y. 

9. (-3, 8), (=1, 6), (0, 5), Jl. 4), (6, -1), (7, -^2) 
10. Infinitely many 

answers to Problem Set 16 -la pages 714^715: 

1. The ordered pairs in (a), (b), (d), (f), (h), and (i) 
satisfy the sentence; the others do not. 

2^ (a) (5, 1) (f) (3, 3) 

(b) (5, 0) (g) (20, ^14) 

(c) (0, 6) (h) (^9. 15) 

(d) (=1, 7) (i) (=6, 12) 

(e) (=2, 8) (J) (=7. 13) 
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paie 715: ■ 16-1 



(a) 


True 


(g) 


True 


(b) 


True 


,(h) 


True 


(c) 


Falae 


(1) 


True 


(d) 


Truf 


(J) 


False 


(e) 


True 


(K) 


True 


(f) 


False 







(a) 

(b) 

(c) 

(d) , 

(e) 

(f) 

(ek 



(J) 

Many 

(a) 
(b) 



(1, 2), (0, 3), (4, -r). . 

f i. 

(0, -a), (3, -5), (-1, =1) 
(8, 1), (6, =1), (3, -4) 
(2, 0), (1, =2), (3, 2) 
(1, a), (2, -5), (-l/l6) 
'(2, 5), (4, k), (0, 6) 

(ij - 1") » ■ '!')< (^» ^) 

(4. = {Qp^if. (1, - J) 
rc ^ i) (1 ^) i) 

VU, - 1,1,, g), 

'{1, 1), (3, k ^)/fi/= ^) 

other answers -^ar© possible, 
X +^ - 11 

Tha^~^domaln of x la the set of Integers from 1 to 9 
and the domain of y the set of integers from 0 to 9j 
where x represents the tens' ^dlglt and y the ones' 
digit. 



.((2, 9), 
(6, 5)] 



9, 



. (3, 



^, 7). (7, 4), (5, 6), 



Pag^ 7^1^ . The y-^form' Is presented here with two motives. It 
ie a convenient form for the ' calculation of truth elements, and 
It points out certain relationships between the variables , 
leading to the concept of slope and y-inter'cept . Care should 
be taken In discussing the form y ax + b to guarantee that 
the student comprehends the distinction between the variables 
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X and and the "specified" numbers a -and b. We have 

avoided In this Instance the somewhat ambiguous term "constant" 
on the ground that 16 ralsbs questions as to the nature of a 
variable. Though fhe y-form Is used predominantly In the 
chapter', It must be kept In mind that the'fortn hx + By + C = 0 
with A and B not both 'zero, Is more general since It lncludeB 
the type x = k, which cannot be converted to the y-form. 

Answers to Problem Set l6-lb - pages 717-718: 
^- ,^ (a) y = -x' + 7 




(b) y --Sx + 12 



(2, 6), (6, 12),^ (^1, 15) 
(e) y - 3x - 2 



(2, 4), (0, =2), (=1, -5) 
(d) y - =x + I 



(2,-|), (0, |), (=1, |) 
(e) y = - |x + 8 



■ J2, ^),(0, 8), (=1, ^) 



(f) y = -6x - 4 



(2, -16), (0, =4.), (=1^ 2) 
(s) y = - |x + I 



(2.-|), ,(0, |). (=1, |) 
<h) y = -2x + I . 



(1) y = 4x - I 



Q 

(2. f), (0, =|), (-l.=,f) 

(J) y — + ^ 



(a^-rf), (0, ^), (^1, 3) 



page 7l8i 16-1 



(1, 3), (2, a), (3, 1) 
(b) y = X - 7 ' 

(3, -^O; (5, -2), (7. 0) 
(e) y = -3x +2 

(0, 2), (Si =4), (-1, 5). 

(d) y = llx +5 \ 

Jl, 16), 6), (a, 27) 

' 2 4 

(e) y - - + ^ 

(0. |), (1, |). (3. - I) 

(f) y - 2x - I 

(1. - |), (0. - |). (|, - |) 

(g) y - |x - 4 

(8, -2), (16. 0), (4, -3) 

(h) y =\ - |x + 2 

(3 A), (6, =2), (9. -4) 

(1) y^.ft^f ■ 

(0. = ¥). (3, (a, I ) 

(J) y = - % + w 

(k) y - 3x + 4 

(f, 3). (lX|), (S, % 
(1) y = - ^x 

■ (12. - (o\ ^)', (a, ^) 

3 1 \ 
(m) y a - ^x + ^ 

<1. -1), (2. - f), (-1. 2) 
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< 



(n) y = fx = I 

(0, - |), (3, |). (6, ^) 
(o) y - - + ^ 

(4, |), 0, - |), (0, |) 
, (p) y ^ - ^ + I 

(2, - (1. -2)7 (-1, 5) 

(q) y = - ^ 

(1* - |)', (0, -^). (-1, - |) 

(r) y = fx - 6 

(2, 3), (k, 12), (6, 21) 

(s) y = - |x + I 

(1, 4), (2. - ^). (=2, |) ' . 

(t) y * 5x - 21 

(0, -21), (1, -16), (4, 

(Many other answers are poaaible for the ordered pairs, 
3* X + y ^ 15 ^ 
{^9). (9, 6), (8, 7), (7, 8)] 

69 > 78 , 87* 96 are the numbers, 

16^2. Graphg of Ordered Pairs of Real Numbers . 

Correspondence between pairs of real numbers and points In 
the plane, the foundation stone of analytic geomet^. Is 
presented In a natural way without elaboration. It is felt that 
a student readily grasps this notion intuitlvelyj and with a 
modest amount of practice can leam to plot poln^ with con- 
fidence. The word coordinate has already been established In 
the student's vocabulary. It Is hoped that "abscissa" and 
"ordinate" will cause little additional trouble. 



pages 718^724* 16^2 

Anaweri to Problem Set l6-2a i page 722 1 
1, and S. 









—4 


(-3 




■5- 
■4- 


y 












T 1 


M 




































is 


3) 
























■3^ 




























■2 




























■I 




5} 










0)% 


-f 


i -i 




. -: 


i -< 


> - 


1 6 


1 








— i 


} i 












































-2 












■3) 








•4) 








-3- 




4) 




— -( 


n 












5), 




-4« 


























-5- 










(4.- 


6) 














"6 










1 





Answers to Problem Sat l6^Sb - pages 723-72^: 



1. 


E: 


(5, 2) 


H: 


(=5, =5) 




V: 


(-^. ^) 


P: 


i^. -5) 




Q: 


(=7, 2) 


Q: ' 


(7, -3) 


2. 


(a) 


(3, 1) 


(c) 


(1, -6) 




(b) 


(=4, =2) 


(d) 


(-3, 5) 


3. 


(a) 


(5, -2) 


(d) 


(-1, -3) 




(b) 


(0, 3) 


(e) 


(5, 0) 




(c) 


(3, 6) 


(f) 


(0, -12) 



The fact that points in quadrants II and ill have negative 
abscissas and that points in quadrants III and IV have negative 
ordindtes should be established firmly and early. This will 
help to avoid considerable difficulty in later work, 
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Answer's to Oral Exercises l6-2c; pages 725-726; 



1. 


negative j 


positive 


2. 


negatlvaf 


^ negative 


3. 


(-1, -6); 


(2, ^3) 


4. 


negmtivai 


posltiye 


5. 


negative J 


negative 


6. 


II, III; 


III, Iv 


7. 


I; III 




8. 


II 




9. 


IV 





Answers to Problem Set iS^Se ] page 725: 

1. (1, (6. 2), (7, 3) 

2. (^2, 3), (-5, 7) 

3. (-2, -1), (-3, ^7), (-7, -3) 

4. (4, ^1), (4, .9), (3, .7) 

The ordered pair (0, O) Is In no quadrant. 

16^3. The Graph of a Sentence In Two Variables . 



Through examples we infer that there Is a close connection 
between the set of points whose coordinates satisfy an equation 
of the first degree In two variables and a line in the plane. 
This Inference is based on an observation of the way In which 
points^ though plotted more or less at randomj appear to "line 
up" In a definite pattern. 

An intuitive notion of the meaning of the word "line" Is 
relied on here. ^If the student has had little or no ocntact 
with geometry J we' &hc5ld not venture , far beyond the ^^roncept of 
something which J9n_ be represented by a pencil mark' traced along 
the edge of a ruler. Howeverj an effort should be made to 
strengthen the riofcli^ of a line as an infinite set of points. 

The basic assumption that the graph of an equation oT the 
typ& under discussion is in fact a line enables the student to 
construct a graph by means of a straightedge and' two predeteniilnec 
points. Auxiliary points are recommended as a "check". ^ 
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To aupport this assumption the teacher may wish to point 
out the existence of two analogous concepts. The ftrstj a 
.geometric one, asserts^ that tor any two gliren distinct points 
^^rr~tht plane- there is one and only one line which contains 
' botI> of them. The companion assertion In algebra states that 
« for 'any two different pairs of real numbers there Is one and 
only one equation of the first degree tn two variables which 
has both of these elements In Its truth set. In this connection 
we consider two equivalent first degree equations as being 
essentially the same equation. 

One might go a step farther and avoid the possible 
confusion generated by the concept of equivalence. The 
assertion could be phrased as follows y "For any two different 
pairs of re^l numbers there Is one and only one equation of the 
form y - ax + b^ or x - k, which has these elements In its 
truth Set." Th\s anchors the coefficients. Whereas the fom 
Ax + By + C ^ 0 allows them to be any three numbers proportional 
to the original A, B, and C. 

The proof of the ^^bove assertion Is given below. 
Let (x^, y^) and (x^, y^) by any two different pairs 
of real numbers. 

If x^ - x^, both pairs of num^a^^s satisfy the sentence 
X = x^^ which is of the form x ^ k. Assume now that (x^, y^) 
and (x^, y^) also satisfy a sentence of the fonn y ^ ax + b. 
Then 

y^ - ax^ + b and y^ - ax^ + b, since x^ - x^. 

But this would mean that y^ ^ y^j which is contrary to our 
hypothesis that the two number pairs are different. Hence in 
the case for which ^ x^, the sentence' x ^ x^ is the only 

sentence of first degree sat'lsfled by both Yiumbar pairs. 

Now consider the case where ^ x^. Certainly no 

sentence of the form x ^ k" will be satisfied by bo'th number 
pairs. Assume that there Is a sentence of the form y - ax + b 
which is satisfied by (x^_, y^ ) and by (Xg, y^)^ Then the 
following two sentences are true. 

- ax^ + b 

Yp ^ ax^ + b 
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pages 731-733*. 16^3 
From this It followi that 



and that 



Consequently 



a m 



^1 - yg 

«1 - *2 



b = y 



1 



^1 - , 

^ Xg 1 



This means that If there Is a sentence In y-form satisfied by 
both number pairs, then this sentence Is 



y = x—^ * + yi 



yi = ygl 



2 - 



'1 " ^2 - n 

The only question that remains is: do both number pairs really 
satisfy this equation? It can be easily verified that they do. 

Answers to Oral Exerelsea l6-3a ; pkges 732-733 i ) 











1, 


(a) 


^; 


0; -2 






-7; 


-1 ' 




(e ) 


0; 


3 




(d) 


4j 


8; 10 




(e ) 


-1; 


0; -2 




(a ) 


yes 








no 






(c ) 


yea 





(d) yes 

(e) no 

(f) yes 



Answers to Problem Set 16 -3a ■ page 733: 
1. (a) for example (3, l), (1, -1) 



/ 
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pages 733-73'*^ l6-3 



/ 



(b) 











y 


















— 4- 




















j-3- 


A 


















— 2- 
— 1 - 








^3.1 






















) 






i -; 




1 0 




A. 
















■ - 1 - 




H\,- 


1) — 















































(d) 
(e) 
(f) 



yes 
yes 
yes 
yes 



The graph of a second degree equation is taken up In detail 
in a later chapter. The topic Is touched on only iuperf lolally 
here to point up the fact that the line graph Is characteristic 
of a first degree equation only. In this connection it shouW 
be noted that even a^ first degree qguatlon In two variables 
will have a line as Its graph If and only If the domain of both 
variables Is the set of all real numbers. If , on the other hand^ 
the domain of the variables ^of such an equation Is restricted 
to the integers^ then the graph will be a set of discrete 
points. There are, however, no graphs of this latter type In 
the present chapter. 
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Answarg to Problem Set l6=3b i page 



(a) (3, 3), (4, a), (2, k) 





y 












5 














4- 














3 














2 














!■ 














0 


1 




1 ■ 


J 4 







(c) (0, 3), (2, 2), (4, 1) ♦ 



5- 
4 

2^ 
1 ^ 


y 








































































0 




2 3 4 5 



(b) (1, 5), (2, 3), (3, 1) 





y 












5- 














4- 














3- 














2- 
I- 
























X 


0 




2 











(d) (3, 2), (4, 3), (1, 0) 





y 












5- 












/ 


4- 














3" 














2- 
I- 


























0 




2 3 4 5 
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(e) (1, 0), (-1, -4), (2, 2) (f) (1. 3), (o. |) . |) 




(a) (0, 0), (-1, i), (3, -1) (h) (3, 3), (1, 1), (-2, =2^ 




< 



( > 

•J w 
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(1) (3. 3), (1. -1), (0, -3) (J) (3. 3), (0. 5), (|, 2) ' 




52k it; J 
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\ 



(a) (1, a), (0, k), (2, 0) , 





* 


/ 


y 












-6 
































-3 




fa 












-2 
















-1 












-1 


1 H 0 








J 4 



(e) (0, 0), (-1^ -1) 
(e) no 



3. (a) (1, a), (2, ■8), (0, 0), (-1, a), (-a,, 8) 
(b) 









































8 


























































i 


























































4 




















































2 










































































L_ 








? 


4 








































I 




























r ■ 
1 




















f 
1 



The points do not lie on a line, 
(o) Yes. 
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4. (a) (0, d) (i; 1) (1, =1) (4, 2), (4, -a) 
(b) 

































































































6 


























































4 


























































a 
















































































-4 


-a 






a 


4 


s 


8 








































-a 






























































^1 



















X 



The points do not lie on a line, 
(c) Yes. 

Page 736 . 

Here the student is Introduced to what may seem at first to 
be a contradiction, namely that equations |uch as x ^ 5* or 
equations such as y - 2, can be Interprejted as equations In 
two variables. This idea, which Is fortlflad by the use of a 
zero coefficient, will be of considerable Importance In the 
study of systenis of equations In Chapter 17. 
-* 

Answers to Oral Exercises l6-3c ; - page 739^ - 

1, (a) the set of points whose abscissas are 3, that is, the 
line parallel to the y-axls and 3 units to the right 
of the y-axls < 

(b) the line parallel to the y-axls and four units to the 
left of the y-axls 

(c) thetllne parallel to the x-axls and five units above 
the x-axls — s 
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(d) the line parallel to the x=axls and two units below 
j the x-axls 

(e) the line parallel to the y-axls and three units to th 
left of the y-axls 

(f) the line parallel to the y=axis and seven units to th 
right of the y-axlB ^ 

(g) the line parallel to the x-axls and three units above 
the x-axls 

(h) the ll'ne parallel to the x^axis' and three urtlts below 
the X-axis 

(1) the y-axis ' . ' ^ , 

( J ) the x-axls ^ 



Answers to Problem Set l6-3c i pages 739^74oi 
1." (a)' (b) 





- 4 

- 3 

- 2 

- 1 


y 






























































,0 
--I 

--2 




f 


i 




% I 









































y 
























-3 
























- 1 






% < 






! 0 

—\ 































(c) 









y 










- 4 












-3 












-a 












- 1 












1 0 












--I 









5?7 











y 














~ 1 














i 


1 0 




1 i 


> ■ 










-,-1 

—2 
























-i 








--3 
















—4 
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(6) 







—3 


y 








































— 1 






* 




III 




1 0 

f 












-J. 








- 1 - 



























y 












— 3 
—2 




























— 1 










5 -J 




0 




1 £ 


■ 








- -1 





















(g) 



1 1 


y 1 1 




-t 


i • 


0 




: 










p -1 














--2 




























--4 






i 








--5 














= -6 










* 




--7 














^-8 
- -9 

























fh) 









y 










—8 
'7 














nr 










— 6 












-5 








_ a_ 




— 4 

— 3 












-2 
























— 1 












1 0 




1 i 








— -1 









(1) 



(J) 
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pages 730-7.^:^ l6-3 '^ *. 



i 

2, 





Ail the graphs pass through 
the point (0,. 2) , . =- 
All the equations have a 
constant ^term 2 , 




All the grapns pass throiieh the 
origin. None of the equations 
contain a constant term. 



\ 
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16.4. intercetits and Slopes. . / 

J ' Once again a heavy emphasis Is placed* on the y^form of an 
equation. It is very Important 'that the student realize that 
the deflnltlom of both slope and y-lntercept are based on this 
partlejular forth. Thus the equation x ^ ^ has as its graph, a 
illne for which the slope Is not defined as 'a real number, nor 
does the graph of such a'llnf have a y^lntercept . ^ / 



Ans'wers to" Oral_ Exerolses l6.4a- 


page 7^2 ■„ 


■ r ■ ■ 

(0, =12) 


.1. (0, a) 

/. 

2. . (0, =5) 

3. to, 12) • 


9. 


= 


X - 12 


ao . ■ 


y = 




(0, =/l) 


, .11. 


y = 




(0, |)' 


^. (o,.='|) 


12. 


y' = 




2 (6, 2) 


5. y s -X + 2 (0,2) 


■ i3. 


y = 




(0, =4) 


6. y/= .2x + 7 (0,7) 


14. 


y._= 




2 (0, 2) 


7'.-^ y = = fx + MO i) 


15. 


y = 




|(0, |)^ 


8, y = ..■•6x + .16 (0, ' . 


16) 









to Prgblern 5et.l6^4a ; pages 742-743: 
1. y = -2x + 5 2. y - 3x - ^4''' '' 
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page ' 16-^ 



Gnawers to Exercises l6-4b .- pkge ji^k: 




(a) 
(bj 

(p) 
(d) 

(a) 



(0,2-) 
(0, =5) 
(0, 2) 

y = jx + 2 

and 
y = 3x - 5 

y = 2x + a 

none 



(0. 2). . _ 

(b) all have graphs which 
^ are parallel to" each . 



(c) 
(d) 



none 



y - ix = 2. 
and 
2y - X - 4 



(a); (0,7) 

(0, -2)' 
'. (0, =2) 



all have graphs which' 
are parallel to ea'ch 
other ^ " 

none 

y = .3x - 2 
and 

= yy - X + 5- 



^ = ' (a) (0. |). 



(b) 

(c) 
(d) 



(0, = f) 

none have graphs^ which 

are parallel to each ^= 
Q.th^#r - 

no ^two graphs are 
parallel to each other 

none 
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pages 7^5-748r l6-4 ' ^ 

We have essentially a choice'. between two possible 
definitions of the slope of a line: the coefficient of x in 
the y-fo™ of the eauatlon> the ratio of the vertical* change to' 
the horizontal change fram one point to another on the (.non- 
vertical) llne^ In a course in analytic geometry In which a 
line Is given a geometric mea^ng, the second of these would 
be taken as a definition and the first proved as. a theorem. 
Here we have CQniide red a llne'more in the light of the truth 
set 'Of a given equation. Hence it is natural to take the first 
as a definitlgn and develop its connection with the sec'^ond, Tt\ 
this way we avoid some of the complications which arise under 
the ratio definition with respect to the distinction between a 
line and ^a line segment.- The^theorem which establishes the 
connection between these two concepts of slope Is stated but 
not proved ^ since the proof involves the aolutlon of a system 
of two equations in two variables. However j the teacher may 
wish at^^ this time to discuss the general nature of^the proof in 
informal terms. It can be developed fairly simply as follows. 

The theorem states that if ' (c^ d)' and (e^ f) are the 
coordinates of any two points on a line with c then, the^ 

ratio ^-^^^ is equal to the coefficient .a in the y-form £>f 
the, corresponding equation, 
Proof: 

Since the number pairs (c^ d) and (e^ f) satisfy the 
sentence y ^ ax + It follows that-^ 

' d ^ ac + b 



and ^ f ^ ae ^ b 



Hence d - f ^ ac - ae. ^ a(c^"- e)^ from which the conclusion 

~ ^ ^ a follows. In presenting this pj^oof to 

the student it should be emphasized that the operations^ were 
legitimate only because of the hypotheses, (l). that- the points 
were elements^in the truth set of the equation/ and, (2) that 
c e ^0. The student should be cautioned , against an 
assumption that one may "subtract" open sentences whethe^true 
or false. In the abov^e proof ^ the sides df each of the 



pages 7^*9-75^^ l6»4 



i 



1 

resptctlve equations have already been established as names for 
the same number before the subtMCtlon process. The coefficient 
definition also encompasses in an unpomplicated way the notion 
of a zero slope or a negative slope, as well as the notion^ that 
slope is not defined for vertical lines. 



Answers to Oral Exercises l6-4c ; ^page 7^9^ 



; 3 

slope* ^ 




(d) 


, • 2 
slope ■ ■ " "J" 


.(0, 0) 


y-lntercept ■ 


(0, 1) 




y-lntercept i 


slope 1-3 




(e) 


Eslope! 0 




y-intercept : 


(0, 3) 




y-intercept : 




slope 17 




■ '(f) 


slope t not d€ 


3f ined 


y^lntercept i 


(0. =6) 




y-lntercept t 


none ^ 


(d), (e) 











(b), (a) 



Answers to Problem 3et l6-4c ; pages 749-750; 
1. 



(a) 


slopes 2 




(d), 


. 1 
slope 1 ^ -J 


y-intercept : 


(o.,i) 




y-intercept 
o 


(b) 


sJL0pe : 2 




(e) 


slope : - ^ 




y-intercept i 


(0, 1) 




y- intercept 


(c) 


3 

slope* - ^ 




(f) 


sJ=ope = , not 




y-intercept : 


(0, 3) 




y-interoept 


(a) 


y ^ 2x + 6 




' ' (b) 


1 



(0, |)- 



(9^ 2) 

sf'lned 











r 
















1 






























































= 2 
- 1 
































1 0 
















^-1 

















^6 


y 














































































= 2 

i 






























\i 2 : 


5 
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(d) y - a 











y 














-5 
















-4. 
















-3 
















-2 
















- 1 














7 _ 


















'J 









(e) y « -3 









































-2 
















- 1 
































-2 






























^-4 

























(f) = 3 







■•1 


1 


y 






























-3 
















-2 
















- 1 














> _ 


1 0 






12 


1 









































-3 


y 






























-2 








S 








- 1 
















0 




1 












-2 
-3 







































3,, y ^ 3x + 1 

y ^ -2x -+ 3 
5. , ^ 



Answers to Oral Exercises Ib-^U-d ; page 755: 




Increases 
decreaGes 
inc^'easeg 



(C3) 
(e) 

(f) 

(a) 

(e) 
(f) 



13 ^ 
0 

7 

T5 

decrease r 
decreases 
Increases 
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pages 755-757; l6-4 and l6-5 



(a) y = 3» + -3 

(b) y = 3x 4- 3 

(c) iy = .2x + 3 

(d) y = 3x 























4 

-3 






r 


i 






- 2 




























- 1 














10 






» — 

















(f) 



= -2x + ^ 
|x + 1 



■•,( 



l6-5, GraphB of Sentences InvQlvlng an Order Relation ^ ' 

The approach in this sectloRii^^ based on an assumption, 
made without formal proof, that a lineirfWldes the plane into 
two^half planeSi thereby ereattng three rrtutually exolusive and 
all inclusive subsets of the set of all pointy In the pl^ne, 
namltly the set of points on one side of the Itnei the set of 
points on the bth^r slde^ and the set of points on the line 
itself,- The major ass^tlon, made plausible by examples, is 
that the graph of an Inequality of the first degree in two 
variables consists o£ all the points on one side of a line whose 
equation is formed by changing the order symbol to , The 
tea char ^may >ish . .tp. .support th^lSi assertion- wl t+i more- ^iMmples 
than are given In -the text. It may also help to have^ the 
student p"]^actice selecting two points, one Qf^^^'ona^ |ida of the 

- ' ■ 538 



pages/? 57 -761*. I^t'S . ■ ■ 

^jfnej arid'one on the other. Then show that one of these satis- 
fies the Inequality^ while the other does not. 

' Tha.maehlnei^ for eonitructlng such a graph consistB 
esientlally In deteftiilni^ig on whlbh rtde of the Mne an elfmenf 
of the truth set lies^ and then Indicating this particular half 
plane as the graph. It Is Importari^ th^t the student . recognize 
the distinction between the relation and^ "<'■ , th4 latte,r^ 1 
requiring that the line be ihcluded In the graph. The student 
should avoid an Inference that the symbol is associated 
with points "above" theain^ while the aym^^ Is mssoclated 
wltk points "below" the line; - 

. ' 

Answers ^to Problem Set l6^3 i pages 761^762^ 



1. (a) ^ ^ (b) 




. pages 762-76^ 

3, Yes 

y ^ X H- 2 



j Answers to Review Problem Jet j 



(a 
(to 
(c 

(d 

(e) 



(a 
(b 
(c 
(d 
(e 
(f) 

(e 

(h 
(i 
-(J 
(k 

(1 
(m 

(a 

(b 

(c 

(d 
(e 
(f 

(s 

(1 
(J 



-8 . 
-lb 
11 ■ 
1 

20 a 

-2a + 6b 



n) 



pages 7o3=Vo^^ 
(g) 6 

- -na 



4. o 



(1) 



a(m + 
6(m + n) 
I4a(a 4 3) 
6c (3 4- 2d) 
3(3 - 2a) 
ab(6a + b) 
3m - 3b 
3(x - 3) 

m(ao) 

a(l + 
b(y® + y 
27r(r - 



a + a^) 
1) 



t) 

3x 



a) 



5(ity 

(4) 

[21 

(-20} 

1-1] 

(=14) • • 

(3) 
'(18) 

[28 3 

set of i^eal numbers 
greater than 2 



(h) 



(1) 



S) cm 



8 



(J) -a - 3b _ ■ ■ • 

(k) 2m 4- 2n - 10 ' 

_ o ' ■ 
- 9xz + 9ya 4- lB2~ 

(n) 4y i 5x 4- 7z 

(0) 2a(c - 2b^ = 1) . 

(p) (a + l)(x 4 y) ■ ' 

(q) cy - ox 4- ay 4 ax 

( r) (mn 4- 1 ) (m 4 n) 

(s) (=4b -!-. 3a) (2o - d) 

(t) (x 4^ 5i(x 4 il) 

(u) (x = 2)(x - 6) 

(v) (b - iO(b + 3) . ' 

(w) 4(m - 5)(m - 2) 

(x) b(c - 6)(C 4^ 1) 

(y) x(l = x)(l +'x)(l + x2) 

(k) set of real numbers greater 
than ,6 

(1) set of real numbers less 
than -5 

(m) set of real nunibars less 

than I ^> 

(n) set of real numbers greater' 

than 3 
(o) [1,3] 

(p)-M3,7} ;■ "'- 



541 ^\ 



} 



(q) 

(s) [6] 
4. (J) = 



^^H 



0 12 3 4 



-7 -6 -5 -4 -3 -2-10 1 



it) {0/3) 

(u) 

(v) [3.-3] 



(m) -^H — ^ — I I I H — 

-2 -I .0 I 2 y 4 5 



(a) Let n " -be the first integer. The next consecutive 
Integer is n 1 . ' 

n + (n 1) - 63 " ' ' ^ 

2n ^ 62 

n - 31 . # 



Hence j 'the? truth net is ^ [31} 



^ The inte.rrcrn are 31 
( b ) Let n b e ' a n unib e r , 
n + 5n ^ 90 
6n ^ 90 
n ^ 15 



and 32. 

Another number is 



Dn . 



Hence, the truth set is , [15)* 
Th e t V/ □ n urn b ern are 15 an d 7 5 * 
( c ) If Geo r r; e i r: a ye a r a -o 1 cl , t In e n J am e r 
yearn old* 

a 4- (a -'r 5) - 37 ' 
2a .32 
a ^ 16 



a 5 



Hence, the truth net in [16), 
George in 16 and James is 21 
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page 765 



(d) Let w be the length In feet of 'one of the sides 6f 

• the lot; Then, 120 = ,w Is the length in feet of an 

adjacent side . ^ 

. w(l2a ^ w) ^ 2T00 Domain: - 60 

o By convent^n the width 

120w ^ ^ 2700 is less' that) the length 

^ _ so w < 120 - w. 

w" ^ 120w + 2700 - 0 ' 

(w = 90)(w = 30) - 0 

w . 90 ^ 0 or ■ w - 30 ^ 0 

w - 90 or w - 30 Domain: w < 60 

,■4 

Hence^ ths truth set Is [30). 
- The width is 30 tt.; the ^lenkth Is 120 = 30/ or 90 ft. 

; ' 

(e) Let a be the altitude In 'Inches of the triangle-, 

1*1(16) = 60 

8a 60 ' 
a . ¥ ■ / 

15 <- 

Hencej the trnith set is [~^] . 

The altitude is ^ inches. 

(f) Let n be the first number. Then, the .next two 
conDocutive numbers are n + 1 and n 2. 

n H (n H 1) + (n + 2) ^ I08 

^3n + 3 - 108 • ^ 
3n - 105 

/fe n ^ 35 ^ 

Kence, tehe truth set la [35]. ' 
The numbers are 35 j 36, 37- 
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page 765 ^ 



*(g) Let X be an odd number* Then, t^ie next consecutive 
odd numkHsr in x + 2, 

-K + (x + 2) <^ 110 ' X (x + 2) ^ 99 

'2% -\- 2 < 110 2x -H 2 > 99 r 

2x<'l08 • 2x > 97 \ 



K > hi 



Henc^e, the truth Get \q the net of all integers which. 
' are less than _5^^ and greater than 

The ■^lunberB could be 53 and ^55, . ^ and 53, or 
' ^9 and 5-1. , \ 

*(h) _ Let s be an even 'Integer. .Then, s + 2 I's the next 
consecutive even integers \ $ 

2n ^ 33 ' 

^- 33 



Hence ^ the truth set Is 



But 



is not an even Integer. 



ThererB^, there in no e.ven integer □ such 
that r> 4 (s 2) - 35^ 




































8 




































































5 














































3 


































1 




































5 


-1 










5 












-a 
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(1) 



(J) 







- 2 


y 






















- 1 










> 


1 0 
























—2 










( 

Y ^ -3x + 2 

2 3 
y ^ ^ 



Glope^ 3 
y^lntercept 

(b) nlope: -2 
y-lntercept 

(c) Glope: -7 
y-lntercept: (o^ 5) 



(0, -5) 
(0, 1) 







=■ 2 


y 






















- 1 












1 0 

































(d) y - 4x + 4 

(e) y^^ -8x - 3 

S 

(d) olope: 
y-interGept : 

(e) Glope: 2 

.. y-intercept^ (O, ^) 

(f) slope: 0 
y=lntercept: ^ (0| 5) 



(0. I) 



2, 
^3. 



Suggested Test Iteps r 

Consider the equation 2k - 5y - 10 ^ 0 

(a) V/rlte the equation In the y--form. 

(b) - What is the slope of the line which is the graph of 

this equation? 

(c) What is the y-intercept of this line? 

(d) Draw the graph of the equation, • - 

(e) Vfhat ia an equation of the line parariel to the given 
line and v/lth the y-iiltercept (O, l)? 

Ifhat is the value of a mich |hat \he line with equation 
3x 4- 2y - 6 ^ 0 containQ tlie point (a, 3) ? 
What is the value of b such that the point (2^-3) is on 
the line with equation 9x - by = 3? 
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4. Determine the slope of the line whose equation isi 

(a) y ^ 3 -.0 

(b) X - 2y = 2 

(c) 3y + X - 4 ^ 0 

5. Given the equation 1 = y C and tV^i ordered pairs 

(0,2), (=3,8). (1,1), (=2,4), (0,^1), (0,1), (=3,3); 

Which of the given ordered pairs are elements of the truth 
set of the given equation? 

6. Give a reason why or why not the equation in Problem 5 has 
a graph which is a line. 

Draw the graph of each of the following with reference to 
a different set of axe%, 

(a) 2x f y -f 2 - 0 (f) y . x > 0 

(b) y - |x = 2 (g) X ^ 2y > 2 

(c) 2x = 1 - 0 (h) x + 2 - y or x ^ y 

(d) 3x 4^ 2y < 6 (1) X ^ 2y + 3 

(e) 2y + 3 - 0 (J) X + 2 - y and x ^ y 

8, Draw a line such that the ordinate of eafch point on the line 
is twice the opposite of the abscissa. What is the equation 
of this line? 

9, Prom one point to another on a line the horizontal change 
is ^3 units and the vertical change Is 6 units. What 
is the slope of the line? 

10. If the line described in Problem 9 contains the- point 
(Oj " ^ what is an equation of ^the llne?.^ 

11. Is the point (3^10) on the line containing the points 
(2,7) and (0,3)? Give a reason for your answer. 

12. If the ordered pair (a, 2) Is In the truth set of the 
sentence 2x + y > is (a + 1,2) also In the truth se^t? 
Give reasons for your answer. 
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(b) The slope is ^ 

(c) The y- intercept is (0^^4)= 
(d) 




(e) y = + 1 . . . 

3(a) + 2(3) - 6 a 0 ■ . /■ 

i 

a = 0 ' 
2%g) = b(-3) J 3 

(a) 0 ' . i 

(0) t| ^ ' . I 

(-3,8), (0,=1), (,-r.3) ' ^ . 

o 

The graph of ^ 1 - y =;.>C' is not a line since only a 

first degree equatlor? in two variables has -a graph whioh 
a 1 ine . . % 



\ 




^ 9 
1 

11 



slope' - ;^ei-tlcal change - ^ 
horizontal change 



J 



■3\ 



r 



The slope of the line containing the points ' ^2,7) and 
(0,3)^ is 2. The yi^intfercept Is (0,3). Therefore the 
equation of the line is^ * ^ 

+ 3 . 

The point (3,10^0 is not o^the line since 

■ 10 ^ 2i3) + ^ . ■ 

12^. Since (a, 2) is in the truth set we know that 

2a H- 2 > 4 . 

I^' 2(a ^ 1)- f 2 greater than 4? ^' ) L 

2(a + 1) + 2 - 2a + 2 + 2, by the di^lbutlve property... 
2a ^ 2 + 2 > 2a + 2, by the addition property of order, 

since 2 > 0, /' 
Therefore 2a + 2 + 2 > 4, by the transitive property of 

o rd e r . 

(a + 1,2) is in the truth set of 2x + y > 4, 



^ I Chapter 17 

1^ SYSTEMS K3F OPgN SENTENCES 

In this charpter the studentV^ extend the'lr ideas about sen^ 
tencas, truth sets and graphs t^^study compound flrlt degree sen^ 
tences ^n two variables; i*he ^fiost common sentence of this type „ 
is the conjunction ? * 

Ax + By + C ^ 0 and Dx + gy + F - 0, 

^- which 'arises in many contexts where two variables have two condl- 
tlona . placed on them simultanequsly , S^ych a conjunction Is 
called a sys tern of equations and is usually written 

*Jax + By + C - 0 
' [Dx + Ey F - 0. 
Because the truth set of a conjunction Is the set of elements for 
which both sentences are true simultaneously , such a system is 
often called a "slmultanuoua system" , 

The problem of determining the truth set of a compound sen- 
tence in&two variables is again one of finding an equivalent com- 
pound sentence whose truth set is obvious, He^He we are aided by 
Intuitive geometry of lines. Two distinct lines either intarsact' 
in exactly one .polrit or they are parallel* If the lines given 
by the . equations of the system intersect, then that point of 
Intersection has . coordinates satL^fylng the equations of the 
system* This ordered pair Is the one and only element in the ' 
truth set of the system^ and this point is the graph of the sys- 
tem. Thus, in the case of one solution the problem of finding 
equivalent systems is one of finding pairs of equations of lines 
^through this point of Intersection* The most simple equations of 
two 3,uch lines are those whose graphs are a horizontal and a ver- 
tical line through the point of intersection. All methods of 
solving systems of first degree equations are actually procedures 
for finding these two lines. 

In the first two sections of this chapter we consider a sys- 
tem of equations with exactly one solution and show how to.^en- 
erate from these equations any other first degree equation also 



having this solution. Thug, if the' system' 

u Jax + By h- C - 0 
_ * , . |bx + Ey + J' * 0 ^ 

has exactly one solution, say (r^s), then for any a o, 
"b 0, the equation 

^a(Ax ^ By > C)^*+ b(Dx + Ey + F) 

is also satisfied. by {r,B)\ ^Thro\]gh examples ind diSQUsslon, 
the student should learn to select the multipMers^^ a and b 
BO ttet' eit^w the cpefflclent of x or^- of is 0 in the new 

equation, Thua , with two proper choices "ofv. a and we obtain 
an equivalent s.ystem^£>f the form 





whose truth set is [(h,k)}* 

It should be emphasized that the above analysis depended/on 
the fact that the system has exactly one solution, thug guarantee- 
ing that^the corresponding lines intersect in exactly one point. 
In the cases for which the lines are parallel (including the casey 
of coinciding lines), it is necessa:^ to give an algebraic devej- 
opment of equivalen^Jsentences , one which does not depend on 
intuitive geometric ideas ^ The fact is established In this a^'b- 
t ion that any system 

[ax -f By + C - 0 
Idx 4 Ey + F^- 0 

is equivalent to 

fa (Ax + By + C) 4 b(Dx + £y + ^ 0 



Dx + iiy + F * 0 



and to 



S 



Ax + By + C ^ 0 
a (Ax + By + C) + b(Dx + Ey + F) - 0 

for any a ;^ o, b ^ o,' This fact is ''proved" for a special 
system. Since the proc^ f or the general case would be so similar 
m every detail it la not included, .The above "theorem" is used 
in Sections 3j^-+, and 5 t^jolve sy&tems of equations. 



A student may need help In seeing that if there is a number 
\c 1^ o sueh that ' v 

then the multlplj^ers a. arri b trAy be ao ahosen tt^t the sya*- 



tern 



/ax + % +^ C - 0 



is equivalent to 



Jp^h^ 5y + C ■ 0 and itb f 



0-0 
F - 0. 




whloh have a b©mmoh i;i*uth set whose graph la a line. In this 
case, "Ax + By + C - 0'* and "Dx + % + P ■ 0" are equivalent 
and theff* 'gTaphs cpifla^de. ' 

If thereof a a number k o such^that^ , ' . 

' . ■ kA^ E - kB^' but- F ^ kO, 

then the system'^^ . ' 

■"■^^ ■ 

i 

has no solution. The graphs of " "Ax # % + C ■ 0" and 
"Dx + Ey + F ■ 0" are parallel lines. 

Thrpughout this development it Is wal|L to insert an oeca^ 
sionai*^ compound sentenoe with tht eonnective "or". Such ex^ 
amplip shoul^^emind students of the fundamental difference be- 
tween oonjunotlons and disjunctions and emphasize the importance 
of oorrect oonneetlves. The g#aph of "2x ^ y + 3 0 a_nd 
X + 2y + 1 *• 0" is one point* whereas the graph of 
"2x - y + 3 « 0 .or X # ay -f^ 1 » 0" is the set of all the 
points on the two linM* In this connectlonj emphasize the 
difference betweeh the statement "the graphs of the equations „ 
of the system"* which refers to a pair of graphs* and the state- 
men%^'"the graph of t^e system"* which refers to either one pointy 
one line* ©r the nuK, set, t 



,pa«^ 767-772 • 17-1 and 17-2 

17-1. Syatema of .Squatlong, . ^ ^ 

The word system is used as a svnonvm for ' con.1unctl>pni that 
Is, to= /Indicate a compound sentence with connective and . Thle ie 
.a good time tO| review the conditions for a true compound sentence, 
i ."A or B'* is false if B are both 

false sentences ivpthervilee it Is true, v 
"A and B" is true if A, B are both 
true sentences; otherwise it is false. 
Thus, the truth set of a system of sentences Is the set of ele- 
ments each of which makes every sentence true* 

Answers to Prpblem Set 17-1 ; pagp 769^770: 

1. The given ordered pair satisfies the aystem In each part 
except (a)^ (d), and (e). " 

(9,1) is an element of the truth set of the compound sen- 
tence In every part except (a), v 

3, Answers will vary. 

4, .Answers^.wlll vary* 
5* Answers will vary. 



1*7-^. Graphe of Systems ' Of Equations . 

It should not be difficult to convinc students that al- 
though the graphs of the equations of a system allow us to make 
an estimate of the truth get of the system^ we must not accept 
this estimate as the truth element until it Is shown to satisfy 
both equations. This sort of discussion should then motivate t^e 
development of the following sections, in which procedures are 
established for solving systems by finding equivalent systems. 

The situatinn, is analogous to that of the beginning of the 
course when truth numbers of sentences were guessed and then 
nhenkad ; later, the guesswork was eliminated by considering the 
concept t)f equivalent sentences. 

T h o rp i u n n ha r p ? i 1 f f e r e n c e between the " g r a p h s of the s en ^ 
tences In ri syHtem" and '"the graph of the system". The latter is 



pages TTa-??"! 17-2 



the graph' of a eonjunctlon, and In the case of a system of first 
degree equations .with one ablutionj It Is a alnglt po^t. 

Ana»ega to Problem Set 17-2 ; pages 773-775^ 

1. u?r(5,6)i 

(b) {(-3,4)) . 2. 

(P) H'2, - . , ... . . . , ■ 

(a) [(o,cy)l . • ^ ' ; 
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3. (a) . ' " 
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17-3. Solving Sya terns of Equatlohs , 

In this ieetlon we develop the Idea of equlvalant gystemi* 
There le one hurdle here for the studentsj If this , hurdle' it 
passed, the succeeding development^shGuld run smoothly* It Is 
this I given any two first degree equations. Ax + B^J- C * 0 
and Dx + Ey + F 0, which represent interseotlng lines, we may 
choose any two non-^ero real numbers a and b and be certain 
that the generated equation • - 

* a (Ax + By + C)^ + b(Dx ^lEy + P) ^ 0 

t 

represents a line and, in factj a line" corttaining the point of 
intersection of the original lines, Purthermore, every line 
through this point of Intersection (other than the original 
lines) can be obtained by certain choices of a a^d b.. The 
verificatioh of this fact follows In part from the observation 
t ha t a number pa_ir ( s , t ) sa tisf leg an egua tion ^ ^nd only IX 
the point ( s i t ) Is^ on^ the graph of the egua tlon , 



^ u 



1 



pages 7;'8-783:, '17-3 , ■ - .', " 
Anewars to Problem Set .17-3a j pages f78-779! 



(a^ yes 
*(b) 



If) 



(dX yes ^ \ r 

?T ' Answers will vary 

3. C^x -^y + 5) + (x 4 y^ - 2) 0 

* ^ ^^^^ - ; , 2x + 3v= a 



yes 
yes 

(g) yes 

(h) yes 



.3x - -3 



'.(ax -iV +'5> + (-2) fx + jr -■■2) - 0 . 

(2x -^v f, 5) +■ C-ax - 2y + 4) - 0 

, , . \ . - ' -3y <.+ 9 - 0 

, ■ _ ' ' ' . -3y a -9 

■ • " " ^ . y - 3 , 



Am were to Oral IxerclgaB 17-3b j page 783: 

(a ^ -6, b ^ a'i a ^ -9f b 
also correct 



i; 


a 




-3, 


b 




1 




a 
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-2 


2. 


"a 




\^ 
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1 




a 
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-1 


3. 


a 






b 








a 




1, 


b 








a 






b^ 
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1 : 


a 
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3, 
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a 






b 






6. 


a 




2, 


b 




1 . 




a 




1. 


b 




-a 



^ 3; etc , J are 
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Answare to Froblam Set l7'-3b | page 78^1 

Truth set Of the iystami {(l8,-4)) 



1. f'^ - 18 
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The graph of the system is the pDlnt (18, -■'t) 
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3. 

5. 

6. 

7. 
8. 

9. 

10 



-9 

5 

8 

2 



{J : 

fx • i 

U v - 

x'* -1 
y ■ 

3t - 7 
y - 9 

- -5 

\ 

2 



Jx - -2 

• \ y - 9 . 



4 *. 
2 

2 



{(-9,5)) 
t(8,-2)) 

((-1,-6)") 

[(7,9)] 

[(-5,-4)) 

{ (|, 't)) 
t(-|,2)) 

[(-2,9)1 , 



Anawers to- Problem Sat 17-3c , page 787 ■ 
1. 



, . f2x - 3y - 4 - 0 
i I 7y - 14 » 0 » 

/. » /2x - 3y -^^^ - 0 
"^-^ l7x -3^-0 

t-l4x + 42y - 14 ~ 0 
Ix + 2y - 9 = 0 



(b) 



fi4x 70 = d 

tx + 2y - 9 =-0 



/„N f 5x - 39y + 53 - 0 
^ = ' txif2y-9«0' 

Answers will vary. 



\ 
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* 

. Answeri to Problem Set 17"3d | page 790 r 



- y - 1 - 0 

y - 5 B 0- : J- 



{ 



(x - y 1) +^ifx + y - 5) - 0 
X + y - 3^ - 0 

2x - 6 = 0 
X + y - = 0 

f X ^ 3 

|x + y - 5 = 0 



If there Is a solution, It must be of the form (3,b), and 
b must satisfy the ^following a^lvalent sentences ^ 
. a + b - 5 ^ 6 ^ . ' 
b -.2 ^ 0 

b ^ 2 ^ 

(3j2) ^s^the solution of the "s^tem. 

ThI above form Is an Ideali-ial^^on of the complete set 
of s^eps In. solving the system* Of aourse. It is hoped and 



desired ^tWat students will quickly lepi*n to^^omlt some of the 
s^eps by choosing the multipliers and forming new*"BentencVe" 
in one step^ as well as making the substitutipn" to obtain 
B ^In, one step. No matter hovJ short the procek^, the Idea ^ 
^ equlvajerit systems should remain, 

2.. [(-'+,-3)) y 

3. ((1,-1)3 

5. ((-5,2)] , . ' . 

6. [(-2,-3)] ^ 

7. ((3,-'')) 

8. f (2.5)3 

9. .{(-2,-1)3 • 

10. f(6,7)) 

11. (a) one 
(b) Inflnjltely many 



) 
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17-"^, ^ Systems of Equations with Many Solutions . > ' 

The students should be reminded that a compound aentence with 
connective and (that Is, a system of sentences) is true when both 
sentences are truej otherwise It is false. Thus, In the system 

JAx + By + C ^ 0 

"O « O" is truej and, therefore the systeEPi 1^ true for all num^ 
ber pairs making "Ax + By + C ^ 0" true. 

This situation will occur when the system - ^ 

Tax + Bjt + 0^0 
^3 ^ Dx + Ey + P ^ 0 

la one for v^l^^h.we can find a non=zero number k such that 
A * kD, B - *kEj and 



C * kF,^ and the system i« equivalent to 

+ Ey + F) ^0 



Ax + By + C * 0 
(Ax + By + C) - 



+ By + C - 0 
0^0 



In other words, in 1;hls case the individual sentences* In the 
system are equivalent (one having been%obtalned f rom the other 
by multlplyirig by a non-zero real number). Thus, the graph of 
such a system is the one line represente3 by the two equations. 



Answers to Problem Set l_7z^J pages 792-79^ 



^ 1 



(a) 




\ 



page 792 s 17- 
. (b) yes 



f. (a) 



t "4x + 6y**- 20 = 0"' can be obtained by multiplying each 
side of "2x + 3y - 10 ■ 0" by 2, a non-zero real num- 
ber, ' ' • ' 

y - ■ * 

(o) The ti'Qth sets and. graphs of the truth sets of equlva- 
lent B^tences are the same. 
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(b) yes 

"3x - 6y + 15 - 0" QM\ be obtained by multiplying eaoh 
%slde of '*x ^ 2y + 5 * 0" by 3, a non^iero real^ number* 

Tx - 2y + 5 - 0 . ;" A 

1 0-0 ^ 

(d')^ Infinitely many 
(a) 
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(b) yee , ' j * 

'^12% - % » 0" can be obtained by multiplying b©^h 

ildes of "3x - y ■ 0" by a non-^^ero real number, 

(d) infinitely many ^ 
^. (a) 
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(b) no 
/ no 

(c) no 

(d) one 



5. (a) PleaBe see the first paragraph on page 555* 
" (b) They are the same graph. 

6. All systems, exceptf' the one In part (c),, have Infinitely 
many solutions. 

7. (a) 

) (g) It is not poaslble. 

(d)' 2x + y - 6 ■ 0 and 0-0 
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17^5. Systeme with No Solution . 

Again, the definition of a conjunction of gentenceg' telle ue 
that the system 



Ax + By + C « 0 



l8 falsa for every nymber pair, because "-5 « 0" is, false. 
Such a eltuatlfon occurs when the system 



Ax + By + C ■ 0 

Dx + Ey + P = 0 



is one for which there is a non-gero real number k such that 
A ■ kD^ B » kE, and C ^ kP^ and the system Is equivalent to 



pbc + % + C « 0 

UAx^ + By + C) - k(Dx + Ey + P) « 0 



iA3C + By + C " 0 
C • kP 



Clearly^ the second sentence is false and the system has an empty 
truth, set, Fy. cases in which B ;^ 0 and E 0 it^^.may be^ 
Instructive for the class to put the sentences of such a system 
in y*-form' 



A 
D 



C 
B 

P 



I " ^ I and 



- £ ^ p 



This impliea that the 



and note that g - ^ b ^ i- ^ - - , 

lines have the same slope (are parallel) and different y'-inter- 
cepts (do not coincide) 



2 




(b) The graphs are parallel lines. 



(c) The sentencea are not equivilent. 

The coefficients of x and the coeffiuients of y are 

the same in the two equations, but the f:onstant terms 

are different , 




(b) The sentences are not equivalent. 

The coefficients of x and the Goefflcients of y in 
the 'two equations are the same, but the constant terms 
are different , 



'J 



page 796- 17-5 

1 (-l)(x + y -6) + U)(x 4 y - 2) 

fx + y - 6 ^ 0 

^ -X - y + 6 + X + y - 2 ^ 0 

fx + y - 6 = 0 . 
\ 4 0 

(d) The truth get is the empty set, 
3. (a) 
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(b) The sentences are not equivalent. The coefficients of 

of X and y in the second sentence are each twice 

the oorresponding coefficient In the second sentence* 

The conetant terms are not related In this way, 

/ V fax + y - 1 ^ 0 

i(-2)(2x + y ^ 1) + (l)(4x + 2y ^ 5) - 0 

f2x + y - 1 ^ 0 

U^x - 2y + 2 + 4x + 2y - ^ ^ 0 
f2x + y - 1 ^ 0 



(d) The truth set Is the empty set, 



pages 796-797! 17-5 
4. (a) 




c 



(b) 
(c) 



The gentences are not equivalent. The coefficients of 
X \and y are nbt related In any social way. 

This cannot be done* No choice of a and b ^n the 
sentence '*aC2x - y - 4) + b(x + y - 6) - O" wiU. re- 
" ' suit in a sentence in which the coeffioienta of x and 

y are both zero* 
(d) Thepe is one element, 
5, There is a number k ;^ o such that If you multiply the 

Goefficlentg of x and y in one sentence b^ k,.;^ou get 
the coefficient of x and y in the other sentence," The 
constant terms are not so related. 

The graphs of^ the individual sentences are parallel lines. 
6^ (a) infinitely ma^y 



(b) 
(c) 
(d) 
(e) 
(f) 



none 

one 

none 

none 

none 



LmX^ infinitely many 
(h) none 



574 .J u 
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h - 5) I- (l)..(2x -t hy + 3) =0 

fx + ay - 5 = 0 . -f 

^ l-Sx - 4y + 10 + 2k- -'--'hy .|- 3 = 0 

fx 4- 2y -5=0 
13 =. 0 

(b) Ho such syatem oan be determined. . * 

'ax 4- y - '3 = 0 

-3) (ax + y _ 3) + (l)(6x + 3y - 5) = O' 



{' 

(=) if. 



y - 3 - 0 

■ 3y ^= 9 + 6x -i^ 3y ^ 5 



y ^ 3 ^ '0 

I ^ 0 



17-^'. Another Method f or Solving Syg terns , 

This section differs from the chapter as a whole In that all 
other sections are treated from tj>e point^of view of equivalent 
sys,tems,/ The equivalence approach la desirable for a number of 
reasons. It Is easily extended to linear systems consisting of 
any number ©f ^_sentenGes . It Is the basis for the "addition- 
subtraction" method, long a standard technique in elementary 
algebra texts. It Is strengthened by^ and In turn strengthens, 
the concept of equivalent sentences, aeveloped earlier In this 
text, 

Nevertheless, the "substitution" method, also a familiar 
featur'e of most texts. Is 'very efficient In many cases and is 
useful enough in later work to warrant some attentlonj and this 
section Is devoted to an explanation of It, If, for any reason^ 
it should seem desirable to omit this section, nd^-^o^s of con=- 
tlnuity would result, ^ 

The text Is careful to work with numbers In developing the 
substitution method. Thus, In Scample 2, for Instance, the prob- 
lem-solylng process begins by stating that If^.a and b are num- 
bers such that {a,b) Is a solution of the^ system 

- 7 

then "2a = b - 7" and "a + 2b - 4 - 0" must be true sentencea 
From the first of these, the name "2a 7'' is derived for the 
number b, and this name Is in turn substituted for "b" in 'the 
second sentence. 




..J K J 
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( 



Thig' differs from presentations that simply subs ti tutG,^. 
''2x + 7" for "y% without the introduction of the "(a^b)-" ^ 
notation. There is of course nothing wrong with this, but it 
needs to' be accompanied by an awareoees that, in making such a 
substitution, one is working with a particular (x,y). It Is not 
true that, for any ,(x,y) satisfying the second' sentence. It is 
true that y ^ 2x + 7. To the beginning student, however, this 
distinction in the use of x and y Is likely to be unclear. 
The "(a,b)'' notation emphasizes that we are ^-orking wdth a, 
particular pair of numbers, ^ ^ 

^ In the examples of the text, the process In each case begins = 
with the statement "If (a,b) is a solution*,,'- , Thus, as a 
final step, it la necessary to check in each sentence of the sys- 
tem, since there may be no solution at all. Otherwise, we have 
not shown that there la a solution; we have simply shown that if 
there la a soljHlon, we know what it is. However^ if in the 
study of srctions 17-^' and 17-5, the class has establir-hed a way 
o€- telling beforehand that system has exactly one solution, . 
then the checking is nd longef a logical necessity. The state- 
ments "There is exactly one solution" and "If there is a sol- 
ution, it la (-l,ir> for Instanca^, certainly imply that (-1,1) 
is the solution. Even so, checking may be desirable as a -guard 
against arithmetic errors . 

An3wer8 ,to Problem Set 17-^--o pages 8oi=802: 

1. J(1,1)J ' . 6. l(-^,"5)J 

2. [(1,3) J . 7, t(lO,b)J ^ 

3. [(1%-1)J ' ^ 8. [(10,15)] 

4. ((6,-4)j 9. ((2,3)] 
^5, ((5,6)J . lO. [(0,1)] 

Answers to Problem Set 17^7 ^ pages 8o^u805: * 

1. The larger number Is ^ -8 and the smaller number Is -lb. 

2. The larger number la 23 and the smaller number is 7, 

3. The boy has 6 dimes and quarters. 



pages 805-810 : 17-T and 17-8 



■4, The number of five dollar bills is 40, ^ 

5. Th^ number is 3u . 

6. The man. bought 10 pounds' of 3b-oent^ut% and 2p pounds 
of SO^cent nuts. 

7. Each man is paid $10 per day and each boy is paid $6 per 
^ay . . 

_ _ 1 ■ 

8. 5p ' 'pounds of. .seed worth $1.05 per pound and 150 pounds " 

of seed worth 85 cents per pound 
9^. He invested $5,aQ0 at 5^ and $4^600 at 6 ^ . 
10, At the poiht whose coordinates are (3^1). _ 

. ^ ' ^ ' ' \ 

17-8. Systems of Inequallti es , % ■ 

As before, the definition of a conjunction will be tlie key 
Idea here* A number pair satisfies a system of sentences if and 
only if it satisfies both^ sentences . Thus, a point is In the 
graph of a., system of inequalities if and only if its coordlnatee 
satisfy both inequalltie's , 

Answers to Problem get^ ^l 7 -8 j page 8IO: *^ 
1 * 
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Answers to Review Problem Se^ ; pages Bll-Sl^H 
(a) (d) (e) 

(x - 2y + 3)(2x + y - 8) ^ 0 means 
X = 2y + 3 ^ 0 or ^ ax + y 8 ^ 0 , 
3 < X < 7 means 3 < x and x < 7. 

2. (a) 3(2) - (3) ^ 6 - 3 ^ 3 Since the two clauses of 

2 - 3(3) + 7 = 2 -9 + 7^0 compound sentence 

- , - - - are not equlvalentj 

^ there Is at most one nunr 

ber pair that Is the sol= 
utlon of the system* 
-Hence the truth set Is 

[(2,3)). 



(b) (2,3) 



J 



(c) a ^ 1, b ^ --3* The^f^e are other poss Iblll ties such, as 
> a - 2, b ^ / . . \ 

(d) a ^ -3, b ^ 1. Ther/e are other possibilities* 

(e) -3a + 7b - 0 is true for a ^ 7 anc^'^ b ^ 3*. There 
are other pos slbll j ties . 

a) {M 

(b) all numbers greater than --3b. ' 

(d) t-2, |. 7] 

(e) [-2, -3) 

(fj the^et og, all number pairs w^^oge ordinate Is at least 
3. more tnan the oppogite oF the abscissa. 

(g) t(0, 0)) 

(h) [(1, - i)}- 
(1) f> 

(j) the set of all number pairs where the ordinate is 2 

more than - 5 tlm^a the abscissa* 
4 
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6, To every number P^lr there corresponds exactly one point In 
thre plane and to ^ery point in the plane there corresponds 
exactly^ one number pslr for a given set of axes in the plane. 



7. (a) 

Truth Bet area between 




(a) -ax' 

(b) third degree 

(c) 1 

(d) 7 

(e) 4 

(a) -3 

(b) -1 

(c) third quadrant 



(f) 1 

(s) 0 

(h) ye£ 
(1) "yeE 



(*) 3 

(a) second^ quadrant 



X, 



\ 



pages-- 813^8 

9 

10 



(c 



2 ■ 7 -X 

-7a +' leb 

a 



or 196x" 



2a b 



(f) 

(g) 

(h) 
(1) 



81 

a 7a 



Ca 



X + 5 

3 



+ 7 



4c - 
b a b c 



3a 
51 



11 



Let X represent the number of days of alow growth and 
y represent the number of days of fast growth. Then 

365 
50 

(x + y - 3o5) + (-10)(.10x +,25y - 50 = 0 ' 

y - 2.5y - 365 - 500 
-1.5y - -135,. 



/ ^ + y = 

^lOx + .^5y = 



4(135) 



90 



\ 



, y = 3^ 

There ware 90 days of fast growth 
and 275 days of slow growth, 

12, There were 16O snails from population B and ^O} snails 
from population A If the migrants were a representative 
sample from each population, 

13* If f is the number of grams in the fresh weight and d is 

the number of grams of dry weighty 

then ' . " 

f - d ^ 100 



d ^ 



(f - d - 100) + (d - ~r) 



l^f - 100 

f - ica 



The fresh weight was lOP grams 



page 814 ^ ^ 

14. If f %m the average weight of famales In micrograms 

and m is the average weight of the males In mlorograms 
than 



/Sm + 2f ■ 10(72' 
\ 2f - ^40 + 



0) 
980 



i ^8m + 2f - 7200) - (2f - 1920) - 0 

8m * 7200 - 1920 - 5280 
m ■ 660 = 

The average weight of the 8 males is 660 micrograms 
taeh. 

Suggested Test Itemi 

1* Is &^Gh of the following compound sentenees a system of 
sentences? 

(a) X + y s -2 and - y = 8 

(b) 2x + 6y + 3 ^ x ^ y ^ ti 

(c) X 3 and y -5 

(d) 3x + y ^ 4 and X < 4 

(e) 4x 4 y s 8 and 2y - -8x +16 . 

(f) 3x + 2y + 1 ^ 0 and 6x + 4y - 9 ^ 0 

2, For which of the six sentences In problem 1 Is (3,-5) an 
element of the truth set? 

3* (a) Draw the graphs of the individual sentences of the 
system 

, fax + y -H 3 ^ 0 
\x - 2y + 1 ^ 0 

(b) Draw the graph of the truth set of the system In 3(a), 

(c) ^plain why the graphs In (a) and (b) differ, 

4, Draw the graphs of the individual 3#n#ences of each of the 
six compound santence.^ In problem 1* 

5* Draw the graph of the truth set of epch of the compound sen-^ 
tencei In problem 1 . 



/ 



6. Is th© ,truth set of the system _ ly^-^j " o co^^^ined In 




the truth set of any of the f crowing sentences? If so. In 
whleh? 

(a) '^x - 2y + 3) + 7(3x - 7) - 0 

(b) -3(x - 2y - 3) + l(3x^ 2y - 7) - 0 

(o) a(x - 2y - 3) + b(3x Kfiy - 7) - 0, where a and b 
are nQn-^sero real numbtr^ 

7s Find the truth sat of each of the fQllowing by determining an 

equivalent ^system in which one of the sentences contains only 

the variable k, and the other sentence only the variable 

yi orj if this is not possible^ find the truth set by deter* 

mining an equivalent system in which one of the sentences is 

0 ■ 0 or a false sentence^ such as 4 ■ 0, 

- 2x - 3 
LOx - y ■ 11 



X - y * 5 
^2x + 3y - 10 

. . hx ^ 3 - 7y _ ^^U 
\lOx " 35y - 15 



ix 2 ^ 0 

|x + iyj + 3 - 0 



8, Can two Integers be found whose dlffennce is 13 and the 
sum of whose successors is 28? Explain, 

g. How mar^ pounds each of 95""cent and 90-cent coffee must be 
mixed to obtain a mixture of 90 pounds to be sold for 92 
cents per pounS? 

10. A man made two investments, the first at 4^ and the second 
at 6^ . He received a yearly Income from them of $^00, 
If the total Investment wag $8,000, how much did he Invest 
at each rate? 

11. At a service station Jack bought ten gallons of gas and a 

" quart of oil, spending a total of $3*75, Jim bought eight 
gallons of gas and two quarts of oil, and he spent $3,5^- 
What was the cost per gallon of gasoline and the cost per 
quart of oil? 

12. The digits of an Integer between 0 and 100 have the sum 
12, and the tens digit Is 3 more than twice the units 
digit. What is the Intager? 

56^ 



13. Draw th© graph of each Df, the following syiteme, 
(a).-x + y - 5 and x < a' 

^ 14* Consider the Bfentence "2x - y > 3", The number pair (2,3) 
dDts not satisfy the sentence, and (3, -l) floes satisfy 
the aenttnce. Which of the following Is truej^and why? 

(a) ** (2j3) and (3,^1) are on the same side of the line 
/.^ "2x - y - 3% 

(b) The point (3,-1) Is on the line "2x - y ^ 3", 

(e), (2,3) and (3,^1) are on opposite sides of the l±ne-__ 
"2x - y - 3". 

Answerg to Sug^^ ted Te$j Items . 



(b) Is not a system of sentences^ since it is a compound 
sentence formed with "or"* Each of the others is a system 
of sentences * 

(3,-5) is 4n the truth set of each of (b), (c), and (d). 
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(c) These graphs differ because in (a) the required grapH 
is made up of points whose cDordlnatas satisfy one or 
both of the sentences comprising the compound sentence^ 
whereas In (b) only number pairs satisfying both sen- 
tences are In the truth set, so the graph is the point 
(-1,0), t ^ ^ 
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Tht graph oonalsta of all points 
whose doordlnatts smtlBfy at least 
one of the set^^^noei of the aompouhd 
ientenee , 
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The graph conilsts of all points 
with abscissa leis thBn 4 whieh 
satisfy the sentenoe 3x + y ■ 4. 

(f) 
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The truth oet a the empty set, 
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. 7. 



y = 0 
y - 5 - 0 



(c) 



6. Yes. The truth set of the system Is contained In 8ent#nc4i 
(b) and (o'\. * 1 

' lU + y - 7^ + i(x - y - 5) - 0 

■ X ;+ y - 7 * + X - y - 5 V" 0 , . 

2x - 12 - 0 , " ■ * 

^ X - 6 

^l(x + y - 7) + (-l)(x - y - 5) - 0 
•x+y-7 -x+y + 5 = 0 
2y - 2 = 0 

" ' • - y - '1 ^ 

1(6.1)] , ^ 

{ix +^3y - 10 - 

3(x - y '- 5) + l(2x + 3y - 10) - 0 
3x - 3y - 15 + 2x + 3y - 10 - 0 

^ 5x - SB - 0 
X - 5 

W(x - y - 5) + l(2x + 3y - 10) - 0 
-2x + 2y + 10 + 2x + 3y - 10 - 0 

5y » 0 

y = 0 

((5,0)} 

fax - 3 - 7y 
\l0x - 35y * 15 

-5(2x - 3 - 7y) + KlOx - 35y - 15) « 0 
-lOx + 15 + 35y + lOx - 35y - 15 = 0 

0 = 0 

Therefore the two sentences off the ayatem are 
equivalent, and any number pair satisfying one 
of the aentencea aatlaflea the other. The sol' 
utlon set la infinite. 



,88 



*j r 1 



7 



y ■ 2x - 3 
lOx - y - 11 

l(y - ax + 3) + 

V - 2?s + 3 + lOx 

8x - 8 = 0 

k m 1 

5(y -^x + 3) + i(lOx, 
5y - lOx + 15 ^^^x 
- ' , % + 0 

y - -1 
t(i, =1)) 



y 
y 



y 
y 



11) 



0 
0 



11) = b 
-11 . p 

^ 



(t) 





2 










^ + 




1(^ 




1 


2 







+ |y + 6 - 0 



4 = 0 

Therefore the truth set of the ayatem Is 0 , 
8., If the greater Integer Is x and the leaaer Intfger y, then 



r X - y - 13 

p + 1) + (y + 1) - 28 

/x - y « 13 
\x + y • 26 
l(x - y - 13) + l(x + y - 26) - 0 
X - y - 13 + X + y - 26 - 0 

2x - 39 ■ Q 



/ 



But the domain of x Is 
the iet of Integers. 



Thus, .4^#<r*e Is no Integer x which meete the conditions of 
the problem. 

If It Is to contain x pounds of 95"cent coffee and y 
pounds of 90-cent coffeej then 



{< 



X + y = go 
95x + 90y - (92) (90) 

1(36,54)] 



Therefore 36 pounds of ^9b-cent coffee and 54 pounds 
of 90-oent coffee should be used. 



509 



■ 



"* 10. If m dollars was Inveittd at ^tlt -and n dollars at 6 

r m + rL, - 8,000 
, \.04m + '.mB„^ 400 

(0000, 4000)]. 

Thus, $4,000 was. Invested at each rate. 
11, If gasoline costs g cents per gallon and oil costs q 
; ceritB per quart, * . ' 



'5 : 

J 54 



■ r\ ! d [lOg + q = 37f 

■ ■ ' . _i Bg + aq 

((33, ^5)3 

Gasoline costs 33 ctnti a gallon, and oil costs. 45 cents 
a quart. ' . 

12. If u is the unites digit and t Is the tens digit of the 



integtr, Hhen.^ 



The integer is 93, 



t + u ^ 12 
" to. 3)) 



X" 



13. (a) Vf^ 





The truth set Is the get of 
number pairs which are In the 
truth set of x + y ^ 5 and 
which have abscissa less 
than 2, 



The truth set Is comprlseJ 
of the number pairs cprre- 
spondlng to points In the 
doubly^^haded region. 



Thi truth set Is 



The graph bf a first degree Inequality in' two variables is 
tha set of all points on one sldt of the line of the eorre 
ipondlng t^uallty. ^Thum^ (c) is the only correct response 



*■ \ . 

Chapter 18 ... 

V QUADRATIC POLYNOMI^S 

QimdFatlo'polynoml'^ls were first studied in Chapter 13, 
Now that' eoordlnate systems have been introduced (Qiapter 16)^ 
It ia"'posSible to get a deeper Inilght into the quadratic 
polynOTlals in ^ ^ ^ 

4 Be + 0, A ^ 0> 

oorislderlng the graphs of the oorresponding sentences, 

1 ^ 
lii this chapter v/e use the graphs df quadratic polynprtlals 

to motivate the development of" the standard form of a quadratic 

polynomAl in 'To do^ this we fi^^study graphs of "ax^" 



(where a is any non-zero real niamber). Then we note how the 
graph of "a(x - h)"" Is obtained from the graph of "ax by 
horizontal translation or "movement" in the plane. Finally, 

the graph of "a(x - h) + k" is obtained firom the graph of 

2 

"a(x - h)~" by a vertical movement. ThuSj since any quadratic 

polynomial "to^ 4 Bx + C"j A ^ 0, can be written in the 

standard fomrt "a(x - h) + k", a ^ Oj and since the graph of 
* 2 

"a(x - h) + k" can be obtained by movements of the graph of 
p 

"ax we conclude that the shape of the graph is determined by 
the^niimber a and its position (axisj vertex) 6y the numbers 

h, k, , 

a 

Tlie graph of "to" ^ Bx h C" intersects the x-axis at 
points whose absclBsas satisfy the quadratic equation 

^ Ax^ 4 Bx H- C - 0. 

Here the interesting by-play between quadratic polynomial 
and corresponding quadratic equation should be pointed out. 
Because of the shape of the graph (parabola) of the quadratic 
polynomial J it is suspected that there are none^ one, or at most 
two points at which its graph intersects the x-axis. 

The corl^eBpondln.g quadratic equation, whose solutions are 
the abscissas of the points on the x-axls^ can be solved in 
complete generality by using the standard form of the quadratic 



P ^ 
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^polynomial 




4aC 




-^/^^ - 4aO . > - 

SI — : — I A ^ 0 



.ara tguivalent. ^uSj ttore are no aolutloni ,lf B - 4ac is 
neiative^ one solution if B - ^AC = 0, and two solutions 
if B - 4ac Is positive. In no aase are thera more thaui two 
solutions p As a eonsequence we ean prove that our pres\jmption 
about the graph of the quadratic polynomial was correct i it 
Interseots the x--axii in^ at most, two points* 

The second of the two equivalent sentences above is often 
called the quadratic "formula"/* In our termlnolo^ It is a 
sentence equivalent -to the quadratic equation from v^ich the 
truth numbers are easily read* The quadratic formula is not 
developed in the .text because as a mechanical device for 
grindtog out solutions it leaves much to be desired. It Is much 
more important that ''the student should learn to write' 
"A^- + ac 4 C" in the standard form "a(x - h)^ + k" and 
solve the resulting equation by factoring* In this way he is 
constantly aware of the shape and position of the graph and at 
the s^e time aware of the posalbillty of factoring over the 
reals (if and only If ^ is negative or zero). 



l8-l . Graphs^ of Quadratic PQlynomlals , 

A quadratic polynomial in x Is defined as a polynomial 

' 2 - 

v^lch can be simplified to the form Ax 4 Bx + where Aj 

Bjfc^ and C ai^e any real numbers ^ v/lth the Important restriction 

that A be different from zero. Oral Sc^erclsea l8-la are 

designed to give the student a chance to test his ability to 

recognize a quadratic polynomial. The following points are . 

brought out in these exercises: 

Although A cannot be zero^ either. B 
or C or both may be zero. 
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o#if f la ianfca A, E, ar^ C imy he 
J ^ ^ real ntmbers (A 0)| they are not 
restricted to Integers, 

An axpreaslon luch as (x + 1) + 5 
(rt'oblem 13) la a quadratic polynomial 
s^iCoe It can be expressed In the form 

+ C* (mis will comt w again 
later %*ien standard form Is studied,) 

/ 



1. 


yesj 


2, 


4, 5 


s. 


yesi 


l/' 


5, 8 


3. 
4. 


yeaj 
yesj 


1 

7' 
-3, 


-6, -8 


5. 


. yesj 


-1. 


6, ./a 




yea; 


48, 


8, 0 


1 


yesj 


-1, 


0, 14 



8. 


no 




9. 


yes; 


-1, 1, 


10. 


no 




11. 


no 




12. 


yesj 


1, 0, 0 


13. 


yes; 


1, 2, 6 


14. 


yesj 


1, t, k 



toswers to Problem get ■ iS-lb ; page 8181 

2 

1. Oraph of polynomial 2x 

(x, y): 
(-2.8) 

(-1. 2) 
(0, 0) 
(1. 2) 
(2, 8) 




page 8181 18-1 
♦ 

2. OrapK Of polyrjoralal 

(x. y):. 

(-2, --8) 
(-1, -2) 
(0, ' 
(1, -2) 
(2, M) 



-2x 



2 , . . 




Ora'ph of .polynomial x* 

(-3, 7) 
(-2, 2) 

(-1, -1) 
(0, -S) . 
(1, -1) 
(2, 2) 
(3, 7) 



Graph of polynomial + x 



(-3, 6) 

(-2, a) 
(-1, 0) 

(0, 0) 

(1. s) 

(2, 6) 

(3, IS) 
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-=3 - 
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X -t X -t- 1 



/ (x.' y)! 

(-2. 3) 
{■^ 1) 
(0, 1) 
(1, 3) 
(2. T)- 
(3, If) 



Graph of polynomial 

(X, y): 
(-3. = ^ 
(-S, 

(-1. -|) 
(0, 0) 

(x, f) 
(a; 0) 
.(3, - I) 



Graph of polynomial x 
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(X, y). ; ^ 
(-1, 9) J 
(0, h) 


/ 














y 










































a. 1) 
























































(a, 0) 
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(3, 1) J 
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a. Gi'aph uL' j;ulyiiuinial 

i^, y): . 
..(-1, -9) 

■ (0. 

(1, -1) 

(2, 0) 
(3, -1)- 

















3^ 
2 = 
I ^ 
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The i:i'anhu oT polyiiojnlal of tha form ax% (a f O) reoeive 
emp ha s 1 s he r e b e a a u 3 e , i n t h e next t v;o s e c 1 1 o n 3 , the g rap h of 
any ^quaclratlc polynoiniay v/ill be clrav/n by rDference to the 
ii;raph of a pulynoniial of uhln Vorin, In deacribing the effect 
of the niuiibei' a on the Shane of the graph, students may coma 
up v/ith uuch oxpronrjlojia ai; "Malcinf^- the value of a smaller 
spreadLi the c;raph out: more.'' 

^^raph of any polynomial ax" contains the 
''vertex" v/111 bo introduced in a subsequent 
section. 



. note that th^. 
ori^;;in^ Thij v:ai':\ 



Annv;ern to_ Pi'obloin Je t 1 ' 1 e ; pare HrO: 

U Kxi(-l\ cu'dlnabe (A' uiie ■raph of in tv/ice the value of 

p 

the coi'renpondlnr-; r^rdlnato or the ^■^rapH of x". 



page- 820: 18-1 
2. 
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F"" 


1 3 
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1 £ 
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-y = 5%" 



2 

3. Each value of i-x^ is half the correspondlne value of x"^ . 
Therefore, eaGh^ordlnate of the graph of is half the 

corresponding ordinate of the Graph of . 



\ 




y^x 



Ea^ value of 



the oppQsitG of the corresponding 



value of Ix"^. Therefore, each ordinate of the graph of 
- hi'^ is oppoaito of the correBpondinG ordinate of 

the graph of . 



pages 820-82?: l8-l 



V 




J 

7. Eaoh value or -ax" la the opposite of the corresponding 
value of ajc", rheref ■ -e, each ordinate of the graph of 
-ax Is tlio oppocite the oorreapondlng ordinate of ■ 

• the gr'apii of ax"^, 

8 , no 

If a is 10, the graph of ax'' is less spread out than 
the graph of x^. If a le a, the graph of ax^ is 
Bpread' out more than the e^^aph of x^. 



♦ i 



Answer 3 to Problem Set iB^ld ; page 82? r 
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_ 0 
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2^ 
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Tlie graph of = i(x -i 3) 



nan be obtained by ^'moving'' 
the graph of 'V 
imlh3 to the 'left 



the graph of 'V - three 



pages 832-825: 
2. (a 
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(b 

(c 
(d 
(e 
(f 

ia 



moving the (^r'aph of "y ^ Sx"^" 



'Phe graph of -'y ^ 3(-^"- 

moving the [^raph of "y = 

Tl^ C-aph of "y - 2(x - 2) 
moving the p;raph of ''y ^ 2x 



2t, 



The graph or "y ^ 2(x -i 



moving the graph of y 



The graph of. "y - =2(x - 3) 
moving the graph of "y ^= -^2x 

i(x , 1 

^y - - 

1^2 



2n 
2n 



can he ob talnod by 

h units to the loft. 

can be ob talned by 

unlt^i to the^rlght 

can be obtalnocl by 

2 imlts to the right 

can be obtained bA/ 

2 unltr:^ to the/ left, 

can be obtained by 

3 UJiits to the right 



Tlie graph of "y = 
moving the graph of 



can be obtained by 
1 imlt to the left. 



' The g,raph of y 
moving tr-ie graph 



i- " y 



can be obtained by 

1^2,, 1 

^x 



unit to the left. 



The graph of "y o( 
moving the gj/apl^ oi' 
to the left. 



7)"" can be nbtained by 
. 5(x ^ 7)"'' Ih unito 



If h > 0, the graph of 'V -^--^ a(x - h)"^'' can be obtained 
by moving the graph of ''y - a>:'"'' unltLi to nhe right, 



If h ^ 0, the graph of 

o 

an the graph of "y ^ ao:"" 

If h < 0, the graph of 
by movhig the graph of ''y 



"y - a(x = h)^ 



a ( X 
ax-' 



is the bame 

can be obtained 
unite to the left. 



Motice v/hy |h| and |k| (inntead ui' merely h and^nc) 
are uned In the nunimary in thi:; cection. If Ic > 0, no trouble 
arltjeo in uaying "move k unite upv^rd''. Hov/ever, if ]c < o, 
Gonfusion reaulto. For example, if k Id -6, one v/ould not 
v/ant to cay -'move -^^ unitrj dovmv/ard". The uoe of abcolute 
.value obviat-c thi:; dl f t oil ty . A c Imilar argument appliec 
to h. 



pages 825'8?6: 



MBmrs to Oi^al B^orclsea iB-le ; pages 825-8?6: 

1. The graphs in parts (a), (c), (d), and (e^ 



E , The numyer a 

3. (a) doxm . (f) left and up 

(b) up , (g) right and dowi 

(c) left (h) right and up 

(d) right (i) no movement 

( e ) left and d o \m 




ERIC 



ERIC 



page 8261 18=1 

2, Itie graph of "y = 2(x - 2)^ + 3'' can be obtained by* 
moving the graph of "y ^ ^'(^ - 2)^" 3 units upimrd 




The graph of ''y ^ 2(x -2)^ + 3" can be obtained by 
moving the graph of "y - 2x^" 2 iinlts to the right 
and 3 wilts upward. 



0 




y- 2(x = 2) +3 



y 2 X 



ERIC 
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The (^rFiph oV "y (x -j 1)^ - ^" can be obtained by 
moving the graph of "y = x"^'' 1 unit to the left and 
i tm i t d o vrn wa r d . 
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i ^ 







The graph of --y = -2(x f ^ 
movlni'^ the graph of 
3 units upward. 



1 s2 



3" can be obtained by 



1 



linlt to the left and 



y = -^^ X 































































W 


















































































f 
















































































































































1 











































pages 826-827- 18-1 

6, i (a) The graph of "y - 3(x ^ T)"^ |" ■ can be 

obtained by moving the graph of "y - 3k" " 7 

units to the right and i u_nit upward, 

(b) The graph of '-y ^ 3(k ^ i)^' \ 7" can be 

^ - 2 1 • 

obtained by moving the graph of ^ 3x"" ~ unit 

to the right and 7 uiiits upv/ard, 

(c) The graph of ''y ^ 2%^ f can be obtained by moving 

upv;ard . 

(d) T^ie graph of ''y ^ 2(x 4)^/^ ^^^^ ^® obtained by 

4 miits to the left. 



The graph of 


"y 




the graph of 


"y 




The graph of 


"y 


= 2(x 


moving the graph 


of "y 


The graph of 


"y 


= =(x . 


by moving the 




iph of 


and 4 units 


dovmv/ard . 


The graph of 


"y 


-1 


the graph of 


"y 


The graph of 


"y 






(e) 'me graph of "y ^ -(x - 3) ^4 can be obtained 

" 3 units to the left 



(f) The graph of '*y - x""" 1 14" can be obtained by moving 

ih units upward, 

(g) The graph of "y = Sx'"^ -i 14" can be obtained by 

o 

moving the graph of ''y = 5x"" 14 units upv;ard, 

(h) The graph of 'V ^ 5(x ^ 2)" l4" can be obtained by 
moving the graph of "y ^ Sx"^'' 2 units to the right 
and l4 units upward. 

- o 

(i) The graph of "y = "8(x - 8)" ,**-^8" can be obtained 
by moving the graph of "y = ^Sx"" 8 miits to the 
right and 6 units domward. 

^(j) Tlie graph of ''y - 4(3 - x)^ - 6" c^n be obtained by 
moving the graph of "y ^ 4x^" 3 units to the right 

o _ o _ 

and 6 units dov/nward, "(3 - x)"^ ^ (x - 3)~" Is 
tinie for all valueB of x. 

(a) y =. (x = 5)''^' 

(b) y = - 5 

(c) y = x" + 5 

(d) y = (x + 5)- 

(e) y = (x - 5)- - 5 



(f) 


y 


= -(x 


1. 

2 ' 


0 


1 7 


(e) 


y 


= 2(x 


+ 3; 




. 6 


(h) 


y 


.|(x 


0 * 


1'- - 


^ 1 




y 











•J ' 1 
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Paf^e 82S. In r^eneral, the vertex of the graph of , 

- a(x ^ h)'- i k" !□ the point (h, k) and the axis is the 
line v/hose equation Is ''x ^ h''. ' * 



AnGv/ers to Oral jacerclseG 18^1 f j page 8281 

1, Coordinates of vertex 1 (0, O) 
Equation of axis: x = 0 

2. Coordinates of vertex: (0, O) 
Equation of axis: x ^ 0 

3* Coordinates of vertex: (0, 0) 
Equation of axis: x = 0 ^ 

Coordinates of vertex^ (9, O) 
Kquation of axis- x' Ifc^^ 

5. Coordinates of vertex: (2, 3) 
Equation of axis: ^ - 2 

6. Coordinates of vertex: (2, ^3) ^ 
Equation of a:<ls: x -.2 

7. Coordinate::: of vertex: (-2^ O) 
Equation of axis: x ^ =2 

8. Coordinates of vertex^. (-2, i) 
Equation of a:<is: x ^ \2 

0. Coordinates of vortex: (-2, ^ 
Equation of axis: x - ^2 

"10. Coordinates of vertex: (h, k) 
Kquatlon of aj'Cls: x ^ h 



l8-=2, standard Forrns . 

The standard i^orm 'y.: n r|i.iadratlc polynomial, a(x - h)^ 4 k 
is discussed carerully f..r two reasono . First, once the standarc 

form Is determinod, the r-raph of tiie polynomial is easily ob- 

o 

tained from the p;raph of ax'". Gecondly, the standard form 
leads to a procedure for solving arxj quadratic equation, coming 
up in Jectlon 1^-3. 
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Answers to Oral Exerolses l8-2a; page 831: 



(3x - 2)'= + 5 . 13 -not in standard form. In the standard 
form, a(x _ h)" 4 k, tlv? coefficient of v/ithin the 

parenthetical phrase itself Is one. 



2. 



The dlsfcributive propei-'ty must be applied In order to get 
a coefficient of one fo'r . 'fS^'en the aquare must be < 
completed. 



iwera to Protilom Set l8-2aj pages 831-832 
2 



2. 



3. 



(a) 
(b) 
(c) 

(a) 
(b) 
(c) 
(d) 
(e) 

in 

(a) 
(b) 
(c) 



- 6x 4 9 
2x^ - 12x I l8 
ax''' - 12x -1 3h 



(X . 5)" - 27 
(x I 3)^ 4 1 

(x ■- af - 68 

(x - 8)2 . 64 
(x ;^of - 95 
(X 4 



v2 



3 



(X - 1)^ -f h 



(X = i)' 4^ 

3.2 ^ I 



(d) 


-5x2 


^ 5X 4 f 


(e) 




^ 6x ^ 11 


(f) 


2x2 


5 is_ In the form 

Ax''' 4 Bx -\ C 


(g) 

in) 


(X = 
(X = 


- * ■ • 

3x2 1 
f) - TT 


(1) 




4 5 l£ In standard 


^(J) 


5(x 


- 1)2 - 10 


*(lc) 


^ 2(x 


4 3)^ - 25 \ 


■(1) 


' |(x 


=3)2-1 1 


(d) 


x2 - 


25 / 


*(f) 


3(x 

6(x 


1,2 1 I 

^ T - I \ 
1 >2 361 ^ 
- I?) = W 



(a) The graph of "y 



(b) 



- 2x + 5" 



moving the graph of 
and 4 units upv;ard, 

? 

The g^raph of ''y ^ x'"^ - x 
moving the graph of ''y ^ x 
and ^fr vmlta upv/ard. 



-i 2' 

2n 



can be obtained by 
1 i.mlt to the right 

can be obtained by 
i imlt to the right 



Tlie craph of "y ^ 
rnovlnG the graph of "y ^ x 
and ^ imlts dov/nv/ard. 



3x ! 1" can be obtained by 



3 



milts^o the left 



page 832: 18-2 

(d) The graph of "y = (x , 5)(x - 5)" can be obtained 
by movi/i(.; the ,-raph of "y . x^" 25 milts dovmward. 

(e) The graph o- 7 . 3x^ ^ 2x" can be obtained by 
moving the siaph of "y = 3x^" | unit to the right 
and J unit dov/nward, 

(f) The sraph of > = 6x^ ^ x = 15" can be obtained by 
moving the nC 'V - Gx^'* ^ unit to the 
right and ^5^^ unlto dovmv/ard. 

5. (a) 'V - 6x^4 5''" in standard form: 

y - (x i 3)" ^ ^1 















































































































3- 


























































































































0 


1 2 











































































































































































Itie graph intQrc;ectK the x-axla at the points (-1, o) 
and (-5, CD), 
(b) "y ^ x'y-i 6x 9" in standard form: 

\ y = (x . 3)^ { 



\ 






















4 






















































1 - 




































v.. 


















— 


-3 -2 -1 0 


1 2 















Tlio .■raph int^^r^octj the x^axiu at the point (^3, 0), 
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y - (x f 3J 



(c) ^ "y ^ I- 6v -I 13" in ctandard form: 




Tlic approximate nature of determining truth 30 te from a 
graph may not be appi'uciated by L:tud€intG unless Boine time io 
given to ^ cases in which the truth numbers are not integral 
and hence are not likely to be read exactly from a graph. 

Therefore, ^some clasn time might be given to graphing a§ 

P 

open s e n t e n c.e such a a ' " y ^ 3 x - 2x - 1 " , v/h 1 c h Intersects 
the X-axis at points v/hose abscissas are 1 and - i 
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^awers to prob l ^^m Set iB^gb ; 

1. 'V - X- ^ - 21'* In 
standard form: 

y - (x - 2)^ ^ 25 

The absclssaa of the polntE 
at which the graph inter- 
sects the X-axis are «3 
and 7. 



The truth set of 
[-3. 7). 




2* "y ^ - 10k f 25'' in standard form: 

y (X - 5)^ 




ThG absclsaa of the point at v/hich the graph Intersect; 
the X-axis io 5. 

The truth set of ^'x"^ - lOx -f 25 ~ 0'' Is [5] . 
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3. 



l3 In standard fom. 













y 


























































^ 5 














































































- 1 




















0 








5 ^ 




f 






















The graph does not interseGt the x-axls. ' 

The truth set of ''x"- v 2 ^ 0'' Is the en^ty set. 

The trnith .numbers of ''Ax^ 1- Bx C ^ O" are abscissas of. 
the poln.t& Where the graph oJ^\ ^'y ^ Ax^ + Bx 4 C" Inter^ 
sects the x-axla. if 4- b< 4 G - 0'' has more than 

two truth nTObers then tlie grap.^of ''y ^ Ax^ 4 ^ + c'* 
must intersect the x^axi.^, at mo^e than two points. But 
ou» notion about the ahapfe of a Varabola tells us that there 
are at most two points of Intersection with the x-axls. 
Hence, it is reasonable to expect that there are at most 
tfTo truth niOTbe^ for the equation. 

The graph of "y ^ Ax^ 4 Bx 4 C'^ intersects l;he x^axls 
at exactly one point. v/e sometiines say, im this case, 
that the graph touches (la- tangerit to) the x^axis at this 
point. 

Olie graph of 'V - to"^ + a< ^ C'' do%s not intersect the 
X-axis at any point. T^ie graph Is entirely above or 
entirely belov/ '^he x-axis. \ 



WgM 83M.837t 18-3 - . ^ 
18*3. Quadratic EgijiatlonB . 

In i^ampl© 1 ot Section 18^3, the student may need some 
help in making* the step from the sentence 

(X ^ 3f ^ {5f = 0 

to the sentence 

* (x ^ :3 - 5)(x - 3 + 5) - p. 

From hie work In Oiapter 13 i he knows 'that the sentence 

(n)2 . (5)2 ^ (n ^ 5)(n + 5) . 

Is true for any real number n. If "x - 3" is used as a name 
for the number n, the sentence 

* (x ^ 3)2 ^J5)^ ^ (X ^ 3 - S)(x ^3 + 5) 

results, and thla is what^s involved in the. -step mentioned, in 
^an^le 1, . , 

. Similar" steps occur in the other Samples, And in the 
problems following this section, the student is given an 
opportunity to write factors of expressions such as 
<x ^ 3)2 - (5)2. , 



Answers to 


Problem Set l£ 


5-3aj 
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1. (a) ' 






1)2 - 4 « 




1+ 2)(x - 1 - 


2) 










(x + 


l)(x = 3) 




(b) 


(X 




S)"' - 9 p 


(k + 


2 +' 3)(x + 2 - 


3) 










(X + 


5)(x - 1) 




(c) 


(X 




sf 1 = 


(X " 


a ■( i)(x - 2 - 


1) 










(X = 


l)(x - 3) 






.(^ 


^ 


|)^ - 1 =! 




1 ) 1)(X 4 1 - 


1) 










(X + 






(e) 


(X 




l)(x = 6) 








(f) 


(x 






- 1' ' 






(B) 


(x 


+ 


3 +Vf)(x 


+ 3. 







■(h) (K ' = +vf)(x - h -vf) 

(1) (x-|-,.^)(x /|.^) 



ges 837-838 •. 18-3 . " 

(a) i^3, 1) . 

(b) {-(2 -(2 -VI)) A 

(c) f-(3 +^), -(3 -Vi)) 

(d) (.(3 + a-^), . .(3 - SVT)) 
> (e)' {-(5 +Vrg), -(5 -Vli)) 

. (f) {-(3 +^), -(3 .yf)) . ■ ^ 

(S) 0 ; ' • 

(h) (-VC -VI) 

(1) 0' 
U) 0 

(1) (3, |l ' 

Let w be the width of the reotangle in feet* *Bien^ the 
length is w + 6 feet, area of the rectEmgle is 

36 iq\iare feet, 

w(w 4^ 6) = 36] Domain* w > 0 

+ 6w - 36^ ,0 = 

(w +3)^-45-0 

(w + 3 - 3VT)(w + 3 + 3V5) - 0 

' w + 3 - 3V^ ^0 or w + '3 + 3^ m 0 

w ^ -3 + aVi" or w ^ -3 - 3V5" 

are all equivalent. 
Hence, the tmith set Is ^ 

(-3 + 3V^. 

(-3 - 3^/5) is a negative nianber and la not In the domain 
of " w, ^e positive number leads to the followlng^^ solution 
width: -3 + ft. 
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4, Late n be the larger number* Ihe other number is n - 5* 
cnieir produet^ Is 100* 

n(n 5) ^100 

2 



5n 100 ^ 0 
(vr ^ 5n + ^) - 100 » ^ - 0 
(n . |)= - . 0 



n 



n - 



S 2 ^ 

2 



or 



- 5V17 



Hence ; the truth set is 



or n ^ 

are all equivalent. 



One number Is 



5 



5V17 



2 ' 2" 



and the other 



u - ^ - 5 - sVT? 

one number Is ' 



or 



and the other is 



- 5 - 5 V I/ 

2 



EKLC 



T.e t^^ X be the number. 

X 

X" -h 1 ^ ^^x 



Domain* x |^ 0 



X" ^ ^^x i 1 ^ 0 
(x- - W 4 ^0 H 1 - 4 ^ 0 
(x = 2)^ ^3-0 
(x - 2 -VT)(x ^ 2 - 0 

X ^ 2 »VF^ 0 or X - 2 H ^ 0 
X ^ 2 4 or X - 2 ^VT 

are all equivalent , 



Hence ^ the truth 30 t is [2 
The number is 2 i or 2 



^1 -4 
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6. Let X be the nuvnber* 

X i ^ -4 Domini x 0 

+ 1 ^ -Ux 

+ 4x + 1 ^ 0 

(x^ + 4x + 4) + 1 - 4 ^ 0 

{x -f 2)- - 3 - 0 ^ ^ 

(x + 2 ^y3)(x + 2 +VF) - 0 

X + a ^VS"^ 0 or X + 2 +vT^ p 

x ^ ^2 or X ^ -2 -Vi^ ^ 

are all equlva,lent, 

Herrce, the truth s#t ltt [-2 +.VT, -2 -VT). 
The number is -2 +V3" or -2 -VT! 

7. Let n be the number. 

l4n + ^ 11 

n^ + l4n - 11 ^ 0 . 

(n + l4n + 49) » 11 - 49 ^ 0 ^ 
(n + 7)^ - 60 - 0 

(n + 7 - 2^^)(n + 7 + 2V15) * 0 

n + 7 - 2V^ ^0 or n + 7 + 2^/T5" ^ 0 

n ^ -7 4 sVTs or n ^ -7 - 2^15 

are all equlvalajit, t 

Hence, the truth set Is (-7 + 2^15, =7 ^ 2 . 
The number Is -7 + 2^V^ or -7 = sVls". 

Let ^ be the length in feet and - 3 be the width 

in feat. 

i( / - 3) ^ i& Domain: / > 3 



I 



- 0 



^ 0 
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/-•^ - 0 or i + ^ 0 

■ or i-^ Domain. />'3 . 

are all equivalent. 
Hence, the truth set' is (^J . 

^e length is ^ ^ faet, # 

Let n be the number, Ihen^ ^ is Its reciprocal, 
n + i ^ 0 DomainK'n ^0 m 

n^ + 1 ^ 0 ; 

are all equivalent. However, n 4 1 eannotiibe / 
faotpred over the real numbers, and the trmth 
set of the equation is 0. Therefore, there 
is no ni^ber n such that n + i - OX 

*10,* Let n be the width of the original sheet in inches , Then, 
the length of the original sheet is n + 8 inches. The 
length of the base of the box Is (n + 8) - 4 inches^ the 
width of the base is n - 4 inches, and the height of the 
box is 2 Inches. 

((n + 8) ^ 4) (n ^ 4)(2) m 256 Domain- n > 4 

(n + 4)(n = 4)(2) ^ 256 
2n^ . 32 ^ 256 
_ 144 m 0 

(n + 12)(n ^ l^)^^ 0^ J 
n + 12 ^ 0 |||or n - 12 ^ 0 ^ 

n - -12 or n " 12 ^main^ n > 4 

are all' equivalent. 

Hence, the ^ruth set is [12], 
^ The dimensions of the original sheet are 12" by 20". 



{>agea 838-839: 18-3 ' . 

flTft Let the height of the window be 

of the rope la x + 8 feet. 

+ (28)2 = (x + Bf 



•12. 



feet. Then the length 



+ jBh m ^ i6x 



^64 



^ 'l6x = 720 

are all equivalent. 

Hence, the truth set Is (45), 

Th# window la 45 feet above the ground. 

Let r be John's average speed to Chicago; 
average speed on the return trip was r = 6, 

336 



Then, his 



+ 1 



336 ^ . 
r ^ r - b 

336 ^ 336 H 6 
- ^ \ r - b 

r^ - 6r = 2016 - 0 

(rv^ 48)(r ^ 42) ^ 0 

r ^ ^6 m 0 or r 4 42 

r ^ 48 or r = -42 
are all equivalent. 



Domain ; 



Domain: 



> 6 



Hence, the truth set is [48], 

John's average speed to Chicago was 48 mph. 

His average speed on the return trip was 42 mph. 



Answerg to Review Problem 3et j ^ages 839-8^^; 
1. (a) By moving liie graph of 



(b) By moving the graph of 
\jeight, 

(c) By moving the graph of 
left. 



(d) moving the graph of ''y 



TO 



2 units downward. 

2 units to the 

7 units to the 

i imit upward. 
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(f) 
(g) 
(h) 

(a) 
(to) 
(c) 
(d) 
(e) 

(f) 
(S) 
(h) 

(a) 



moving the graph of "y = 
right and 8 units upward 



1„2„ 



If,, l„2ii 

y = ■jx 



By moving the graph of 
le4t and 10 units ^ward, 

1 2 

By moving the graph of "y = ^x " 
left and 2.5 units downward. 



By moving the graph of 
right and t units upward 

(x + 3)^ - 7 J 

(X - 5)2 

(x - 2)2 

(X + 6)2 



(X + 

2(x H 2)' 



y - ft 



7 J 


a 




1, 


h ^ 


32 } 


a 




1, 


h m 




a 




1, 


h ^ 


16 1 


a 




1, 


h ^ 




a 




1, 


h m 














a 




1, 














■ 1 J 


a 




2, 






a 




2, 


h ^ 



-3, 
5, " 
2, 
-6, 

h 

5_ 

- 3"' 

-2, 



6 omits to the 

5 milts to the 

^ unit to thm 

n units t© the 

k « ^7 
k ^ ^32 

k m 0 

k ^ -16 
13f 



k ^ 
k ^ -1 



1x2 



+ X - 6" in atandard form- y = (x + j-) 



ERIC 



2 ' ■ ' 











y 










- — . 






1 0 




i 




5 












— ^1 


































































t 
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(a) 
(b) 

(a) 
(b) 
(c) 



(a) 
(b) 
(c) 

(a) 

(e) 



X + X + 1"' In standard forini 
y - (X + + I 





1 






















V 




— 5 
























/ 












\ 








/ 
















- 3 




















- 2 


































* -J 




> 


1 0 






> - 














— -1 













(-3, 2) 
(-4> -8) 

[2, ^3 
(3, 7) 

[- g-, 



(c) (3) 

(d) 0 

^e) (2 -Vr, 2 +V3) 

(f) C-1, -6) 

(h) the set of all real 



numbers 



Coordinates of vertex: (0, 2) 



Equaclon of axis: 



X ^ 0 

(0. -7) 



Coordinates of vertex 
Equation of axlsi x ^ 0 

Coordlnatea of vertex^ (4^ o) 
Equation of axis: x - 4 

Coordinates of vertex: (-7, 0) 
Equation of axis: x - -7 

1 



Coordinates of vertex.: (7, 
Equation of axis: x ^ 7 

Coordinates of vertex: (^2, -8) 
Equation of axis: x = =-2 



EKLC 



8. 



(g) Coordlnatts of vertex: (2^ 
Equation of axlsi x ^ 2 

(h) Coordinates of vertexi (-5^ 10) 



Equation of ipcis: 

(a) a line 

(b) a parabola 

(c) a line 

(d) a parabola 

(©) a pair of lines 
l^e sentenci 



Lmt n be the smaller nwiber, Hie other nwiber is n + 7^ 




(f ) a parabola 

(g) a line 

(h) a parabola 

(i) a line 
(J) a line 
(k) a line 
(1) a point 

(m) a pair of lines 



(n - l4n + 49) ^ » 49 ^ 0 
(n - 7)^ 

(n ^ 7 + rVi)^ - 7 - 7VF) - 0 

nV 7 + 7V2 ^ or n - 7 

n ^ 7 - 7VT or ^n - 7 + 7^^ 
are all equivalent. 
Hence, the truth set is {7 - 7^. 7 + T^v^}, 
One number is 7 - 7,^^ and the other is l4 = 7VT 

or 

one nianber is 7 4 7^/F and the other is l4 -i 7VF . 

Let s be the smaller nujnber* The other number is s + 7, 



- 2(1 



7)^ 



< 



^ 2s^ + 283 + 



0 - 3 ^ 



283 4 98 
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(s^ + 28s + 196) + 98 * 196 - 0 



(s 4 14 ^ 7V^)(s + 14 + rVi) ^0 

g + 14 ^ 7^/2 ^0 or s + 14 + 7^/2 ^ 0 

s ^ -14 + 7V^^ or s ^ -14 ^ 7V2' 
are all equivalent. 

Hence, the truth set is [-14 + 7^2, -l4 - 7^). 
One number is -l4 + 7 Vi" and the other is -7 + 7VT 



or 

s 

one niinbet',i^||*l4 - 7Va" and the other is -7 - 7^/8^* 



10, Let w .be the width of the rectangle in feet. Then the 
length is 47 ^ w feet, 

w(47 - w) ^ 496 Domaini w < ^ . If the 

, 2 r length is greater than 

47W ^ w- ^ 496 ^ " - ^ " 

the width J w < 47 - w. 

w" ^ 47W + 496 ^ 0 ^ 

_ ^ ^ 1+96 , 2|2a= 0 

(w - ^) ^ 0 or ^ (w ^ ^) - 0 

^ w ^ 31 or w - 16 Domain^ 
are all equivalent. 



HencGj the truth set la (16) , 

The width is 16 feet and the length Is 47 - 16 or 31^ 
feet. 

11. Let one number be x and the other 9 Their product 

will be the ordinate of the vertex of the graph of x(9 - x) 

s.^ ^S^nce the vertex Is the highest point on this^graph, 

- 9x - X-" In standard "^^^^form is '-y ^ -(x" - + 

' ^ 8lf, ■ 



Ihe vertex of the graph of "y m ^ i)^ + has coor» 

dinates tt) • product x(9 - x) has the largest 

81 ~ _ Q - 

value, when x la Each of the two nimbers 



' is p 



2i . 



Wie vertex of the graph of "c ^ r^L- 12n i 175" li fche^ 

mlnijnuin point on the graph, therefore, the ordinate of the 

vertex is the smallest value of the cost per boat. 

"c = n^ - 12n + 175" in standard form is 

"c ^ (n - 6)^ + 139", The ooordijiatpa of the vertex 

ar^ (6^ 139)* The cost per boat ^ll^^be the, smallest . 

vrtien he manufactitfes 6 boats each day. 



Si^gg^ted Te_st Items 
Draw t^^ graph of y - . 

(a) Scplain how the graph of 'V * " be obtained 
from the graph ^of "y * x^*'. 

(b) aplain how the graph of "y ^ x^ - 4" can be obtained 



from the graph of ^ -'y m x^" 



(c) aplain how the gr^h of -'y - (x - 2)^" can be ob- 
tained fro^the\ graph of -'y ^ x^", 

- 2 ^ 

Consider the polynomial 2(x - 3) + 

(a) Does thel graph of the polynomial have a highest point? 
Does it haye a lowest point? Write the coordinates of 
this point. 

(b) In how many points d^es the graph Intersect the x-axls? 

*% * 
(g) VVite the equation of •^he axis of the graph (parabola). 

s 

(Which of the following polynomials are in standard form? 

(a) x^ H 2x 4 1^' (d)^^,J^x - if ^ 3 

(b) 3x^ H 5 (e)'' ^(x 5)^ 

(q) 2(x - 1)- + 3 ^ (f) (x ^ 3)(x ^ 2) 



Obtain the standardi form of the polynomial 2x^ -4 4x 4 8, 
Show each step of the process and Indioate v/hat propertieE 
i^ou have us^. 



Solve eaeh of the follpwing equafclona* 

(a) g5(x + 3)~ ^ ^ - 0 

(b) 3x^ + Bx - 2 ^ 0 

Vfrlte In standard form the polynomial whose graph can be 
' pbtalned from the graph of y 4x by the following 
movements, 

(a) 2 imits upward 

(b) 1 unit to the left 

(c) 3 units to the right and k unltffe downward 

2 

How must the graph of y ^ -2x be moved to obtain the 
graph of each of the following? 

(a) y ^ ^2(x ^ 3)2 

(b) y m -2(x 4 1)2 + 3 

2 

Find the value of c If th© graph of y m ox~ contains 
the point (»2, -laj. 

Find the value (or values) of k such that the graph of 
y - 3(x + 1)" + k satisfies the following conditions, 

(a) Intersects the x-axls in exactly one point 

(b) doeq^ not intersect the j^axls at all 

f 



2 

(a) |aeh ordlrmte of the graph of "y = -x ^" is the 



opposite of the corresponding ordinate of the graph 



{h) The graph of 'V ^ - 4" caun be obtained by moving 
the graph of "y = x"" 4 units downward. 

(c) graph of "y * (^t - 2)^" can be obtained by 

moving 
right. 



moving ^ the graph of *'y ^ x^" 2 units to the 



2 

(a) Bie graph of* the polynomial 2(x - 3). +^4 has no 
highest point. It does have a 'lowest point. TBie 
coordinates of this point are (3^ 4), ', 

(b) Wie graph does not intersect the x-«is, 

(C) X - 3. ^ ^ 

^e polynomials in (b)^ (□)?. and (e). 

Sx^ 4 4x + 8 2(x^%Sx) + 8 The distributive 

property la 
m 2(x^ + 2x + 1) + 8 - 2' The addition R 

^ of zero is 

^ 2(x H 1)^ H 6' - ■ completing 




1 qua re , 



(a) C-f, ^^3 



(a) y = + 2 

(b) y = 4 i f 



(a) The graph of "y = -Sx^" must be moved 3 imlba to 
the rlffCT"^o obtain the^graph of "y = -2(x - 3)''". 

(b) The graph of "y = -ax*^" must be moved 1 unite to the 
Left'" and 3, urilta upward to obtain the graph of 

"V =' -2Cx + tf + 3". 

c = -3 ■ 



(a) k = 0 

(b) If^ 0 



Chapter 19 
StWCTIONS 



19-1 . The Funcfclon Idj 



' This ^chapter deals 'With. one. at the most imftorta^t and 'most 
basic Ideas In mathematics — the idea of a funQtl^on.^ The teacher 
can fl>>d Additional discussion of ^is concept dn Studies in 
Mathematics , Volui^e III, pages 6.17-6*25* ' / 

^ In the past it has been customary to postpone a careful 
study of tunctlons to a much more advanced mathematical setting* 
^ecauge of thl^^ the subject is surrounded by an aura of diffl- 
oulty which is completely undeserved* The Idea is simple andj ^ 
as will become evident as we proceed^ is Involved implicitly In 
our most olementary considerations.. In thA respect the func- 
tfbn cdncept is In the same category as the set concept, . 

The point of departure Is an inltiaj^ setj which we have 
called in anticipation of the notion of domain. Prom the 

beginning v/e v/is^r to establish In the student's mind tha^ a 
function embraces three aspects ^ that Is^ two sets and a rule 
of ascociation. In effect^ howeveri the second set, or r^ge, 
is completely predetermined by the rule and th^ domain* 

Throughout, the student should be made aware of the great 
ypk'letY of 'ways in which a function .may be described. He should 
resist the impulse to infer that function is Just another name 
for, eq'^^ation. 



t .3 Qral^ Exerolses 19-la j pages 8^^5^8^'6: 

^ ~ ~ ' f " ' " ^ 
1. [7, 9) 

a. [3, 6, 9) 

3. - Cl, 9) , S: (7) ' J 



6. 


(3, 


r3. 


7} 


7. 


[1. 


0, 


9] 


b: 


C7) 






• 9. 


[2, 


3, 


't] 


10 . . 


[1, 


3, 


273 
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Ansyjers ti Problem Set 19- la J pagea Bk6-QkB: 



..1. 



(d) ^6, 5, 4] 



J 



(a) /(rl. -3) 
»(t) /[2, , .6) 

:c)/ [;i , 3,-] , ^ 

(a) / 2, 3, ^. ' ' ^ / 
(b^: [1, 3, 3, 
U) il', 2, 3, -'f, 

(k) L7) 

(b) ' [1, -1} 

/(c) (-1, o; 1) 

Do:".,S|Lii: '..lift :|'f';, of .jDuiiling ni,i;nb&rs ' '■ . , 

aaiigo: thH' Dpi, pQaitlvr^odd integers , 
MLE;L:ln:^ nj:nLL/r'j; "11, 13, 15, 17 s 19, ... 

i" at-no';ltUe;d with 13, ■ - 

19J9 is ar:^/;;ii-; / fe '(■Uh iOQO. 

Th^i vM.j L;: 4 with .-raon ojuntliit; number aGsoclateK one 
/ li -r::- znan la- the nurnter i 

(b) D.iMaLn; Chu- ije" of pjLlLIvij foal numbers 

Rantie; tne ri-t oi' real numitrs" v;hLGh are greater 

' .than .1*'_ 
33 ^ ^ - 

It do^:: no'. :: la" o ^any nKinterG v/lth 0 and ^ -ly 



) 
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4 (d) asmalns the set of real nurnbers 
Range: th* set of roal numbet's 
< • -3j . -2; yj -ilj 23 



.1 




(e) Dornaiii: the set oT i^yal fibers wnich are [greater 

thEii -i and less than 1 ^ 
^ Ranga: the* set of real numbers which are greater 
than -3 and less than 1 1 

or -2i |> - |j 

Domain: the set ^ of negative real numbers 
Ranges the set of real numbers which are less than 



it) 



np number^ 2 is not In the domain 



-27 i no. number^ 0 is not in the domai'^^^^^ 



-17; 

, Pagaa^ Sng^aSQ . . , ^ . ^ / 

The definition of functlon^vhich we have given is, Btrictly 
Bpeaking, a definition of real function since we ha^/e restricted 
the domain and range to real numbers. In later courses, the 
student will meet more general types of functions in whl«h the 
'domain an4 ran^e can be sets other than "'sets of real numbers. . 
Such a function might, for example, aiave sets of pqint^ in the ' 
plane as its domain, of definition. As an illustrattOTi, associate 
with each point (x, y) of -the plane the abscissa x of the'> * 
point* In this case the domain is the set of all point^^i'^ the 
plane/^and the range is the set of all real nuinbers. If we. 



pages 8^19*8501 19-I 



associate with each point (x, y) of the plane the. point («x, y) 
* the result is a function with ^oth domain and range equal tc? the 
set of all points in the plane J ■ ' 

,ln the discussion atout functions^ It^ Is important to em- 
phasize at every opportunity the following points: 

(1) .To each number in the do.iiain of definition, the function 

assignLi one and only one iiumber* In other v/ords v/e do not 
have "mulfclple-valued" funjctlons. However, the same' num^ 
^Qp can be a-cisncd to manjy diff erent ^ elements of the* domain. 

(2) The essential idea of runc^ion is found in the actual asso- 
elation from munbers in thb domain to numbers in the range 
ana not in the particular way in v;hich the association hap- 
pens to be described, i 

.(3) Alv/ays speak of the association as beings froin the^ domain t_Q^ 
^ the range. . This htlpL: rj.xithe correct idea %hat we are 
. dealinc v;Uh an orilevcd pairing of numbers in which the 

number fro;n tbe domain i-s mentioned first and the assigned 
number Cpo.^ the range in mentioned second, 

. (M all functionD can bo represented by alsebraic expressions 

Alihourh the above doln\n ^are not absolutely vital as far 
ap eie.n^nLary work v/lth runcitlons is concerned, they becoiTie of 
central Impoirtance laccr, fCliio^,'many of^.the difficulties whlch^ 
sujd^it;- have v;Lth ,,th- Idua .>f runction can. bo traced tS^confu- 
siori on thrac: Pia r:; , Thw re 1^ jr*.- _ it beaomes important to make 
certain that th^ :;t.i^^;-nt^ und^r::landD .these points from his^very 
flrnt contact v;ilh ^hv rMnction cDricept, r 

The dt:-rLnitLo:i ) L' a func^.lan as a sot of ordered pairs ap- 
pears frequently in^th- ILteracure of mathematics, and is re- 
garded v/Lth favDr by many mathematicians. In this text the in- 
elusion of th^^ :>:i^= of assocluUlDn as part of the function feon-^ 
copt has se^-nf^ii p L\: ra t > for many reasons. However, the dis^ 
ausslon a.: zha c;n:l of o^cflon I'J-lb shbulci give^ the student ■ /.^ 
^ 6ome pPHMjaration Vo^^ the alternative definitions he may encouffWr 
In siibrrjq .lenii sf idy, ^ , ' . ; 
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Answers to Oral B^erolses 19-lb ; page 851-* * 

^ 1. Domalni (1, 2, 3] 

* Rangsi (5/ 10, 15) ' 

S, [2, 3, B]j 9. 25) , 

3, -(fr, 9, 16/ 25)i CS, 3, ^, 5) 

(8/9. 10, 11, 1S)| [62, 65, 70, 71) 

5, Dom^lni the set of all real numbers \ 
' Range I the set of all real numbers 

(1,^, 3, 4)) [2, 4, 6, 8) 

7. {0, 1^ 2)j {0, 3, 6] 

'S; (2, ^ (7, 4^ ^ 1, 4 ^2 - 1) ^ 

9. DomainV the set of real numbers 
Range: the set of real numbers 

10. (10, 11, 12, 13, 14, 98, 99) 
(1, 2, 3, 4, ... 18) 

Answers to problem Set 19-lb j pagea 852=853: 

1. (ml [1, 2, 3, 4, 5, Jj CO, 1, 2, 3, 4) 

(b) Domain: the set of positive real numbers 

Range I the set of real numbers wl^ch are gr 

^ = - - ■ ' . 2 

than ^ 

The rule of this function Is described by ^( 

(c) (1, 2, 3, 12] 
(28, 30, 33.i , 

(d) Domain: Ithp se^t of real numbers 
■ Range: jt^b set of real numbers 

Every rekl number is twice some real number*' 
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• : . ' ' •' •' ■. • -' " V 

(e) {|, |, |, (f) (1, 2, 3,u;5, 6,7.8,0,10) " 

(2^ 3, 4] ' . {2,3,5,7.11,13,17,i?.9,23,29) 

(e) tl, 2, 3, ... 12)" 

(0, 13 " ■ ' ■ . - ■ - 



2. (a) (1) 


X 


1 


2 


3 


4 


5 


6 ■ 




% • 


3x 


3 


6 


9 


12 


15 


18 


• 9 • 



(li) 3x 

Domain: the counting numbers 

Ranger the pbsitlve multiples of 3 



X 


i 


2 


3 


4 


,5 


6 


7 


8 


■ 9 


X + 5. 


6 


7 


8 


9 


10 


' — 
11 


IS 


13 


14 



(11) X + 5 ^ 

Domain: the first nine. counting numbers* 
Ranger the set of Integers which are greater than 
5 and less than Ig 



(c) (i) . 




1 


5 


3 


4^ 


5 


6. 


7 




3x + 2 


,.3. 


8^ 


11 , 




17... 


20 


23^ 



(11) 3x + 2 

Domain: the first iseven counting numbera 
Rangei [5, 8, 11, 14, 17, 20, 23} 



(d) (1) 



X 


1 




3 


4 - 




X + 1 


2 


3 


4 


5 





(11) X + 1 

Domain: the positive integers ^ t 

Range: the set of positive Integers which are 
greater than 1 
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3. 



5. 



-X 



-1 



-4 



(11) -X 

Domain-, the poaltlve Integers 
Range I 'tj^e negative Integera 



(f) (1 



X 


1 


4 


*9 


16 


25 


■36 




A- 




2 


3 




5 


6 ■ 


m m m 



(11) 

Domain: set of integerB =whlch are squares of 

posltlva'^' integers ' ' . ^ 

Range: the positive -integera 



2 


3 


4 


5 


" 6 


' 7 


8 


9 


10 


11 


a 


-3 


2 


5 


"2 


7 


2 


3. 


45- 





2, 3, 5, 7, 11 

Note that these are prime nurabers. 



1, 2, 2, 2, 3 

.Yes . - . „ . . , - ' 

(e) the set of all real 

numbers wnSiBB ''absolute 
♦ ' value iB greater than or 

equal- to 1 

. (f ) K ^ 2 and K ^ -2 ^ 
Trie sets in parts (a), (b), (d), and' (f) define functions. 



(a) x^3 

(b) x>l 

(c) X ;^ Q ■ 

(d) all X 
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19-2. Ttm Punctton Notation . 

Tlia function notation must bt handled wi^h great care. In 
the beginning one should do a great many examples and exercises ol 
the typ4, "What Is the valHie of f at a?" or "Wiat number 
la reprasented by f(2)?" Cheok the stu^ints on this* at every 
oppbrtunity, - It is essential' for eye^one tjo understand that the 
symbol "f"^ when used for a function ^ stands for the domplete 
fury^ lon and not Just for the rule or some special way of reprg ^ 



ggnitlng the ^nc^OT, Notice that we have avoided using the 
misleading expression "the function f(x)" as a substitute for 
the correct expression "the function f". In other words^ f/x) 
is a .number which Is the v^lue of f at not the funotlok 

Iteelf. 

, If two variables x ariB y are related by the 'sentence 
y m f(x), %/here f Is a given function^ then x Is ■sometimes 
called the Independent variable and y the dependent variable 
^In th€t relation. Ilils terminology, whlAi is used, by many, has 
been avoided here since It Is so easily abused* It leads to 
expressions such as "y lis a function of x" which tend to 
obscure the function concept* ■ ^ 

Students may experience some difficulty at first with func- 
tions defined In several parts, ^ ^ Attention should be called to the 
fact that - tiie rule may differ Spending- on whl^h part pof ^ th#-- - - - - 

domain the value of the variable Is chosen from, but that the v- 
function is to be thought of as a single entity^ 

It Is well to accustom students to the shortened form of 
description, as this is in very general use. 

Again we adopt a convention similar to that In the study of 
open sentences. If an open phrase is .used to describe a function 
and no mention is made of a particular domain, thei^wa asaume the 
Implied domain to be the set of all real numbers for which the 
phrase, or expression, has meaning, ^---^^ 
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.. ■ . ■) ■■ 

Mien a restricted domain Ip sptclfled, the student ahould 
be altrt to the fact that a funotion will have no ISfeanlng at |l 
point outside dmmkn^ even through It moy be possible to 
eompute a value. Eor example^ if the function f .Is def Ine'd' for 
positive Integers only then f(3) f(|) and f(-6) have 

no meaning. >^ \^ 

iUiswers to Oral acerelaes 19*g j page 857 1 

— - - ' " ~ " h 

1, 6, 0, 1, 2a, , * 
Tlie answer each time Is 3 * t 

4. NOj they are not the Bffme function since t^elr domains are 
different* Two functions are the same if and only ^f they 
have the same rule and the same domalo, h 

5. Yes, f and, g are the same function, Th^ choice of 
letter for the number In the domain la arbitrary. 

Answers to Problem Set 19-S 1 pages 858-8591 
a. |, 1. a + 1 

The domain is the set of all real lumbers , 

2. (a). 3 (g) -1 
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3, (a) the set of real numbers ■ ' (f^ o 

— ^ (b) the set of non-negative real numbers (g) 0, 

(e) 3 ■ ,(h) 1 

' ■ (d) 3 ■ , ' . • (i) 25 

(e) 0 

" 4. (a) .X + 1 
ji 

(b) (1, a,'?, 4, ,..} 

(c) -1 'and ^ are not elements of the domain of g md 
i heticdl .s(-l) and g(i) are meanlnglesr; ' / 

(d) No, since the domains are different - 



5. It is the same function. ? ^ J 
(a) , p - I ^ =1 



\ i 




Sol'n set- [6) 

(b) all real numbers 
greater than 4 

(c) {53 ^ (f) x\g . . 
fa) D - [1, 2, 3, 4, 53 ^ ^ 

(b) R-^ (2, 3, 4, 5, 6] 

U)^/Ull ^ 2, £i^:^.m^S^ f(6) is not. dafin^, . -f(2).^-^3, 
f(3) + 1^^ 5 ' ^ 

(d) f(x) ^ X +/1, %fhere x is an integer such that 
1 < ^ < 5 - y 



19-3. Graphs of F\-inctiQns . 

The graph of a function gives us a quick way to picture 
certain properties of the function. In most cases we are 
primarily interested in the "shape" of the graph rather than in 
'the precise iQcation of individual points, although there may be 
certain key points which need to be located carefully and doubt 
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J . . . 

^abeut the shape of a portion of thei graph can frequently be 
rfsolved by .locating a few Judldlously chosen points* Other 
klnds_of lnfor*TOtion can aaso be helpful In determining the 
^general shape of' a graph, ' example, without locating any 
points whatsoever^ we know that the graph of y p'3x +1 must 
be abov^ the line y ^ 1 since 3x >, 0^ for all x. Also, 
since 0 < a < b ^ Implies 0 < a^ < b", we know that the grap: 
of y - 3x^ + 1 rises to tht^rlght. It must be Impressed on 
the student that the objective In drawing a^ fraph is no^to 
locate a lot of^ points but rather^ to discover the shape of the 
graph by Any nlethods which can be applied. The location pf ' 
certain carefully chosen points of the gi^aph *is one of the ^\ 
methods* ^ - ^ 

Example _1, The graphs of the function f., defined byi 

- i . f(x) 2x - 1, 0 £ X < 2 • I 

and the function F defined by: 

^ . . F(x) ^ 2x - 1, -2 < X < 2 

are different since the first graph is the ^ 
line segment Joining^ the points (0, -l) and 
(2, 3) ^ with the first point Included and the 
second, excluded, and the second graph is the 

. .. ^ _ ; . .IjLnj -seamen t_j^ the points (-tj ^5) and 

(2t 3) with both end^^nts excluded. 

As Indicated In the text this may well be the first time 
that the students ^have encountered a graph of a line In ^he plane 
with end points determined by a specified domain. In previous 
gr&phs of sentences in two variables emphasis has been placed on 
the infinite extent of'^uch graphB^. Hence attention must be 
called to this new Idea, Open circles and blackened dotB will 
be familiar from graphs on the real number line. 
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(f) 
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(a) iDomain : 



Range ; 



(b) Domain; 



Range ; 



(c) Domain; 



Range : 



(d) Dom.ain: 



the set of real numbers equal 'to or Ki'eater 
than =3 and less than 2 

the sat of real numbers greater than or equal 
to =9 and less than 6 

the set of real numbers greater than or equal 
to 0 and less than or equal to | 2 
the set of real numbers" greater than or equal 
to -5 and less than or equal to -1 

the 3et of Integern frppator than ^5 and 

less than or equal to 5 
the cet of intei^erR greater than and 

equal to' or less than 10 

the set of real, numbers greater than or equal 
to =1 and equal to or less than 2 
Range: the set of real nurfibers greater than or equal 



to 



S 
1 



and less than or equal to ■ 1- 



7 



en 
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(e) Domalni^^ the se^ of real numbers greater than or equal 

to. and'*'lesa than or equal t o^ 3 

Range I the set of real numbers .greate:^tnan or equal* 
to zero and less than or equal to 3 

(f) Domain: 



Range : 

(a) Domain- 
Range t 

(b) Domains 
Range i 

(c) Domain: 
Range : 

(d) Domain" 
Range i 

(e) Domain* 
Range • 

(f) Domain: 
Range : 



the set of real numbers greater than or equal 
to -3 and less than 3 

the set of real numbers greater than or equal 

to zero and less than, or equal to 3 

the set of real numbers greater than «3 and 

less than^ 3 \ 

- / 
the set of reai numbers greater than or equal 

to 0 and less than g 

[-3, -2, -1, 0, 1, 2, 3) 
(0, 1, 3, 9] 

the set of real numbei*s greater than -2 and 

less than or equal to 1 ^ 

the set of real numbers greater than or equal 

to -1 and le%s than 3 - 

[1, 4, 9, 16] 

(1. 2, 3, 4) \ ^ . V 

the set of all real numbers less than or equal 
to* 2 OX" greater than 4 
the set' of all real num^bers equal to mr 
greater than 0 and equal to or lesaTth^^ 4 



the set of all real numbers greater than or| 
equal to -5 and less than 1, greater than 
1 and less than or equal to 2 
the set of all real numbers greater than or 
equal to -1 and less than 1, greater than 
1 and less than or equal to 4 
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. Pages 86g^&63 , " = ^ ' ' "'^^ 

In definiVig a Xunction stress v/as piaced on tho assignnient 
to each element in thie 'domain of exactly one number. Thus, as 
previously stated, we excliidc double, and multiple valued funo- 
t ions v/h 1 ch at one time v/ u v e i ny-ly^d e d in ^t h e g en e r a 1 oat e gor y 
o f f unc t i o n s . Th e ^ g ra ph pr/j v i de s a~~~y e r y c o n ve n 1 e n t m e f n s of 
determining whether or not a 'set of -points exhibits more than 
one ordinate for each abscissa, l/e 'can apply the test, of inter = 



section by any vertical line 1 n mo r e t ha n 0 ne point as a v/ay o f 

S 



screening out associations which are not func4;ionSi 



Answers to Problem - Set 19-3b] pages^ 8&n^865 : \^ ]} 

- 1* The figures in (a), (e), (h)/and (i) are the only ones which 
are graphs of functions, 

(b) Each element If-i the domain has been assigned tv/o 

different numbers, 
* [ 

(c) The element 1 in bhe domain has been assigned more 
than one number. 

(d) Some elements in the domain have been assigned two 
different numbers, 

^ ff ) Some elements In thej domain have been assl*gned two 
t' \ different numibers, 

r ^ ■ 

(g) Some elements in the domain have been assigned more 
than one number, 

( J^.^'-^om e elements 1 n . t h ^ d o m a i n hi a v e been ass 1 grte d t wo 
differ^nft numWT'S , \' " - 

(k) Some elements in the domain have been assigned more>*^ 
than one number, 

( 1 ) Some elements In I h e d om a 1 n h a v e be e n assigned t v;o 
different numbers. 
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the set of real rri-ibti's ;jr'oa'-er i;han /.LiMal - ) 
and leaB tri.iti L ■ > 

(c) the HOt of I'Cal nu,ibi,,-':; ,u';?.' ■::,un 'ji' ',:;i'iul =.0 -3 
and less, chan or oci^ial ^ 

■3, '(a) Find the ordinate Ida': u or i^.. :•[; .i.ai^ teach abiiclssa 
X In the domain. ^ 

(b) Euch elOinont in th- Jr;iul!i na:; a . ■ rr-: sp iridln;;^ po Lnt 
on the ^raph oiT G . 

(c) G is the [^r-auh ot 0:r- ;ca^:o;an ij - Ih a ^ therP 
D / since (a, t) and (c^d) are tv/o distinct 
points. Put !di la: v;ouid :a^a:": 'diat ;hu r'ua'tlgns assi[jn 

* tv/o dlhdVrent no-fnL-:- = o^ L anvi d^ to the nuinber a 
fo;oj^ c) in on 'J d )..:a la * Talo ■r:iii:\^\ he. Th o I'cj for*e 



Answers to^ Review Problem Set; pai:^es • 866-877 1 

i. thu seos if. (I) ant (e) ,:ai"in')0 o^aM.g.-: tunc t ii^nL^^ be^a ine 



0 0:0; tOla::ionto In t tie In o 
one naod.0 0. 




a:a: i rrrajn^oio r^^ than 
/ 



-4 



f) 



ige S67 
(f) 



(c) 
(d) 
(e) 
(f) 
(a) 
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(a) the set of real numbers 

(b) the get of real numbers 



g Is not the 
same runetlon 
as f . 



) 



(-3), 3, 0, (-1.75), (-x) 

(I- -1), (2, =2), (3, =3), (i*, (5, -5) 

(-a, -b) 

Each ordinate of the graph of "y - -x^" ' Is the^ 
opposite of the corresponding or^dlnate of the graph 



of 



(b) The graph of "y 
the graph of "y 



x2 + 



'can^%e obtadned by moving 
'"un its upward . « 



6M5 
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(c) 



(c; 



(a) 
(b) 
( = ) 

.(a) 



(c) 
(a) 



(d) 
(a) 



The graph of "y ^ (x + l)"'' can to obtained, hy 
moving the graph of "y ^ x"'" 1 unit: to the left. 

^Exactly one nurnber is ah3^;icntrd to each numbur In the 
domain. 

The set of real nu:nborG Greater than or equal to 0 
and' l^::Bs than or equal to j 



0, 2, I 



.■Since 
undefined , 

\ 



iB hot in the domain^ h(4) is 



[(3, -2^] 
'((-1. -1)) 

f-lince the graph of '^x y 2 O'^ is not the 
kaue as the c^'^pi^ '^t^ "x + y ~^ 0'^ the i^aphs 
intersect in only one point. 

Since (l, 3) Gatisfiea x - y 4- 2 = 0 and also 



^0, it oat Id fie:: (x--y+2) + (x-^y-iO^O* 



Yeo, the graph of -ach is the same point 



X- ;^ 1 and X ^ 0 
20x(x 1) 

Both sides ^of the i^iven opon sentence have been 
multiplied by ^•20x(x = l) v/hich is a non-zero number 
for every x in tiie do;[iain. 
12^ 



T7^ 



The dorrmln of definition is the set of all positive 
real numbers. 

(1) 



positive real 
number a > 


1 

? 


1 




? 

•t 


s 


3 


4 




§(a + 2) 




u 


,4( ^ + 2) 


8 
9 


k 
1 


5 
1 


s 





(ii) To each positive real number a associate the 

number iCa'' i 2), ^ 



♦ 5 



6^6 
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(b) The donie^ of definition is the set of all positive 
real n umb a r s , ^ ' ■ 



( 



(1) 



positive I'n- 
teger .n 


k 

1 
4 


7 


3 


4 


5 


6 


7 


8 


9 


10 




nth 

n prime ^ 


? 


3 


5 


/ 

7' 


'11 


13 


17 


19 


53 


29 





(li) No tfunction in know!i v/hose domain of . definition 
..---^^^ is the positive AntaEers , whose range Is a .iet of 

prlfnen, and v/hoGe nule is an algebraic exprassion.^ 

(c) Eiimain is the set of ail positive Integers less than or 
equal to the number of dollars which you 'possess. 

(i) 



number of 
dollars 
invesi^ed 


T - 


, a 


' 3* 




20 




100 




interest 
at 6 % 


■ 0,0'.' 


0.1? 


0,18 




^.20 




6.0b" 





(ii) If *x is the number of dollars invested, 
associate 0. 06x . 



fd) Domain is the set o!"' all positive 

Ml) 



r^l' n 



,ymbers . 



diamfter In inches 


1 


1 
TT 


1 

2 


2 ' 

TT 




2 


c fr c u m. f e r e r 1 c e i n 
inahes ^ ? 


TT 


1 


TT 

2 


2 








t 



II" his averace speed ^olnr; v;as g miles per hour, then his 
avera/ie speed returniJUF^ vmg g - C miles per hour, 

33^ .330 



Truth neh 



[i,8] 



g > 6 



The averafie npee'i wn;; >u 
miles per hour returhlnc;, 



nilI^|L; per hDwir eoinf; and ^2 ^ 
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10. 



11, 



If X is the number. 



X + i ^ 4 and X ^ 0. 



Truth set: [p + , ? ^ 
The niim^€£>is either 2 + 



v^3 



or 



/ 

^3. 



Notice that if the perimeter of a rectangle is equal to 

10 ft. then theg length of a side must be less than 5 ft, 

(a) The domain of definition here is the sft of all positive 
integers between 0 and the number of dollars which you 
possess, * (Some might "want t6 tt^ink of borrowing as 
negative Investment in which case the domain woul# 
Includ® negative InteiTers depencling on your credit.) 

{b) Since the area of a triangle /i's equal to one-half the 

base X times the altitudJr/a, we must .have ^xa ^ 13 

oil ' ^ 

or a ^ In this case the base can have any length 

whatsoever except 0. Therefore; the domaio^is/ the set 

* "^of all positive real numbers, 

(c) The bottom of the box ^ 
\ has dimensions 8 - 2x 
by 10 - Px. Hence the 
volume is given by 

'8=2x 

(8 ^ f^){lO ^ 2x)x 

or 



/ix(^r ^ X)(5 - X) 



10 



Obviously the square 

which 1:~ removed must have its side less than 4^ so 
that C < X < In other words the domain of deflnl-^ 
tion is the set of all real numbers between 0 and 4, 
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1?. 



'T3, 



If X I 0, then |x| - 



IX X > then 
Therefore 



-x^, so that 
X, so that 



X 



t k(x) = < 



and hence, k and g are 



-1., X < 0 
0, X = q_^^ 
1 > , , 
the aame functions, 



(a) - ffff) ^ 3 {, ) H(|) = (c) H(=^) 

(d) -H(=S) .3 (e) Ht-jJ + l = l ^(f) H(3) la not defined' 



S 
■9 



(k) n(a) = a"- 1, ^ for 
(h) 'H(t ^ 1) - t^' -f-Sa, 



■3 < a < 3, 

for < t < Notice t|-iat. 



if < t 's then -3 < t - 1 < 3, 

so that H(t'= 1) ly deflnei (i.e. t - 1 Is in the 
domain of iet'lnltlon of 'H. ) 



(i) H(t) ^ 1 
(a) 












1 




y 




















■G( 


x) 
























































X 1 


















































0 




3 








^ 1 1 




1 


1 


t" 
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y 




























2 










z) 




















D'.l 


) < 


















»— 


,/' 
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0 










; ^ 
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(0. 






























-1) 
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15.- "(a) Domain: all e 
Range : - all y 



such that =1 < 



such that ^ < y < 3 



< 2 

5 



(b) Domain: 
Range : 

(c) Domain: 
Range : 

(d) Domain: 



all X auch that -3 < x < 3 
all y 'such that 0 < y < 3 

all X such that ^3 <^ ^ < 3 
all y such that 0 < y < 3 

all t such that -2 < t < 1 



Range: all y such that ^1 < Y < 3 
all non-zero real numbers 



^te) Domain: 
f^Range : . 



16. 



(-1, 1) 

(f) Same function as in (e)' 

i 

















\ 

5 


y 


































HI 


? 4). 






















4 


























3 

2 








y=q { X ) 






































-5 
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Zi J 


i.i 


) ■ 
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)- 

















































17. To each niimber x such that -2 < x < 4 assign the 



nurnber - + 1 ; 
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21, * This Is not the graph of a functlbn. 




22. 



J 



(a) 
(b) 
"(c) 



:I^^^graph is a horizontal line, y - B* 
The g^aph is ' t^e x-axls. 

Since, the points (-3, O), and (l, 2) are on the 
graph J w& jtiust have / ^ / 



0 = A.(-3) + B 
2 a .A-1 + B' 



(d) 



ips if jfed system of equationB In the unknown^ A and 
\x 13 
The -^aolutlon Is , A^^ ^ and B ^ The problem can. 

also be solved by obtaining the equation of the line 

determined by the points^ {-3j O), (1, 2) and then 

wrijting it in tlie y^form. 

The domain of definition Is the set ^f all real numbers 
X such that =3 < 1, 

1 ^ (-1) + B . .V 

3 ^ A^3 + B ' 



weVbbtain A ^ ~ 



3 



Solving fdr A and B, weVpbtain A ^ ^ and B - 
Again, we could obtain A and B by writing the * 
equation of the line determined by the points (^1, l), 
(3j 3) in Mie y«form. Note that the function In (e) 
is different from that in (c). 
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^ '(f) The slope is ^ and the y-intercept is (0, ^).^:. 

(g) The domain of definition is the set of all real x 
^ suGh that -1 < K < 3i. 

23. The equation of the line L is x + 2y + 1 ^ 0. V/hen 
y ^ 2, X = -*5, and when y = -2, x - 3, Therefore 

if 

h{x) - - * -5 < X < 3, 

The expressions in (a) and (e) are the only ones that 
define a function whose graph' is a line. 



25. 


(a) 


g(x) 




(d) s(x) 


= f(|x|) 




(b) 


sM 




(e) s(x) 


= f(-x) 




(c) 


e(x) 




(f) S(x) 




26. 


(a) 


The 1 


^raph of g 


is obtained by 


rotating the 



of f one-half revolution about the x-axis. 



(a') - (e). 




(e) The graph of g is obtained by rotating the graph 
of' f one^half revolution about the y=axis, 

27, ' The graph of the aquation ^y - F(x)) (^y - G{x)^^ 0 is 
the set of all points v/hich are on either the graph of 
F or the graph of G, 
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, (d) 3x(x 



3) = 3x - - 9x 

3(x^ - 3x +'|) 



27 
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J" 
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• 1 























































































































(e) The graph of (d) can be obtained by moving the graph 
of (a) |. ^ units to the right and ^ units down. 



29. 



(a) y - -x' 

(b) y = x^ :+ 3 



30. (a) 



(c) y = (x + .2)- 

(d) y = (x - 1)2 - 2 

(b) 
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1 1 











The graph la the two points 
(1/ and (3, 4). 
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(d) 
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{d) We retf'all here that y -.6|x| + 5 ' Implies; 













1 y 


















^ 1^ 
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.0 




1 2 
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X - 6x + 5^ X > 0 
2 









y 




1 I/O 
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1 a 
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Truth'^set Is ((-4, l) 



Truth set consists of all 
(x, y) which satisfy the 



b 



J 



open sentencje 2x - y 5 - ^^^ 
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Truth seb Is** 0, 
' The liTOB are parallel. 

If thfe graph of Ax + By"+ C'^ 0 is to contain the orlglnf 

then G must bo"^ equal to zero^ Since aO!k*-7y^3) + 

\{3k ^ 6yi+ 5) ^ 0 repr^ents any line passing throu^ 

the Intersection of the lines v/hoBe equations are * 

5^ '-j7y -3^0 and 3x = 6y + 5 ^ 0^ we must choose 

.6 and b, not both 0^ so tha^ -3a + 5b = 0, Onef^ 

obviou^cholee is a ^ 5 and b ^ 3*^^ Therefore, ^ur 

comooun'd sentence now becomes 

5(5x - 7y - 3) + 3(3x - 6y +5) = 0> 

53y = 0 is the required equation. 




39. (a) t(7, -s)) . (f) {(0, 0)] 

(s) ((|, |) 

(h) (d, i)3 
((3, -4)) (J) 



*^ ''^ ^ (s) ((|, |)3 



2- 

(1) ((6, 1)) 



O 

ERIC 



Nte 875 , , » 



34f If the niuntiers are x 'and y, then 



{: 



X + y ^ 56 
- y ^ 18^ 



* ^Truth sets [(37^ 19)3 ^ ^.^4.. 

f^e numbers are SJx.aniJ 19* 

bh^s pro^lsm rTOif alio be solved by using only one variable 
IS follows s 

; ^ If X Is* the larger nmnber, then the smaller number 

Is ^ 56 - and ' 

K - (56 x) - IB 

The truth set of this sentenQe is [373. 
i 

HenQe the numbere are 37 and 19* 
3^4 If Sally is x years old and Jge is y years^ld, then 



r X + 30 r X + 

\x - y ^ 4 , \ |y - 



y - 3Q 
X - 4 



Notice that we do not know which is the olderj so the 
problerTi can be answered In tv;o ways. Notice also that 
^ the information "In five years" is irrelevant since trte 
difference in their ages is the same now as it is at ^ any 
time* 

Truth sets [(I7, 13)) or ^ {^3, I7)} 

Sally is 17 .years old and Joe is 13 or , 

Joe is 17 years old and Sally is 13. ' 

■Th^is problem can be set up in four different ways using 
one variable: 



{: 



Sally n years old Jsally n years old 

Joe 30-n years old \joe (n+ 4) or (n - 4) years old 



Joe n years old fjoe n year^ old 

Sally 30-n years old [Sally (n+4) or (n - 4) years old 



If .he uses a pounds of almonds and, o pounds of caB^evm 
then 

a + c ^ 200 
^1. 50a + 1,^00 32(200) : 

Truth set i { {BO, 120) ) 

He/rtttould use 80 pounds of almonds and 120 pounds ofi':» 
cashews. 

If the' tans' dieit is t 'and the. units* digit is ; u, then 

* ' / /' u-2t + l i 

\(lOt + u) + u - 3t +*35 ' ^ . 

Truth set: 7)] 

\ ' ^ ^ ^ 

The number* is 3r* ^ ^ 

Using one variable, the problem can be worked as follows: 

If t is the tens' digit,, th^n 

2t + 1 is t^ie uHi^s * dlGitj and \ ^ 

(lot + at + 1) 2t > 1 ^ at + 35^. ^ 

From 'a prin':jipl& in physics v;e knov; that the lever shbv/h 
^elow ■ , ' . ^ n 



balaneeG .if cx ^ dy v/horc c and d . mc^suro the dis- 
tances from the fulcruni, or point o?^ balarlce^ and .x and 
y rTif.^asiiro the v;oi^hts of" the otiects oh the lever, 

, If Huyh is^ h feet from the paint of balance and 
Fred is" f feet from tho point of balance^ then 

Jr -i h ^ 9 

> \ 100f'= BOh 



page 



39. 



Theifruth set? {.(4, 5)) 

Hugh Is 5 feet, Fred la 4 feet f^om the point of balance. 

If bne boy weighs a pounds and the other boy weighs b 
poun^, then ^ * 

)9 



{a ^ b ^ 20s 
Stf"- 6b 



40. X 



Truth eeti C(ll^^ 95)) 

One boy weighs 11^ pounds, t^ other 95 pounds. 

If the speed of the current Is c m.p.h, and the speed 
of the boat in still water is b m.p.h,^ then 

|(b + c) - 12 
6(b - c)^^ 12 



Truth set^ {(5i 3)3 



.^The speed of t*he current is 3 m, p.h. - and tVie speed of the 
boatfih stfll water^ ^5 m,p*h, I 



This problem Is not easily done with one variable. 

If apples cost a cents per pounds and bananas cost b 
cents per pound, then 

^ Jsa + 4b^ ^ 108c^^ • • . 
* \4a + 3b ^ 102^^ 

Tmath set^ {(12> 18)] 

Apples are 12 cents per pound and bananas are l8 cents 
per pound. 
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U2. I(, A walks at a miles per hour^ and 
. B walks at b mlles^per hour, then 
in 60 hoU#s, A wal^s 60a miles and 

r B walks 60b miles j 

In ' 5 hours, A walks' 5a , miles and 
♦/ B walks 5b mile% 

foOa - 60b +50 ^ 
5a + 5b ^ 30 



The truth set: ^)) ' ^ 

1 

A walks at j-^ * miles per ^ur, ' - 

^ B walks at 2^ miles per. hour. . 

^3,, If there are x quarts of the 9^ solution anil y 

qua^X of the 75^ ^solution, "then there are .gOx quarts 

of 4lcohol in the 90^ soliiiiQn and ,75y quarts of 

alcJhol in the 75^ -^oluti^'^ Furthermore, there are 



7p(20) ""quarta of alcohol in the mixed _solut ion. - 

,90x + .75y - .78(20) 
\ X +V - 20 

* . Truth set: ((^^^16)} 

He ^should use ^\ quarts of the go^ solution, 

hh ^ ir. the average speed of ear A is_^a ' mlleB per hour 
and the average speed of car B is b miles per hour, 
then 

a b ^ 

/3OO 240 _^ 1 

^ " 5 

Truth set: ((6o,50)] ' 
A*s average speed was 60 m*p.h. and 
B's average, speed^was 50 m*p*h* 

45, Suppose) there were |x tickets sold at 25. cents, anc 
y ticKets |old at/ 75 "c«Q.tg.. 



Dpen . sen-tencer^^-x + y ^ Ml and 25x + 75y ^ IO875, 



Truth set: ((249,62)) Hence, there were 2^9 pupils 

adult tickets sold* 
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■ ' ' ' # 

46, If jtRere are x girlSi thfn Elsie has x = 1 sisters. 
Hence, there must -be, x - 1 boys. Similarly if there 
ar^ y boys^ then Jimniie has y'- 1 brothers and • 
2(y - 1) sisters . 

Open sentences x - 1 ^ y and 2(y ^ 1) ^ x* 
Sr^th sttt^ ((4, 3)1 , ■ 

Hence^ there are 4 girls and 3 ' boys iJt the farnily* 

;^ ^ ^ 

47, Suppose there were x three cent stamps 'purchased, and 
y four oent stamps. - - \ 

Open sentences x + y ^ 35S * and 3x + 4y ^ 1267* 

' ' Truth set i [(l4l, 211)) 

Hence, Wrisre^ \iBvfi 141 three cent and 211 four cent 
stamps p^rDhaBed, 

48. Suppose there v/ere x one dollar bills and y five 
dollar bills. 

Open- sentence: x + y - 154 and x + 5y ^ 465. 
Truth set: {{7^, 77^)) 

He has not counted correctlyj sinc& the number of bills 
! must be an Integer, 

\ ■ 

49. If the number of feet in the v;idth is x and the number 
of feet in the perimeter is 94,. then the number of feet 
in the length is ^^7 - x. The nurpfbor of square feet in 

* the area is x{47 = x), / 

, x(47 ^ ^) ^ 496 
x" - 47x + kgb - 0 - 



(x - 16) (x - 31) 0 



Ic = 0 or X - ^31 = 0 
X K lo o r = 31 



) 
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I 



J 



If we require that the width J x Is less than the length, 
then we get ^ 

X ^ 16, 47 - X ^ ' \ 

The dlwenSlone are l6 feet and 31 feet, 
^. 

If the ahdt of met^ Is x Inches wlde^ It Is x + 8 
Inghes long* 



Th€ box Is 
X - 4 inches 
wide, 

X + Q - 4 inches 
long, and 2 
Inches deep,^ 





! 




1 

1 


ii 

% 




. 




V 






1 
1 

1 

1 



51. 





+ 


356 J 


2(x2 - 




256 




- 16 . 


128 




- litit = 


0 


(x + ia)(x . 


= 12) = 


0 


X + 12 - 0 


or X 


- 12 


, X = -12 


or 


X 



X 13 

are all equivalent. Hence the trujh sMt of the sentence 
is {12}. "1^ isxnot in the domain ors^x. 

The sheet of metal is 12 inches v/ide and 20 inches long, 

tf one leg Is y feet long, the other leg is y \ ^ feet 
long, and the hypotenuse "^s y + 8 feet long. 



y2 + ^ 1)2 (y + 8)2 



Domain: y > 0 



Truth set: (21) 



Thetaengtha of the sides oi uhe triangle are 20 feet, 
21 feet, and 29 feet. 
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53. 



If the window Is h feet above the ground, the rope la 



h -H 8 feet long, 

+ 28^ ^ (h + 8)^ Domain t h > 0. 

^th set! {45) 

The window Is 45 feet a»ove 
the ground* 




53. If a leg of the triangle is x feet long. 

x-W.x^ ^ 3^ Domalni x > 0 



54, 



55 



Truth set I (3=^) 
Each leg is 



units long, 



If the diagonal Is ^ Inches long, a side Is d - 2 Inchea 
long, i 

(d - 2)^ + (d » 2)^ ^ d^ Domain: d > 0 ^ 

/ Tnith set:^ (4*+ 2 v^] 

The diagonal la 4 + 2^ inches long. 
. , If the sheet is t feet long^ the width Is t - 3 feet. 



t(t ^ 3) - 



Domain* t > *0 



Truth set: [^] 

The sheet is Si feet long. 

If one of the numb^prs is n, the other is 9 ^ ,and 
their product Is/ n(g -^^ n) . 

n(9'- n) - 9n - n^^ 

f 2 r ^ 8ls ^ 81 

9x2 



/ , dl 



1 
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J ^) and It opens 
downward, Hanee, the value of n which maker n(9 - n) 
largest is 

The nwnbera ax^ ^ and 
5T. * ' e n® - lOn + 175 

* ^ (n^ - lOn + 25) + 150 

" ' \ * • m {n ^ 5)^ + 150 

^Tha vertex of the parabola is at (5, IgO)* 
He should manufacture 5 boats a. dayj this will result In 
a minimum coa^ of $150 per boat,. 

58 ♦ If n is one of the numbers, 9 ^ n Is the other numberf 

■ . n® » (9 - n)^ - 25 . ' 

Truth set^ [^) 
; The numbers are and * 



59. If 11 is the number 



l4n + n^ ^ 11 



Truth set* {^7+2 -7-2 -J^) 

TJje number is (-7 + 2^15) or (-7 - 

Suggested Test Items 



1. The function f assigns to each positive integer x, the 
number 23^, * . 

(a) What is the domain of f? 

(b) What is the range of f? 

(0) What rtumbers are reftresepted by the following symbolii 
f(3)i f(lOO), f(-l), f(30, «f(2), 3*f(4), f(l) ^4 
(d) ^aw the graph of the function f for x < 6. 
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(e) For what x is it true that 4 < f(x) < 8? / 

(f) If g is a function defined by s(t} ^ 2t for some 
domain, under what conditions Is g the same function 
as f? . 

*^ 

^eimlne the followlr^ graphs: 











llJ 












2 
\ 




































0 1 i 













































h(x) 



(a) Which of the above figures is not the graph of a function? 

(b) Tell how you decide whether a graph Is not the graph of 
a function. 

(a) DrBLVf a graph of the runctlon h defined by 

-X ^3 < X < 0 
2x 0 < X ^ 3 

(b) What is the domain of h? 

(c) What is the range of h? 

State the domain of definition and the range of each of the 
functions described by: 

(a) P(x) = |x| 

(b) h(t) = '/t 

(c) H(x) - 1 



P is .1 f'uriGtion whicli aasociateG with eanh positive integer 
the remainder af'ter divirlins' the into|::er by 3, '. 

(a) What is the iomairrof" F? 

(b) V/hat is the range of F?, 

(c) What is ^(5), F(3), F(l), F(0)? 

{(]) Gi'aph the riirictlon for the poBitiva intigers leas 
than 7 . 

(e) DesGi-lbe the set of positive integers a such that 
r(a) - O. 

(r) nescribe the set of ponitive integerB b such that 
r(3b -h 1) r(i), 

d is a number in the riamain or a function H, §hat 
aymbol repreL^uiit;; th^r number H asaicns to c? 

V/hich qj' the following defiiies a function and which does not? 
G i V e a r e a g o n I'o r you r a ri s v/ r , 

(a) The set ((3. l), (P, p), (l, l), (3, 2)) 

(b) The Bentence f cor respondinij to each real number x 



there is a real number y such that 

y 



(n) The rrai 



i I } I - 



— i I I X 



( I) The sf 
(e) Tl 



(?, U, (3, U. I)] 

o 

>f 0 for all real niimbers^ x. 



t 



(f) The table 
which 

assigns to 



Score 


100 - 9 b 


9^ - 89 


88 - 80 


79 ^70 


Grade 


, 5 


^-1 


3 


n 



each score 
a grade 



Answers to Suggested Test ^tems 

1, (a) the set of poaltlve Integers 

(b)^'^ the set of positiye even Integers 

(d) r03) ^ 6, f(l06) ^ 200, f(rl) l^meaningless since 

^1 Is not in^ the domain of f , f(x) ^ 2x, -.i;(2) ^ -4, 
3'f(4) - r(l) -f- 1 - 3 ^ ^ - 

^ (d) - 







y 




























9^ 
8^ 
7 
6^ 
5^ 
^4 = 
3^ 
2- 
1 ^ 
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1 : 


2 3 4 5 c 





































































(e) X - 3 

(f) The domain of g must be the same as the domain of f, 
that is, the set of positive integers. 
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2. 



(a) 

(a) 



B and 



D 



If the interaection of the graph and any %ertl'cal line 

i 

Is more than one pointy then the graph Is not the graph 
of a function* 
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3- 
2- 
.J ■ 
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1 I 







(b) 
(c) 
(a) 

(b) 

(c) 

(a) 
(b) 



the set of real numbers x such that -3 < x < 3 

the set of real numbers y such that 0 < y < 6 

Domain: the get of real numbers 

Ran e : t he s e t o f no n -negative reals 



Domain : 
nann;e : 

Domain ; 
Ran^^e : 



the set of non-negative real numbers 
the non--negative reals 

the aet of real numbers except 0.^ 



the reals except zero 
the set of positive integers 
the integers 0^ 1^ 2 

F(5) ^ F(3) - 0, F(l) = 1, F(0) ^ is meaningless 

oin(^ 0 is not in the domain of F 
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) 



The set of positive multiples of 3 
'The sGt of positive inteeers 



c) 
) 



) 



This set doe% not define a function since it assigns 
tv;o niimbers to 3* 

This sentence does not define a function since it 
assigns two nii^bers to each nuiiiber in the domain 
(except zei'o ) . 

This graph does not represent a function since there 
is a vertlaal line v/hich will intersect the graph in 
more than one point, for example j the vertical line 

'Thia set of ordered pairs' ^defines a function since to 

each number in the dornkin the number 1 is assigned* 
ft 

The sentence defines a function, 0ince one number is 
Eissigned to each nujTiber in the domain. 

The sentence defines a function, since one number is 
assi|-^ncd to each nujTiber in the domain. 



i 
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Answers to Challenge Problems 1 pages -.87B-885^- 

1* Each point Is moved to a'polnt^with t"^/, same ordinate, but 
whose abscissa is the opposite of the abscissa of the 
original point. 

\. 

* (a)., ( 2, 1) goes to (-2, 1) (b) (-^, 1) goes to ( S, l) 



(c) 
'(d) 

(e) 

(f) 



( 2,-1) goes to (-2,-1) 

(-|, 2) Eoea to ( |, 2) 

(-1^-1) goes to ( 1,-1) 

( , 3, 0) goea to (-3, O) 

1-5, 0) goes to' ( 5, O)' 

( 0, 2) goes to ( 0, 2) 

( 0,-S) goes to ,( 0,-2)^ 

( c,-d) goes to (-c,-rj) 

(-0, d) goes to ( c, d) 

(-C, d) goes to ( c, d) 



(a) 



(b) 



(-2,-1) goes 'to ( 2,-1) 

( i, 2) goes to (-.|, 2) 

( 1,-1) goes to (-1,-1) 

(-3, 0) goea to ( 3, O) 

( 5, d) goes to (-5, 0) 

( 0, 2) goes to ( o', 2) 

( 0,-2) goes to {0,-2) 



The points on the 
y-ajcls go to theniselves, 
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n 1 

(0.2) 






















;) 












i, 


2) 
















































f2 










0- 


















01 










l(3 


0) 
















.HH) 










(5,0) 


















'(2, 






H 







































Figure for Problem 1. 



( 1, 1) goes to ( 3, l) 

(-1, 1) goes to ( 1, l) 

2) goes to ( 0, 2) 

( 0>-3) goes to ( 2,^3) ' 

( 3, 0) goes to ( 5, 0) 

(-1, 1) goes to ( l^, 1) 

(«3., 1) goes to (-1, 1) 

(-^, 2) goes to (^2, 2) 

(-2,-3? goes to^( 0,-3) 

( 1, 0) goes to ( 3, 0) 
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(-4,2) 
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;,2) 
Ml 


(0.2) 












" (-3jr 




(3 


A) 




































0.0) 




,0) 


(5,01 
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(g 
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to 

1 













Figi.-ire for Problem 2, 
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3, 



(c) ( c ^ 2, d) goes to { c, d) 

(d) (^c = 2, d) goes to d) 

(e) No points^ go to thS%elv.e%^ 





(. a, b) 


A 




3 


(-7, ^) 


C 




D 


4) 


E 


(=2,-2)' 


F 


(=7, 0) 




4) 


H 


( ^t, 1) 


I 


(-8, 1) 


j 


( 0, 7) 


-3 

1^ y - - ^x ^ 

y ^ 2x - 5 

4:7= -9; 

5! |x - 5| » 



b 



3 



1 



a + 5 
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(b 
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|a - 71 i-A 
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/ Each point of the plane Is moved to a point having the same 
abSGlssa as before and the oi^dlnate of the new point la 
the opposite of the drdlnatfe of the original point. This 
amounts to rotating the points of the plane one-half revolu 
tlon about the x=axls. 



(a) ( 2, 1) goes to ( 2,-1) 
=1) goes to ( 2, 1) 



(b) 



( 



2) goes to -S) 

-2,-3) goes to (-2, 3) 

3, 0) goes to ( 3, 0) 

-5, 0) goes to (-5; 0) 

0, 5) goes to ( 0,-5) 



(c) 
(d) 
(e) 
(f) 



a.-i 



( 



0,-5) goes to ( 0, 5) 

b) goes to ( a, b) 

b) goes to (-a^-b) 

b) goes to ( a, b) 



( 2,-1) goes to ( 2, 1) 

( 2, 1) goes to ( 2,«1) 

(-|,"2) goes to (-|^ 2) 

(-2, 3) goes to (-2,-3) 

( 3, 0) goes to ( 3, 0) 

(^5, 0) goes to (-5, 0) 

( 0,-5) goes to ( 0, 5) * 

( 0, 5) goes to ( 0,-5) 



a.-t 



All points on the " 
X-axis go to themselves 













y 




















(0,5), 










































(=2 


3) 
























H.2) 
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1(2,1) 






(- 


5,0) 








0 
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n. 
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(S 
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The 



" Figure for Problem 5- 

points of the plane move up two units and to the left 



(b) ( ^^,-1) goes to ( 1, 1) 

^ ( 2^=3) &OBB to (^1,-1) 

( 1, 0) goes to (^2, 2) 

3,-5) goes to ( 0,-3) 

I '6,-2,)* goes to ( 3, 0) 



three units* 












(a) ( 1, 1) 


goes 


to 


( 


-C. f 


3) 




goes 


to 


( 




1) 




goes 


to 


( 


-5, 


^0 


( 0,-3) 


goes 


to 


( 


-3, 


-1) 


( 3, 0) 


goes 


to 


( 


0, 


2) 



57^ 
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(c) (a, b goeSfto (a ^ 3, b) 

(d) (-a +3^ -b ^ 2) goes to (^a, -b) 
(a) No point goes to Itself 

'(f) Moving (a, b) to/ (a, b - S) has the effect of 



sliding the poir 



of the plane down two units. 
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[5, 
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(1,0) 


























































(6.-2) 














0.-3) 
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■(2;-3) 
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(3.-5) 




























1 1 









^ Figure* for Problem 6 

7, If y ^ 0| fx| " 5^ which means thab x can be 5 or 
Similarly, (0>5) and (0,^5) satisfy tha sentence. 



X 


-5 


= 3 


-3 


-1 


* 

-^1 


0 


0 


i 


1 


3 


3 


5 


|x| 


5 


3 


3 


1 


1 


0 


0 


1 


1 


3 


3 


5 ^ 


|y| 


0 


2 


2 


4 




5 


5 


4 


4 


2 


2 


0 


y 




2 


-2 


4 


^4 


5 


-5 


4 


^4 


2 


^2 


0 
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The rraph £iliov;n is the rraph 
oi^ I X I + I y I - 3 As wei 1 

as the combined graph:^ of the 
£o\XP open sentences: 

^ ^ Y = 5 f and 0 < x < 5 
X ^ y ^ 5, and 0 < x < 5 

-X + y = 5, and -5 < x < 0 



-X 



and -5 < X < 0 



y ' F 5 ^ 

It was necessary/ in these 
to limit the values x 
BO that only the indlcaterl 
eiecmenno .or the llne^3 would 
he Included, 



(a) 



The given sentence Is 
aq^ulvalent to the follow- 
1 n k To UP -part c om p o u n d 



or 
or 
or 
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Figure for Problem 7 



=x - y > 5 

The i^raphn of ^he^ 
corTennond I nr' equatlonn 
"x y ^ S O!^ v< - y 
or etc." are thpi drav/n 
v/lth dotted VLn6n, Mow 
note that: 

^^■^'Canien y^ > =x -f- 5^ 
t'eeor;:e;: y > x \j 

he area auoi-o oacn or tdie 11 
I:; nhaded . 




X -r y 
-X } y 

• Ho 
aiid 



Alno : 




Figure for Problem 8(a) 



rien v/hcre 



ec%ies y < X = b 
e comics y < -x - 



oYd 
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So the area belov/ each of the line 



v/here 



X - y 



(b) 



and '^^x - y - 'j\ is shaded. 

Therefore the ^ Graph of |x| + |y| > 5 is all of the 
plane outside the graph of |x| + |y| = 5. 

In the. same line of reasoning 





|x| 


+ 


|y 1 


< 


5 1 




X 


+ 


,y 


< 


■ 5, 


and 


X 




y 


< 


5, 


and 


-X 


+ 


y 


< 


5, 


and 


-X 




y" 


< 


5. 



Hence, the graph is the 
area inside the graph 
of 

Ixl'-f |y| ^ 5. 

Verify on the number 
line that |yf < k" 

la equivalent to "y < k and -y < k^' 



(c) The graph is the same 

as that for ^b) , Xxcept 
that the lines are^solid 
to indicate that tne 
grSph o;^. 

|y| ^ 5 

is ineludedj as v/ell 
as the graph of 
ixl + |y| < 5. 




Figure for Problem 8(b) ^ 



whereaB 




Figijre for Problem 8(c) 
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X 


-7 


-7 


-a 




= 4 




-3 


-P- 


1 


3 


4 


^ 


7 


7 




'f 


7 


6 






■ - . - - 




7i 


' 1 


3 






7 


7 


|y| 






3 


3 


1 


1 


0 


-1 


= 2 


0 


1 


1 




if 


y 


4 




'3 


-3 


1 


-1 


0 impossible 


0 


1 


"1 


4^ 


-4 



The four open sentences 
v/hose craphs form the same 



figure are : 








X - y 3, 


and 


X 


> 3 


X + y ^ 3, 


and 


X 


> 3 


X y - 3, 


ani 


X 


< -3 


X - y ^ 3, 


and 


X 


< -3 
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■ 1 
































1 ,2 
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Figure for Problem 9. 



11 



(a) y -3|x| 

(h) ■ y ?]x 3| 

(c) y = P|x - ?| 

(-1) y = ?|x| + ^ 

(e) y . ?|x - ^-l 



The niope in ^ "^^"["""j y 













y 
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1 2 
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Figure for Problem 10, 



containinc 



or =1 . 
-3, 9) ani (x, y) 



The slope of the line 

The slope 

o:' the lilie Qontalnlnn (3. -^0 and (x, -y) is y—^-^-y"-^- 
Sin^ce p^nrl ^ ^ ^- 



-1 anr] ^^'^ namurj .ror ^he same number, 



-1 , p r o V 1 d e ^"1 x ^ = 3 : 



Then y -t? = (-l)(x + 3), by multiplying both sides by 
"(x -f- 3)", v/lth"the restriction that x ^ =3, Then 



EKLC 



b7« 
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. oinue -1 ancJ^^^^r— are naiTies for the same number 

^y^}"'-^^- - pr^ovidod X ^- 3. 
/ Then y - ^; - (-l)(;< - 3), 

12. ■ (a) The □lopo Ui ^ ^-^y-Jrj aii^hc y-lntorcopt 

ic (0, 3), e:o the equation "y - i^: + 3^'. 

(b) The L3lop(j is '^"^^^-^^-^ or ~, and the y-intercept 
In (0, ^^0^ so uho equation iD "y - ^ ■ 

(c) The nlopQ is °^3-\-^^^^ or |, and the y-intercept 
■ (0, -r) , ::u liiu e^iuation is ''y ^ ^ 2", / 

y U) Tiio nlope is ^^-^-^^ or = and the y-iiitercept 
(0^ 0), GO the uQuation ii^ "y ^ ^ ^ + 6", 

(e) T;^/o oxprecGionG for the slope are 

' ;^':1'3 ) ^"'^ 6^T(^3) - ^ ^ ^ 

TiKiM ^-—4 ^= - T and y - 3 ^ - i(x + 3). 

(r) ih-zQ e:^pr-:u:ion.; :"or ■JiO nlope are 

S {io^^ S - 0, if X ^ -3. 

Then ^ 0 and y = 3 =^ 0 , 

(n) Thr :.l:jpo in -^S^J^^l ' But g- iG not a 

riu:nlKMs Hence , tiie iine iG vert leal , The vertical 
lirie uhreu^jh the p jliu- (-=3^ 3) han the oquatLon 
=^ J ^- 0 , 
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l6i We knov/ that the product of tko positive or negative real 
numbers Is positive. Since * x»x^ it follov/s that 

is a product of tv/o positive numbers if x > 0, or of two 

2 

negative numbers if x < Oj that is^ x > 0 for any real 
number x ^ 0, V/e know further that if ab = 0, where a 
and b 
Since 
If 

positive ordinates are above the x«axiSj it followa that 
the graph of. ^. - x^ has positive ordinates for all % ^ 0 
and a single point (0, O)^ for' x - 0, lies on the x-axis* 

2 



19* 



are real numbersj ther^. at least one of them is zero* 

X" ^ x»x = 0, it follow^ that x * 0* Conversely, 
2 

X - Oj then x" ^ x*x ^ O'O - 0, Since points with 



17* If (a, b) is a point on the graph, then b = a*^ Is true* 
Since b - (-a) - a", it follov/s that the open sentence 
is also true for the ordered pair (^a^ b)] in other words^ 
(^-a^ b) is also on the graph. 



18. If 



'x < 1'^ 



positive, multiplication of the members of 
( X yields x" < x* If, for the same value of 



x, the ordinate of y ^ 
ordinate of y ^ x by 



is denoted by y^ and the 
then for 0 < x < 1 v;e have 



In other v/ordE 
the graph of y ^ x* 

2 

Here, we obtain x < x and 

2 

X > 1, the graph of y ^ x 



the graph of y 



lies below 



y2. < 



Hence, for 



lies above the line 



y ^ X. 



682 

o 4 , 



paga 883 . 



20* Multiplication of the memberi of "a < b" by a and t 
. 2 2 
yields a < ab and ab < b , respectively. Hence, by the 

op 

transitive property of order we obtain a < b * If we 

2 2 ' 

denote y^ - a and ^ b , then by the above property 

for b > a we. obtain y^ > y for all b > a'> 0. Hence 

it follows that the graph of y ^ x continues to rise as 

we move from 0 to the right » ^ ' 

21. The# horizontal line y a v^ere a > 0 (since the graph 

2 

, of y - is above the x-axls, a cannot be negative) 

2 

and the graph of y = x have equal ordinates at the points 

of Intersection. Therefore, x- ^ a, .c^ 

2 - 2 

Since X - a « (x - ) (x + /I), x - a ^ 0 has the 

truth sot [ Vff* " yi] ^or mjo and the truth set ,{0) ^ 

for a ^ 0* It follows that there can be at most, two points 

of intersection^ 

2rf, Since the slope of a line containing the points (a, b) 

and (c, d) is f (c ;^ a), v/e Qbtaln easily for the 

" 2 

points (0, 0) and- (a/ a^) the slbpe " ^ m a. Hence, 

a — u 

we conclude that ths slope of the line containing (O, 0) 
and (a^ a^) approaches 0 as a Approaches 0. But a 
line passing through (0, O) with a slope ^ close to zero 
apparently approaches the x-axls, which touches the para- 
bola at (0, 0). If we note that the sepient of the line 

o - 

between (O* 0) and (a, a^)^ for a close to 0, nearly 
coincides with the arc of the parabola, it is plausible that 
the graph must be flat near the origin. 
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23. Ax^ + Be + C - A(x2 + |x + -1^) + C - . A ^ 6 

= A(x + + — 

A u B _ 4AC ^ 

where a - A, h = - 'g^* 1^ = — - 



(a) a(x h)^ + k - ax^ - 2ata ^ (ah2+ k)^- 3x^ . 7x + 5 

If a ^ 3, -Sah ^ -7^ ah^ + k ^ 5# then 

a ^ 3 Implies that -2(3)h m ^ji- I.e. ^ ^ 

a ^ 3 and h * ^ implies that (3)(^)^ + k ^ 5j l.e, 

1 11 
k 

Hence, 3x^ - 7x + 5 ^ 3(x - + i^. 

i 

(b) ax® - Sahx + (ah^ + k) ^ 5x^ = 3x + ^ 

^ iS. then 



If a ^ 


5, 


-2ah = 


-3, ah^ + 


a - 5. 


h - 


-3- k 
10' ^ 


1 

' 5" 


Hence ^ 




- 3x + 




5x2 


20 



(c) ax^ I- 2ahx + (ah^ + k) - Ax^ + Bx + C, for ever^ real 
number x. This Is possible if 

a ^ A, -2ah ^ B, and ah^ + k - ^ 

If a - A, then the sentence "-Sah ^ B" Is equival^t 

to "-eAh ^ B/* that is, h Also, If a ^ A ana 

./then "ah^ 4- k ^ C*^ is equivalent to 
- ^ . . . . 4AC - 



'A--^ + k - C,"* that is, k ^ C - Tj-j - ~WK 
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25* (a) ' From the fmet that 

1 ' a(x. - + k ^ a ((x ^ h)2 + ^ a ;^ 0 ' (/ 

it followB that It Is faetorable If - < C, 

, . (b) ,If* ^ - -P^ where p 4 m and n are Integers > 

then a(x - h) . + k ^_a. (x - h)- - a(3^ - h - p)(x - h + p) 

^ -^^n(x - h) -*n^^n(x - h) + where m, n, h are 

Integers with a possible exception of the constant 
factor If n - J, that Is, p an Integer, then 



Is al^o an Integer. Hence, if Is a perfect 

square of^an integerj the above polynomial Is 
factorable over the Integers* ^ 

(g) If < 0, r ^ 0* or § > 0 the truth set of 

s _ & a 

a(x - h) + k contains two, one, or no real numbers, 
respectively* 

26. (a) The domain of definition of Q Is the set of all real 
numbers x such that -l<x<0 or 0<x£2j l.e* 
all numbers between --1 and 2, except 0 and 
Including -1 and 2, ^ 

J^T^ The range of Q consists of the number -1 along with 
all X such that 0 < x < 2. 

Jc) Q(-l) - -1, Q(-|) ^ -1, Q(0) Is not defined, 

Q(|) ^ |i Q(|) ^ |, Q(7r) is not defined. 

(d) R is the same function as Q. 



The preliminary edition ^ thiel /volume wai prepared ^at a writing , 
sessiok hel4 at the Stanford University during the emriner of i960* 
Revislone were prewired at Yale University in the iummer of 1961, taking 
int^ accoimt the claisroom expei^lence with the preliminary ed it iorr during 
the academic year 1960-61p Thii edition was prepared at Stanford ^ 
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experience' with the Yale edition during the aeademlc year 1961-62, 
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